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GLOSSARY

Anomalous magnetic moment Difference between the
intrinsic magnetic moment of a charged spin-% particle
and that predicted by the single-particle Dirac theory.

Coherent state State of the quantized radiation field in
which the average electric and magnetic fields and the
average energy are the same as the corresponding quan-
tities for a state of the classical electromagnetic field.

C, P, and T symmetries Invariance of quantum electro-
dynamics under the operations of charge conjugation
(or matter—antimatter interchange), parity (or left—right
interchange), and time reversal, respectively.

Dirac equation Four-component relativistic quantum
mechanical wave equation for a spin-% particle.

Einstein’s A and B coefficients Factors determining the
rates of spontaneous emission, induced emission, and
absorption of radiation by atoms.

Feynman diagram Pictorial representation of a process
in quantum electrodynamics in which states of particles
or atoms are depicted as lines and their interactions as
vertices where two or more lines meet.

Gauge invariance Independence of a quantity of the
choice of potentials used to represent the electromag-
netic field.

Lamb shift Change in atomic energy levels (from the
values predicted by the single-particle Dirac theory)

caused by electromagnetic interactions, or the splitting
of spectral lines due to this change.

Leptons Spin—% particles subject to the weak and, if
charged, the electromagnetic force, but not subject
to the strong nuclear force, and including electrons,
muons, tauons, neutrinos, and their antiparticles.

Maxwell’s equations General fundamental equations for
the electromagnetic field, summarizing the basic laws
of electromagnetism.

Occupation-number state State of a quantized field
(such as the Maxwell or Dirac field) that has a definite
number of particles or quanta in each field mode.

Photon Particle or quantum of the electromagnetic field
that travels at the speed of light, has no charge or rest
mass, and has intrinsic spin 1.

Renormalization Elimination of unobservable mass and
charge of bare particles in favor of observed mass and
charge of physical particles.

S-matrix element Probability amplitude for a scattering
process in which the incoming and outgoing particles
are specified by their momenta and polarization or spin
states.

QUANTUM ELECTRODYNAMICS is the fundamen-
tal theory of electromagnetic radiation and its interaction
with microscopic charged particles, particularly electrons
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and positrons. In its most accurate form, the theory com-
bines the methods of quantum mechanics with the prin-
ciples of special relativity; often, however, it is sufficient
to treat the charged particlesin nonrel ativistic approxima:
tion. Each part of the complete dynamical system of radi-
ation and charges displays a characteristic wave—particle
duality. Thus, electrons behave in many circumstances as
particles, but they can also exhibit wave properties such
asinterference and diffraction. Similarly, electromagnetic
radiation, whichwasconsidered classically asawavefield,
may have particle properties ascribed to it under suitable
conditions (e.g., in scattering experiments). The particles
or quanta associated with the electromagnetic field are
called photons.

Quantum electrodynamicsisahighly successful theory,
despite certain mathematical and interpretational difficul-
ties inherent in its formulation. Its success is due in part
to the weakness of the coupling between the radiation and
the charges, which makes possible a perturbative treat-
ment of the interaction of the two parts of the system. The
theory accountsfor many phenomena, including the emis-
sion or absorption of radiation by atoms or molecules, the
scattering of photons or electrons, and the creation or an-
nihilation of electron—positron pairs. Its most famous pre-
dictions concern the el ectromagnetic shift of energy levels
observed in atomic spectra and the anomalous magnetic
moment of the electron; both of these predictions are in
good agreement with experimental results. Quantum elec-
trodynamics also includes the interaction of photons with
muons and tauons (which differ from electrons only in
mass) and their antiparticles. Thevalidity of thetheory has
beentestedinhigh-energy collision experimentsinvolving
these particles down to distances less than 10716 cm.

I. INTRODUCTION

A. Early Theories of Light

Since quantum electrodynamics is the modern theory of
electromagnetic radiation, including visible light, itisin-
structive to begin with a brief historical review of previ-
ous theories. The nature of light has long been a subject
of interest to philosophers and scientists. In the fifth cen-
tury B.C., Empedocles of Acragas held that light takes
time to travel from one place to another but that we can-
not perceive its motion. He knew that the moon shines
by light reflected from the sun and was aso aware of
the cause of solar eclipses. Heron of Alexandria, who is
thought to have lived in the first or second century A.D.,
discussed the rectilinear propagation properties of light.
In hisbook Catoptrica he derived the law of reflection us-
ing a principle of minimal distance. The law of refraction
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was not formulated until 1621, when it was discovered
experimentally by Snell. Snell’s law was later derived
theoretically from Fermat’s celebrated principle of least
time.

From about the middle of the seventeenth century to the
end of the nineteenth century there were two competing,
and mutually contradictory, theories of light. The wave
theory wasiinitiated by Hooke and Huygens following the
first observations of interference and diffraction. Huygens
enunciated a principle, based on the wave theory, from
which he derived the laws of reflection and refraction. He
also discovered the polarization properties of light. These
properties, as well as the law of rectilinear propagation,
were difficult to explain by the wave theory, which at that
time dealt only with longitudinal wavesin a hypothetical
“aether,” analogous to sound wavesin air. These difficul-
tiesled Newton to proposeacorpuscul ar theory, according
towhichlight isemitted from luminous bodiesin astream
of small particlesor corpuscles. Newton’sviewsinhibited
any further advances in the wave theory until about the
beginning of the nineteenth century. In the meantime, the
fact that light has a finite speed was confirmed by Romer
through observations of eclipses of the moons of Jupiter.
This occurred in 1675, more than two millenia after the
time of Empedocles. (The speed of light in empty space
isdenoted by ¢ and is approximately 2.998 x 10'° cm/sec
in cgs units.)

B. Classical Electrodynamics

Therevival of the wave theory began with Young’s inter-
pretation of interference experiments. | n particular, thede-
structive interference of two light beams at certain points
in space seemed totally inexplicable on the corpuscular
hypothesis but was readily accounted for by the wave the-
ory. Young also suggested that light waves execute trans-
verserather thanlongitudinal vibrations, asthiscould then
explain the observed polarization properties. The wave
theory was further developed by Fresnel, who applied it
to phenomena involving diffraction, interference of po-
larized light, and crystal optics. An important test of the
theory was provided by the comparison of the speeds of
light in media with different refractive indexes. Accord-
ing to the wave theory, light travels slower in an optically
denser medium, but according to the corpuscular theory
it travels faster. The results of experiments carried out in
1850 agreed with the predictions of the wave theory.
Thewavetheory wasin acertain sense completed when
Maxwell established hisequationsfor the electromagnetic
field and showed that they have solutions corresponding to
transverse el ectromagnetic waves in which both the elec-
tric and magnetic induction field vectors oscillate perpen-
dicularly to the direction of propagation. The speed of
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these wavesin empty space could be calculated from con-
stants (the permittivity and permeability of the vacuum)
obtained by purely electric and magnetic measurements
and wasfound to be the speed of light. Thisconclusion be-
camethebasisof theel ectromagnetictheory of light. It was
subsequently found that the frequencies of visible light
form only asmall part of the complete spectrum of elec-
tromagnetic radiation, which also includes radio waves,
microwaves, and infrared radiation on the low-frequency
side, and ultraviolet radiation, X-rays, and gammarayson
the high-frequency side.

C. Photons

Despite the success of classical electromagnetic theory in
dealing with the propagation, interference, and scattering
of light, experiments carried out about the end of the nine-
teenth century and the beginning of the twentieth century
led to the reintroduction of the corpuscular theory, though
inaform different to that proposed by Newton. The depar-
ture from classical concepts began in 1900 when Planck
published hislaw of black-body radiation. In thislaw the
quantum of action h (approximately 6.626 x 10~?" erg
sec), now known as Planck’s constant, made its first ap-
pearance in physics. Planck’s law for the variation with
frequency of the energy in black-body radiation at agiven
temperature is closely related to the existence of discrete
energy levels for the electromagnetic field, even though
Planck, in his original derivation of the law, did not con-
sider the field itself to be quantized. A black body is one
that absorbs all the electromagnetic energy incident onit.
It was shown by Kirchhoff in 1860 that when such a body
is heated, the emitted radiation does not depend on the
detailed composition of the body but only on its absolute
temperature. Radiation confined in astate of thermal equi-
librium in a cavity with perfectly reflecting walls behaves
as black-body radiation. According to classical electro-
magnetic theory, the cavity radiation can undergo simple
harmonic motion at a number of certain alowed or char-
acteristic frequencies v, the values of which depend on
the shape and size of the enclosure. These so-called radia-
tion oscillators may be quantized, asin ordinary quantum
mechanics. Then for each nonnegative integer n, an os-
cillator with frequency v has a nondegenerate stationary
state with energy nhv above the ground-state energy (see
Fig. 1). The possiblevalues of the energy at thisfrequency
thus form a discrete set 0, hv, 2hv, 3hv, ... instead of a
continuum. It can be shown that quantization of the os-
cillatorsin this way for al the allowed frequencies leads
directly to Planck’s law.

In 1905, Einstein made use of theidea of light quantain
order to explain the photoel ectric effect and later applied
it to the emission aswell as the absorption of radiation by
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FIGURE 1 The horizontal lines represent the discrete energy lev-
els of a quantized harmonic oscillator of frequency v. The energy
of the ground state is taken to be 0 and the equally spaced lev-
els 0, hv, 2hy, ..., nhv, ... are labeled by the quantum numbers
0,1,2,...,n,..., respectively. Excitation of the radiation field at
frequency v to level nhv corresponds to the addition of n photons,
each with energy hv, to the field.

atoms. The light quantum hypothesis states not only that
the energy of monochromatic radiation of frequency v is
made up of integral multiples of the quantum hv, but also
that the momentum is made up of integral multiples of the
quantum h/A, where A is the wavelength of the radiation
(vand A arerelated by the equation v = ¢). Thishypothe-
siscontrasts sharply withtheclassical pictureinwhichthe
energy and momentum are regarded as continuously vari-
able. The existence of discrete light quanta, or photons, is
not immediately evident on amacroscopic scale, however.
Dueto the smallness of Planck’s constant, even in aweak
electromagnetic field thereisan enormous number of pho-
tons, provided the frequency is not too high. For example,
black-body radiation at a temperature of 300 K (room
temperature) contains about 5.5 x 10 photons/cm®, most
of which correspond to frequenciesin the infrared part of
the electromagnetic spectrum. At atemperature of 6000 K
(roughly that at the surface of the sun), the bulk of the radi-
ation hasfrequenciesin thevisible spectrum, and thereare
about 4.4 x 10* photons/cmq. (The total number of pho-
tonsin black-body radiation is proportional to the cube of
the absolute temperature.)

Individual photons manifest themselves only through
their interaction with atomic systems. According to Ein-
stein’s treatment of the absorption and emission of radia-
tion, for example, an atom in astationary state can make a
transition to alower or ahigher energy level accompanied
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FIGURE 2 An atom can make a transition from a higher energy
level E; to a lower level Es while emitting a photon of frequency
v, where hv = E; — Es. The emission may be spontaneous or in-
duced by radiation. The atom can make the upward transition from
level Es to level E; by absorbing a photon of frequency v.

by the creation or annihilation, respectively, of aphoton. If
theatomicenergiesare E, and Es, where E; > Eg, thenthe
energy hv of the photon must equal thedifference E, — Eg
(seeFig. 2). Thisiscalled Bohr’sfrequency condition and
is equivalent to the law of conservation of energy applied
to the complete system of atom and radiation; any energy
lost or gained by the atom is given up to or abstracted
from the radiation field in the form of photons. It should
be noted that the number of photonsin the radiation field
need not be constant—photons can be created or annihi-
lated through the interaction of the field with atoms.

Thescattering of X-raysby freeelectronsalso furnishes
direct evidence for the corpuscular properties of radia-
tion. In 1922, Compton discovered that when X-rays of
wavelength A are incident on a graphite target, the scat-
tered X-rays have intensity peaks at two wavelengths, A
and 1/, where A’ > A. The shift in wavelength given by
AX =2 — X isafunction of the angle of scattering (i.e.,
the angle between the direction of the incident and scat-
tered X-rays) but is independent of wavelength and the
target material. The X-rays with unchanged wavelength
A were understood to have been elastically scattered by
atoms, which suffer no appreciable recoil, and they could
readily be accounted for on the basis of classical electro-
dynamics. The scattered X-rays with shifted wavelength
A', however, required anew interpretation. If it isassumed
that theincident X-raysconsist of photons, then these may
collide with essentially free electronsin the target. In this
case a photon gives up some of its energy hv to an elec-
tron and isscattered with alower frequency v’ and alonger
wavelength ', where v'A’ =c.

The wavelength shift A can be calculated as a func-
tion of scattering angle by using the laws of conservation
of energy and momentum. By treating the problem rel-
ativistically and taking the electron to be at rest initially
(see Fig. 3), one can easily show that AX depends on the
scattering angle 6 alone through the formula
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FIGURE 3 Photon and electron in the Compton effect (a) before
collision and (b) after collision. The scattering angle 6 is the angle
between the initial and final directions of the photon.

AA = Ac(1 — cos 0),

where the constant A is the Compton wavelength given
by
Ac = h/mc~2.43x 1071% cm.

Here m is the rest mass of the electron (approximately
9.11 x 10-% g). Thisformulawasverified experimentally.
The energy and distribution of the recoil electrons and
scattered X-rays were also in accord with the predictions
of the photon theory.

D. Quantum Electrodynamics

The use of the photon concept to explain certain phenom-
ena does not imply a return to a naive classical particle
view of light and other forms of electromagnetic radia-
tion. A proper account must also be given of the wave
properties of radiation, such as interference and diffrac-
tion. Indeed, the formulas for the energy and momentum
of the photons—hv and h/\—are based on the assump-
tion that the photons are associated with waves of definite
frequency and wavel ength. The nature of electromagnetic
radiationissuchthat it appears, under different experimen-
tal conditions, sometimes to have particle properties and
sometimes to have wave properties—these two aspects
are said to be complementary. A single coherent theory
that encompassed the dual nature of radiation, and with it
settled the age-old controversy between the wave theory
and the corpuscular theory, was made possible only by the
development of quantum mechanicsin the mid-1920s. In
1927, Dirac used the new methods of quantization, which
had been successfully applied to atomic systems, to quan-
tize the radiation field enclosed in a cavity, and was thus
able to give a fully dynamical treatment of the emission
and absorption of light by atoms. The beginning of quan-
tum electrodynamics may be taken to date from thistime.
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The wave properties of radiation can be adequately de-
scribed by using Maxwell’s equations for the el ectromag-
netic field, and these are retained as operator equations
in the quantum theory of radiation. Suppose, for exam-
ple, that the electromagnetic field has a node (i.e., a point
where the field amplitudes always vanish) dueto interfer-
ence at P. Then an atom placed at P has, in so far as it
can be regarded as a geometrical point, zero probability
of absorbing aphoton from the field. The field amplitudes
are, however, subject to uncertainty relations, involving
Planck’s constant h, which are analogous to the Heisen-
berg uncertainty relationsfor the position and momentum
of aparticlein ordinary quantum mechanics. Theorigin of
the uncertainty relations for the fields may be understood
by considering a simple example.

Let € denote the average value of a component of the
electric field over avolumeV and atimeinterval T. (Since
afield component at adefinite point in space and adefinite
instant of time appears an abstraction from physical real-
ity, only such average values need be considered.) Now
¢ may be found by measuring the change produced by
the field in the momentum of a charged test body occu-
pying the volume during this time. Although the position
and momentum of the test body are uncertain by amounts
Ag and Ap that satisfy the Heisenberg uncertainty rela
tion Aq Ap~ h, it can be shown that this does not impair
the accuracy of the field measurement, provided a suffi-
ciently massive and highly charged body (which is there-
fore part of a macroscopic measuring instrument) is used.
The charge Q on the body must be such that the product
QAq islarge; € can then be measured to any desired ac-
curacy A€. However, in the measurement of two average
field strengths € and €’ (taken over two space regions V
and V' during two timesintervals T and T’, respectively),
it may not be possible to make both A% and A€’ as small
as desired. If the separation distance L between V and V'
(seeFig. 4) issuch that most light signals emitted from VV
during the time interval T will reach V' during the time
interval T, then the measurement of € will influence that
of € in away that is to some extent unknown. The field
produced by the test body used to measure € is superim-

FIGURE 4 Regions V and V' in which the average electric fields
€ and €' are measured during time intervals T and T’, respec-
tively. The separation distance L is such that most light signals
emitted from V during the interval T will reach V' during the inter-
val T'.
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posed on €’ and cannot be fully subtracted out, asitsvalue
is somewhat uncertain (due to the uncertainty Aq in the
position of the test body). This field, and hence A%’, can
indeed be made as small as desired by making the product
QAq sufficiently small, but then A€ becomes relatively
large. The experimental conditions for measurements of
€ and €’ are complementary—those that serve to measure
€ more precisely will meaeure €’ less precisely, and vice
versa. The order of magnitude of the uncertainly product
isgiven by

AZAZ ~ h/L3T

andisindependent of both Q and A. Thus, only for well-
separated regions or over long intervals of time can both
averages be measured with unlimited accuracy.

E. Electrons and Positrons

Dirac’s original radiation theory had to be modified to
bring it into line with the special theory of relativity. This
was true particularly of the treatment of the charged par-
ticles with which the electromagnetic field interacts. In
1928, Dirac had developed aone-particle rel ativistic wave
equation for the electron that automatically accounted for
the observed el ectron spin and predicted valuesfor thefine
structure of the energy levels of the hydrogen atom and of
hydrogen-likeionsthat were in agreement with the exper-
imental data of that time. The Dirac equation, however,
also has extraneous solutions corresponding to negative-
energy states. To eliminatethese, Diracintroducedin 1930
the so-called hole theory, according to which most of the
negative-energy statesare occupied, each having oneelec-
tron. Any unoccupied states, or holes, may be interpreted
asparticleswith positiveenergy and positivecharge. These
particles were at first thought by Dirac to be protons,
but were later identified as positrons, or antiparticles of
electrons.

The experimental discovery of the positron by Ander-
son in 1932 lent support to Dirac’s hole theory. Never-
theless, difficulties remained, such as the infinite (but un-
observable) charge density associated with the “sea” of
negative-energy electrons. These difficulties can be re-
moved, however, by treating Dirac’s one-particle wave
equation for the electron as a field equation and subject-
ing it to aprocess of quantization, similar in some respects
to the quantization of the classical electromagnetic field.
This method, which is often referred to as second quanti-
zation, was applied to the Dirac equation by Heisenberg
and others and resulted in the appearance of electronsand
positrons, on an equal footing, asquantaof the Dirac field,
just as photons appear as quanta of the Maxwell field.
There are, however, some differences between the meth-
odsof second quantization used for the Dirac and Maxwell
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fields, which stem from the different characteristics of the
associated particlesor quanta. Photons have zero rest mass
(but have nonzero momentum because they travel at the
speed of light), areelectrically neutral, havespin 1 (inunits
of h, which is Planck’s constant divided by 27), and are
bosons (i.e., any number of photons can occupy a given
state). Electrons and positrons have the same nonzero rest
mass, carry equal but oppositely signed charges (by con-
vention, this is negative for the electron and positive for
the positron), have spin % and arefermions(i.e., not more
than one electron or positron can occupy a given state). It
was shown by Pauli that there is a connection between the
spinof aparticleanditsso-called statistics—particleswith
integer spin are bosonsand are not subject to the exclusion
principle, whereas particleswith half odd-integer spin are
fermions and are subject to the exclusion principle. It is
necessary for photonsto be bosonsin order that the quan-
tized electromagnetic field may have a classical counter-
part, which is realized in the limit of large photon occu-
pation numbers. The quantized Dirac field, on the other
hand, does not have aphysically realizable classical limit.

F. Divergences and Renormalization

In quantum el ectrodynamics, asinclassical electrodynam-
ics, there are no known exact solutionsto the equationsfor
the complete dynamical system of radiation and charges.
Indeed, from a purely mathematical viewpoint, the ques-
tion of even the existence of such solutionsis still an open
one. Approximate solutions may be found by assuming
that the coupling between the two parts of the system is
weak and using perturbation theory. This is justified by
the smallness of the fine-structure constant «, which gives
ameasure of the strength of the coupling:
o= e2/4nhc ~ %7

where e is the magnitude of the charge on the electron
and rationalized cgs units are being used (e~ 1.355 x
1019 g1/2cm3/?/sec).

It was found in the 1930s and 1940s that the calcu-
lations for many processes, when taken beyond the first
approximation, gave divergent results. Some divergences
(the so-called infrared divergences) were due to deficien-
ciesin the approximation method itself. Others (ultravio-
let divergences) were associated with the problem of the
structure and self-energy of the electron and other ele-
mentary particles. This problem had also arisen in classi-
cal electrodynamics, where the electron was assumed to
have a structure-dependent electromagnetic contribution
included in its inertial mass. In quantum electrodynam-
ics, however, there occurred additional divergences of a
radically different nature, due to effects that have no clas-
sical analogues. For example, the possibility of electron-
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positron pair creation gave rise to an infinite vacuum po-
larization in an external field and also implied an infinite
self-energy for the photon.

Theneed to extract finite resultsfrom the formalism be-
came acute when refinements in experimental technique
revedled small discrepancies between the observed fine
structure of the energy levels of atomic hydrogen and that
given by Dirac’s one-particle relativistic wave equation.
These differences, whose existence had been suspected
for some time, were measured accurately by Lamb and
Retherford in 1947. In the same year, Kusch and Foley
found that the value of the intrinsic magnetic moment of
an electron in an atom also differs dightly from that pre-
dicted by the Dirac theory. For it to be shown that these
discrepancies could be explained as radiative effects in
guantum electrodynamics, it was necessary first to recog-
nize that the mass and charge of the bare electrons and
positrons that appear in the formalism cannot have their
experimentally measured values. Since the electromag-
netic field that accompanies an electron, for example, can
never be “switched off,” the inertia associated with this
field contributes to the observed mass of the electron;
the bare mechanical mass itself is unobservable. Simi-
larly, an electromagnetic field is aways accompanied by
a current of electrons and positrons whose influence on
the field contributed to the measured values of charges.
The parameters of mass and charge, therefore, had to be
renormalized to express the theory in terms of observ-
able quantities. The results for the shift of energy levels
(now known as the Lamb shift) and the anomalous mag-
netic moment of the electron then turned out to be finite
and were, moreover, in good agreement with experimental
results. The use of explicitly relativistic methods of cal-
culation, devel oped by Tomonagaand Schwinger, was es-
sential in avoiding possible ambiguitiesin this procedure.
Further important contributionswere made by Dyson, who
showed that the renormalized theory gave finiteresultsfor
interaction processes of arbitrary order, corresponding to
arbitrary powers of the coupling constant e, and by Feyn-
man, whointroduced adiagrammatic representation of the
mathematical expressions for these processes, which are
often of considerable complexity.

The Feynman-diagram technique and Dyson’s pertur-
bation theory are now part of the standard formulation of
quantum electrodynamics. This formulation and some of
its applications will be outlined in Sections Il and IlI.
In this article only the electromagnetic interactions of
electrons and positrons (or, more generaly, of charged
leptons, whichincludemuonsand tauonsand their antipar-
ticles) are considered. These particles also participate in
the so-called weak interaction (and, of course, inthemuch
weaker gravitational interaction). A unified theory of the
electromagnetic and weak interactions hasbeen devel oped
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in recent years. Many elementary processes, however, are
dominated by electromagnetic effects, and these alone
form the subject matter of quantum electrodynamics.

[I. NONRELATIVISTIC QUANTUM
ELECTRODYNAMICS

A. Approximations

Any treatment of the pure radiation field based on
Maxwell’s equations in empty space must satisfy the
principlesof the special theory of relativity, even thoughiit
might not be expressed in aform that makes this evident.
Quantum electrodynamics has, however, a well-defined
nonrelativistic limit in so far as the motion of the charged
particles with which the electromagnetic field interactsis
concerned. The nonrelativistic theory isof an approximate
character, but it involves a much simpler mathematical
formalism than that of its more exact relativistic coun-
terpart. Moreover, it can be applied to a wide range of
problems in physics and chemistry, particularly in the
areas of atomic spectroscopy, intermolecular forces, laser
physics, and quantum optics.

Nonrelativistic quantum electrodynamics provides an
accurate description of phenomena when the following
two conditions are satisfied:

1. The charged particles move at such slow speeds (in
the inertial frame of a given observer) that their masses
can be considered constant and equal to their rest masses.
Since the relativistic mass of a particle with speed v and
rest massmism/./(1 — v2/c?), thisrequiresthat v/c « 1.
Now thisinequality generally holdsfor the constituent par-
ticles of atoms under normal laboratory conditions. For
example, the root-mean-square speed o (relative to the
supposedly slowly moving nucleus) of the electron of a
hydrogen-like ion in a state with principal quantum num-
ber n is Ze?/(2nh), where Ze is the nuclear charge. If
Z =1and n= 1 (the hydrogen atom in its ground state),
then v/c equals the fine-structure constant o (approxi-
mately %7) and the corresponding fractional increase in
mass (over and abovetherest mass) isonly about 3 partsin
10°. Thisratio islarger for higher values of Z but smaller
for higher values of n. The variation of mass with veloc-
ity is, therefore, expected to be appreciable only for the
inner-shell electrons of the heavier elements.

2. The number of each type of charged particle (elec-
tron, proton, etc.) is conserved; that is, such particles are
neither created nor destroyed in any process. Thisassump-
tion imposes a restriction on the frequency v of the radi-
ation with which the particles may interact, since pho-
tons of sufficiently high energy are capable of creating
particle-antiparticle pairs. This possihility requiresan en-
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ergy of order mc? (where misthe rest mass of the lightest
charged particle, namely the electron) and will therefore
be excluded if v « v, where v, is defined by hv, = mc?
and is about 10%° Hz. (Here v, is the frequency associated
with the Compton wavelength of the electron given by
Ac=h/mc.) It follows that hard X-rays and high-energy
gamma rays are to be omitted from consideration in this
section.

B. An Assembly of Photons

The classical electromagnetic field in empty space is
equivalent to an infinite number of one-dimensional sim-
ple harmonic oscillators. One oscillator is associated with
each plane-wave component of the field, specified by its
frequency v, wave vector k (where |k| = 2 v/c), and unit
polarization vector & The waves are transverse waves,
which implies that the polarization vector is perpendicu-
lar to the direction of propagation k (see Fig. 5). Hence,
for each propagation direction, there are two independent
polarization vectors & (x =1, 2). A radiation oscillator
may therefore be labeled by the pair (k, 1), which speci-
fiesthe frequency, propagation direction, and polarization
for the corresponding mode of the field.

A mathematical description of an assembly of nonin-
teracting photons is obtained when each of the radiation
oscillatorsistreated asaquantum mechanical system. This
involves little more than the use of the matrix theory of
the harmonic oscillator devel oped in el ementary quantum
mechanics but extended to cover the case of a set of inde-
pendent oscillators. The result of this quantization of the
electromagnetic field can be briefly summarized. States of
the complete system are represented by vectorsin a gen-
eralized (in fact, infinite-dimensional) vector space and

FIGURE 5 A linearly polarized electromagnetic wave of wave-
length A propagating in empty space with speed c in the direction
k. The (real) unit polarization vector & and k together determine the
plane of polarization, at any point of which the magnetic induction
vector & (broken arrows) is parallel to & and oscillates in simple
harmonic motion of frequency v, where vi =c. The electric vector
¢ (not shown) also oscillates with frequency v and in phase with
9B but is perpendicular to the plane of polarization.
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dynamical variables (such as energy and momentum) by
linear operators, which act on the vectorsto produce other
vectors of the same kind. The vacuum state is that for
which every oscillator has its lowest energy. It can be as-
sumed, for convenience, that the energy of the vacuum
stateis zero. The so-called zero-point energy 1/2hv of an
oscillator with frequency v istherefore discarded, but this
amounts merely to ashift in the datum point for measuring
energies. (Nevertheless, changes in the zero-point energy
can give rise to measurable forces, for example, between
conducting plates. Thisis called the Casimir effect.)

If aradiation oscillator of mode (k, 1) is excited to its
nth stationary state, with energy nhv, then thisistaken to
correspond physically to the presence of n photons, each
with energy hv, for that mode of the field. An occupation-
number state is one with a specified number of photonsin
each mode. The number ny; of photonsin mode (k, 1) is
then called the occupation number for that mode. Only a
finite number of occupation numbers can be nonzero and
the total numbers of photonsis > n; with the summa-
tion extending over occupied modes. Similarly, the total
energy E of the photons in an occupation-number state
is > (ng,hv). The vacuum state can be thought of as an
occupation-number statefor which every occupation num-
ber is zero.

Theoperator that representsthetotal energy of theradia-
tion fieldis called the Hamiltonian operator and is denoted
by Hrap. It can be expressed in terms of photon annihila-
tion and creation operators. The annihilation operator for
mode (k, A), when acting on an occupation-number state
vector, reduces the number of photons for that mode by
one, and when acting on the vacuum-state vector gives
the zero vector. Similarly the creation operator increases
the number of photons by one. (In the context of the ele-
mentary theory of the harmonic oscillator, these operators
are usually called lowering and raising operators, respec-
tively.)

A general state of the radiation field at time't is repre-
sented by a state vector W of unit length that is a linear
combination of the occupation-number state vectors, with
coefficients c(. .., N, ...;t) depending on the occupa-
tion numbers and the time. The square of the magnitude
of c(..., Nk, ... ;t) isthe probability that if a measure-
ment of the occupation numbers is carried out at time
t, then these will be found to have precisely the values
..., Nk, ... Solong as no measurements are made on the
system, the time evolution of the state vector is governed
by Schrodinger’s equation:

ih % = Hrap V.
The (unit) length of the state vector does not change with
time and so the dynamical behavior of the system may be
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said to correspond to a pure rotation in the generalized
vector space. Indeed, the individual probabilities |c|? do
not change with time, since the probability amplitudes ¢
change only through a phase factor exp(—i Et/h). Thisis
consistent with the fact that for the free field, photons are
neither created nor destroyed.

C. The Quantized Electromagnetic Field

Whilethetreatment of the radiation field asan assembly of
photons may seem to emphasize its corpuscular aspects,
thewavepropertiesare, neverthel ess, also contained inthe
formalism. In particular, Maxwell’s equations in empty
space remain valid, athough they now appear as opera-
tor equations rather than as equations for classical fields.
Both the electric field € and the magnetic induction field %
become operators that can be expressed as linear combi-
nations of the photon annihilation and creation operators.
If these expressions areinserted into the classical formula
for the field energy, then the expansion of the Hamiltonian
operator intermsof theannihilation and creation operators
isrecovered. Thus,

Hrap = %///(%ZJr%Z)dV.

(It is true that an infinite zero-point energy aso appears.
Thisenergy may, however, be discarded, aswerethe zero-
point energies of theindividual oscillators.) Similarly, the
classical expression

L[ exnav

for the field momentum, obtained from Poynting’s theo-
rem, implies, when reinterpreted in terms of annihilation
and creation operators, that a momentum hk isto be as-
cribed to each photon of mode (k, A). Thisisin agreement
with Einstein’s hypothesis, since h|k| =h/A.

Another consequence of the quantization of the field is
the occurrence of uncertainties or fluctuations that have
no counterpart in the classical theory. In the vacuum state,
for example, the mean value of the electric field is zero
but its root-mean-square deviation from the mean, A%,
is nonzero. The fluctuation A<¢ arises from the collective
zero-point motions of the radiation oscillators and, if cal-
culated for a nonzero volume with linear dimensions of
order L and a nonzero time interval with length of order
T, assumes a value whose order of magnitude is given by

ﬂ:, if L>cT
A€~ L2

Jhe .

———, if L<cT.

L(cT)

In any other of the occupation-number states, for which
the mean values are also zero, the field fluctuations are of
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greater magnitude than thosein the vacuum state. Now the
occupation-number states resembleincoherent superposi-
tions of classical plane-wave states, since they are asso-
ciated with definite wave vectors and polarization vectors
but do not havewell-defined phases(intheclassical sense),
whereasaclassical plane-wavefield hasasimpleharmonic
time dependence. There exist other states of the quantized
field, however, called coherent or quasi-classical states,
in which the phase is more well defined but the number
of photons, and hence the energy and momentum, is less
sharp than for the occupation-number states. To each state
of the classical field there corresponds a unique coherent
state of the quantized field such that (a) the mean val ues of
the quantized field components are equal to the classical
field components and (b) the mean value of the quantized
energy isequal to the classical energy. The coherent states
arealso remarkablein thefollowing respect: the field fluc-
tuations for these states are exactly the same as those for
the vacuum state.

The operators representing the components of the elec-
tric field ¢ and the magnetic induction field % satisfy cer-
tain commutation relations, which may be derived from
those for the photon annihilation and creation operators.
Just as in ordinary quantum mechanics the commutation
relation

ap—pg=ih
between the position operator g and the momentum op-

erator p of a particle leads to the Heisenberg uncertainty
relation

so the commutation rel ations between the components of ¢
and % lead to uncertainty relationsfor the electromagnetic
field strengths. These uncertainty relations are in agree-
ment with theway in which the field strengths can, at | east
in principle, be measured by means of macroscopic test
bodies. This was shown in detail by Bohr and Rosenfeld
in 1933.

D. Interactions of Photons and Atoms

The quantized radiation field has so far been considered
asasystem by itself. A set of nonrelativistic charged par-
ticles, interacting through instantaneous Coulomb forces
and also, perhaps, acted on by prescribed external static
electric or magnetic fields, can also be considered as a
system by itself, asin ordinary quantum mechanics. This
systemwill, for convenience, bereferred to asan atom, al-
though it may really be amolecule, anion, or acollection
of atoms, molecules, orions. It isassumed that thereare N
charged particles with masses my, my, ..., my; charges
€, &, ..., ey; position operators qi,Qz, ..., qn; and
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momentum operators pi, P2, ..., Pn- The Hamiltonian
operator for this system is given by

N
1 5,
Hatom = ; 2m. p; + U,
where the first term represents the kinetic energy and the
second the potential energy. The potential energy U de-
pends on the positions and momenta of the particles, their
charges, and the external fields, if any are present.

It is often a good approximation to treat the nuclei as
fixed and to regard the coordinates and momenta of the
electrons alone as dynamical variables. This is possible
because of thelarge mass of the protonsand neutronscom-
pared with that of the electrons (proton mass~ 1836 x
electron mass). The fixed-nuclei approximation involves,
among other things, the neglect of the recoil of the atoms
which should accompany the absorption or emission of
photons. The recoil velocity is, however, normally very
small. For example, the speed imparted to a hydrogen
atom by a photon with afrequency in the visible spectrum
is of the order of 108 times the speed of light in vacuo.
Such a speed resultsin only avery slight Doppler shiftin
the frequency of the emitted radiation. In the fixed-nuclei
approximation, the Hamiltonian operator Hatom has, in
general, a discrete set of energy levels E;, Eg, ... cor-
responding to bound states, as well as a continuous set
of energy levels E corresponding to ionized states. Here
r, s, ... areshorthand notations for sets of quantum num-
bers sufficient to specify the states completely.

A state vector for the complete system consisting of the
atom and the radiation field is obtained by multiplying a
state vector for the field directly into a state vector for the
atom. For example, there are states for which the photon
occupation numbers have definitevaluesand theatomisin
astationary state with a definite energy. The general state
of the complete system is, at any instant, a superposition
of such product states.

The Hamiltonian H for the complete systemisnot sim-
ply the sum of theradiation and atomic Hamiltoniansgiven
previously. This sum must be supplemented by an inter-
action term Hnt:

H = Hgrap + Hatom + Hint.

Theinclusion of theinteraction termis essential if the op-
erator equations of motion areto reproduce (a) Maxwell’s
equations for ¢ and % with the charges and currents as
sourcesand (b) the L orentz-forcelaw for thecharged parti-
cleswhenthey areacted onby ¢ and %, that is, the expected
equations of motion for the interacting systems. The in-
teraction Hamiltonian Hyyt contains some operators that
refer to the field and some that refer to the particles and,
hence, is responsible for the coupling between the two
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parts of the complete system. In the absence of Hyr, the
product vectors of thetype mentioned above represent sta-
tionary statesin which the photon occupation numbersare
constant and the atom has a fixed energy. Due to the pres-
ence of Hint, however, transitions between these states
can occur, in which, for example, the atom loses or gains
energy and the number of photons is correspondingly in-
creased or decreased. Theinteraction Hamiltonian may be
expressed as the sum of two parts, one proportional to e
and the other to &*:

Hint = eHy + €*Hy,

where Hj islinear and H; is quadratic in the photon anni-
hilation and creation operators. As a consequence, these
two terms give rise to processes in which the number of
photons changes by one or two, respectively.

The use of the so-called Coulomb gauge is very con-
venient in nonrelativistic theory. In this gauge only the
transverse electromagnetic field, which is a superposition
of modeswith transverse pol arization vectors (&) .k = 0),
isquantized. The effect of the longitudinal field, responsi-
blefor theinstantaneous Coulomb interaction between the
charges, is treated as a potential as in ordinary quantum
mechanics and is included in the expression for Hatom-

Thetime evolution of the complete system is governed
by Schrodinger’s equation:

v
ih 8_ =HVY,
ot

where now H is the total Hamiltonian and W represents
the state of both the field and the atom at time t. No
exact solutions of this equation are known. Fortunately,
however, Hyt is of order e and, hence, can be regarded
as a small perturbation to the unperturbed Hamiltonian
Hrap + Hatom- Time-dependent perturbation theory can
then be used to calculate approximately the probabilities
for transitions between unperturbed states. The total en-
ergy is always exactly conserved in transitions between
initial and final states. Since the perturbation is small, the
unperturbed energy is approximately conserved in such
transitions.

E. Applications

Applications of the theory to the emission and absorption
of photons by atoms and the scattering of photons by free
electrons will now be considered.

1. Spontaneous Emission—Einstein’s
A Coefficient

If initidly (a) theatomisin an excited stater with energy
E; and (b) theradiation field is in the vacuum state, then
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there is a probability that after atimet a photon of mode
(k, 1) has been created and the atom has made atransition
to astate s with lower energy Eg, where

hv ~ E, — Es.

Sincethere are no photons present initially, this processis
known as spontaneous emission. It is represented graph-
ically by the Feynman diagram in Fig. 6. Single-photon
spontaneous emission involves, in thelowest order of per-
turbation theory, only that term in the interaction Hamil-
tonian that is proportional to e. Furthermore, the so-called
dipole approximation can be used for optical or lower fre-
guencies and bound states of atoms or small molecules,
since then the wavelength of the emitted photon is much
larger than the dimensions of the region in which the
atomic wave functions differ significantly from zero. The
emission probability can sometimes be expressed in terms
of a constant transition rate (that is, a probability per unit
time for the transition to occur) known as Einstein’s A
coefficient. The total transition rate for emission of the
photon in any direction and with any polarization is given
in dipole approximation by

AL = (167%0%/30C%) ' P,

where u"s denotes the dipole transition moment, which
can be calculated once the wave functions for the atomic
statesr and s are known. Thus, in dipole approximation,
Einstein’s A coefficient is proportional to the cube of the
transition frequency and the square of the length of the
dipole transition moment.

Thereciprocal of A istheaveragelifetime of the upper
state r with respect to the lower state s. For example,
for optical transitions with a photon wavelength of order
5000 A (1 A =108 cm) and adipole transition moment

FIGURE 6 Feynman diagram for spontaneous emission. The left-
hand and right-hand portions of the parallel horizontal lines repre-
sent the initial and final atomic statesr and s, respectively. (Double
lines are used to indicate that the electrons are not free but are
bound to the atomic nucleus.) The dotted line represents the emit-
ted photon of mode (k, A). This is created when the atom under-
goes the transitionr — s. The vertex labeled e corresponds to the
first-order term in the interaction Hamiltonian, which is responsible
for this process in the lowest order of perturbation theory.
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(k,N)

N
N

FIGURE 7 Feynman diagram for absorption. In the initial state
(left of diagram), the atom has energy Es and there is a photon
of mode (k, 1) present, whereas in the final state (right of dia-
gram), the atom has higher energy E; and the photon has been
annihilated.

of order eay (where ag is the Bohr radius of hydrogen,
approximately 0.53 A), the lifetimeis of order 108 sec.

The transition probability is proportional to the time
t solong ast is large compared with the atomic period
1/v and small compared with the lifetime. Since, with the
above assumptions, the period is of order 10~1° sec, there
isindeed arange of valuesof t that satisfy both conditions.
The detection of the emitted photons must take place at
timest lying in thisrange, or else the emission rateis not
approximately constant.

2. Absorption andhh Stimulated
Emission—Einstein’s B Coefficients

If the atom is initially at the lower level Es, but thereis
rediation already present, it may make atransition to the
hhigher level E by absorbing a photon with energy ap-
proximately equal to E; — Es. The Feynman diagram for
absorption is shown in Fig. 7. The transition rate for this
process is proportional to the photon occupation number
Nk, and hence to the intensity | (erg cm=2 Hz™1) of the
incident radiation in the spectral region from which the
photon is absorbed. If the atom is bathed in isotropic un-
polarized radiation (sothat | isindependent of k and 1), the

P p’
/ea\
/ AN
/7 AN
/ PN
(RN X
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total absorption rateis BSl where B? is Einstein’s B co-
efficient for absorption, given in dipole approximation as
BS = (27/3h%)| 2.

The upper limit on the time for the validity of this
transition rate is now much less than the reciprocal of
BP1. Times less than this upper limit but much greater
than the period can be found, provided the intensity of
the radiation is not too high.

For anatom initialy at the upper level E; withradiation
present as before, there is a probability for a transition to
the lower level Eg accompanied by the emission of apho-
ton with the same characteristics as some of those in the
incident beam. This emission may, of course, occur spon-
taneoudly, that is, even when all the photon occupation
numbers are zero. Thereisin addition, however, emission
that is stimulated or induced by theincident radiation, at a
rate proportional toitsintensity. For isotropic unpolarized
radiation, the stimulated emission rate is BL |, where the
B coefficient for emission r — s is the same as that for
absorption s — r, that is, B{ = B?.

3. Thomson Scattering

Thenonrelativisticlimit of the Compton scattering of pho-
tons by free electrons is known as Thomson scattering.
Thislimit applies when both the el ectron and photon mo-
menta have magnitudes small compared with mc. If p and
p’ denotetheinitial athnal momenta of the electron and
(k, 1) and (k’, A") denote the wave vectors and polariza-
tions of theincident and scattered photons, then it follows
from the laws of conservation of energy and momentum
that k' ~ k and hencethat p’ ~ p. Thus, the magnitudes of
the momenta are effectively unaltered, although, in gen-
eral, their directions change. In particular, for the limit
considered, there is no shift in the frequency of the scat-
tered photon.

The Feynman diagrams that give the leading contribu-
tions to Thomson scattering are shown in Fig. 8. Each
diagram depicts the incident photon and initial electron

(c)

FIGURE 8 Feynman diagrams for Thomson scattering. Dotted lines represent photons and solid lines represent free

electrons.
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arriving from the left, and the scattered photon and recoil
electron disappearing to the right. The contribution of
Fig. 8a arises from the € term in the interaction Hamil-
tonian; it may be said that here the incident photon is
annihilated and the scattered photon simultaneously cre-
ated. In Figs. 8b and 8c, on the other hand, the annihilation
and creation are represented by two different one-photon
vertices, each arising from the e term in the interaction
Hamiltonian. These diagrams differ in the order in which
the creation and annihilation take place. Overall momen-
tum is conserved at every vertex.

It must be emphasized, however, that the contributions
of Figs. 8a-8c cannot be physically separated, since only
theinitial and final states are observed. For thisreason, the
intermediate states are often referred to as virtual states.
Indeed, it may be shown that the contributions of Figs. 8b
and 8c effectively cancel, astheir sumisof order hk/(mc)
timesthat of Fig. 8a.

In scattering experiments the measured quantity is the
cross section (having dimensions cm?), defined as the
number of scattered particles per unit time divided by
the number of incident particlesper unit areaper unit time.
For Thomson scattering, the differential cross section per
unit solid angle 2 for scattering the photon with polariza-
tion A’ and direction within d2 of k’ is given, from the
contribution of Fig. 8a, by

j—; —rZ|e" . &"))? =r2cos @,
where (@) it is assumed that the polarization vectors are
real, (b) © isthe angle between the directions of polariza-
tion of the incoming and outgoing photons, and (c)

ro = €/4rmc?® ~ 2.82 x 1072 cm

and is the so-called classical electron radius. (Thisis the
radius that an electron of uniformly distributed charge
must have if its electrostatic energy is to equal its rest
energy.) It should be noted in particular that, with the ap-
proximations indicated, the cross section is independent
of frequency and vanishes if the incident and scattered
polarization vectors are perpendicul ar.

If the incident photons are randomly polarized and
the polarization of the scattered photons is not observed,
then the cross section should be averaged over initial
polarization indexes and summed over final polarization
indexes. The resulting differential cross section per unit
solid angle depends only on the scattering angle 6 (where
cost =k - k):

do/dQ = 3rd(1+ cos’0).

The total unpolarized cross section, obtained by
integrating this over all solid angles, is given by

otot = (87/3)r3 ~ 6.65 x 1072 cm?,
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4. Other Applications

Thefield of application of nonrelativistic quantum el ectro-
dynamics has expanded considerably in recent years due
to the development of lasersand their use as spectroscopic
tools for investigating a variety of physical and chemical
systems. Lasers are sources of highly coherent and very
intense beams of light. In the subject of quantum optics,
the quantum statistical properties, such as the degree of
coherence, of the light beam itself may be the object of in-
vestigation. For example, the quasi-classical states of the
radiation field referred to earlier exhibit a higher degree
of coherence than that of the occupation-number states,
and these in turn are less chaotic than fields in thermal
equilibrium, in which the distribution of photons follows
Planck’s radiation law.

The high intensity of the light beams that may be
achieved by using laser sources can also give rise to non-
linear effects that are unobservable at lower intensities. A
typical example of a nonlinear process is third-harmonic
generation, that is, the absorption of three photons of fre-
guency v by an atom and the emission of a single photon
of frequency 3v (the third harmonic of the incident fre-
guency). The rate for this process (after which the atom
returnstoitsinitial stateand overall energy isconsequently
conserved) is proportional to the cube of the intensity of
theincident beam. This should be contrasted with alinear
process such as single-photon absorption for which the
transition rate is proportional to the intensity itself, the
factor of proportionality being Einstein’s B coefficient.

Ill. RELATIVISTIC QUANTUM
ELECTRODYNAMICS

A. Relativistic Theory

Relativistic quantum electrodynamics is formed by the
union of the specia theory of relativity, characterized by
the speed of light, and quantum mechanics, characterized
by Planck’s constant. In discussions of the relativistic the-
ory it is useful and customary to employ the natural sys-
tem of units, in which speeds are measured as multiples
of ¢ and angular momenta are measured as multiples of
h . Since no natural length appears in the theory, lengths
continue to be measured in centimeters. The expression
for any quantity in (rationalized) natural unitsis obtained
from the corresponding expression in (rationalized) cgs
units simply by setting c=1 and h = 1. For example,
the cgs expressions hk, mc?, and €/(4rhc) for the mo-
mentum of a photon, the rest energy of an electron, and
the fine-structure constant, respectively, becomek, m, and
€/(4r), respectively, in natural units. It is aso easy to
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convert from natural unitsto cgs units, by inserting appro-
priate factors of h and c.

If quantum electrodynamics is to satisfy the principles
of the special theory of relativity, its equations must be
covariant under Lorentz transformations. Lorentz trans-
formations relate the space-time coordinates x, y, z, and
t of events as seen by observers using inertial frames of
reference moving with uniform velocity relative to each
other. (The coordinates X, y, z, and t are the components
of afour-dimensional vector, to be denoted simply by x.)
A covariant equation has the same form for two such ob-
servers. The fact that physical laws are expressible as co-
variant equations means that these laws are the same for
all observersusing inertia reference frames.

The state of a quantum-mechanical system (for exam-
ple, the electromagnetic field in vacuo) is specified in rel-
ativistic theory on a three-dimensional spacelike hyper-
plane. In a given inertial frame, this consists of either all
the points in three-dimensional space at a particular in-
stant of time or all the events on atwo-dimensional plane
moving for all time perpendicularly toitself with constant
speed greater than that of light. Two distinct events on a
spacelike hyperplane cannot be connected by signalstrav-
eling with speed less than or equal to the speed of light,
and so two measurements made in the vicinity of the cor-
responding space-time points will not interfere. This is
known as microscopic causality. The whole of the four-
dimensional space-time manifold is filled with a set of
parallel spacelike hyperplanes, which may be labeled by
an invariant timelike parameter t, with ¢ ranging from
—o0 to co. The evolution of the system is described by
specifying the state for each hyperplane r and is deter-
mined dynamically, through Schrodinger’s equation, on
the interval [t1, 12], if the state is specified at 7; and no
measurements are made until 7.

B. Electrons and Positrons

The one-particlerelativistic theory of theelectronisbased
onthe Dirac equation. Thisisadifferential equation, with
matrix coefficients, for aspinor wavefunction v (x) having
four components y*(x) (uw =0, 1, 2, 3). The requirement
that the Dirac equation be covariant determinesthe behav-
ior of ¥ under Lorentz transformations. Since the electron
is now described by a four-component spinor rather than
by a one-component scalar wave function, it has extra
degrees-of-freedom, over and above those allowed by the
Schrodinger theory. These correspond tothe spin or intrin-
sic angular momentum of magnitude % (in natura units).
Hence the spin appears automatically in the Dirac the-
ory of the electron and does not have to be added on in
an ad hoc fashion, as it does in nonrelativistic quantum
mechanics.
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The difficulties of interpretation associated with the
negative-energy solutions of the Dirac equation have al-
ready been mentioned. These difficulties disappear in the
second-quantized version of thetheory, in which electrons
and positrons are treated on an equal footing and all have
positive energy. Moreover, this version provides a calcu-
lus for processes involving annihilation and creation of
electrons and positrons—in the high-energy regime, the
number of these particlesis no longer conserved.

The spinor v and its related adjoint spinor ¢ are first
expressed in terms of plane-wave solutions of the free-
particle equation. These solutions correspond to particles
with energy E, momentum p, and rest mass e satisfying
the relativistic energy—momentum relation

E? = |p|? + n?.

The coefficients in the expansions of ¥ and vy may then
be interpreted as annihilation and creation operators for
electrons and positrons in definite momentum and spin
states. The spin states can be chosen to be helicity states
of the electrons and positrons, that is, states in which the
component of spin in the direction of motion is either %
(right-hand helicity) or —% (left-hand helicity). It is only
the component of spin in the direction of motion that is
invariant under Lorentz transformations.

The algebra of the creation and annihilation operators
for electrons and positrons differs from that of the cre-
ation and annihilation operatorsfor photons. (Technically,
it involves anticommutation instead of commutation rela-
tions.) The difference arises from the fact that, whereas
photons are bosons, electrons and positrons are fermions
and are subject to the exclusion principle. The only pos-
sible occupation numbers for electrons or positrons are
therefore 0 or 1. Thisisin agreement with Pauli’s spin-
statistics theorem, since the spin of an electron or a
positronishalf an odd integer. It can beshown that quantiz-
ing the Dirac field by using commutation relationsinstead
of anticommutation relations leads to a Hamiltonian op-
erator with energy levels that are not bounded below and,
hence, one for which no stable vacuum (ground) state ex-
ists. (Similarly, quantizing the Maxwell field, which has
intrinsic spin 1, by using anticommutation relations in-
stead of commutation relations leads to a breakdown of
microscopic causality.)

C. Covariant Quantization of
the Electromagnetic Field

The quantization of the electromagnetic field in the
Coulomb gauge, though very useful for dealing with
bound systems in nonrelativistic approximation, is not a
manifestly covariant procedure. In the Coulomb-gauge
formalism, only the transverse field is quantized, while
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the longitudinal field gives rise to an instantaneous inter-
action between the charges. The division of the field into
transverse and longitudinal components, however, is not
Lorentz covariant—these components do not transform
separately on going from one inertial frame to another.
So that the covariance of the theory can be exhibited, it is
necessary to use aguage condition on the el ectromagnetic
potentials that is itself covariant. The most convenient
such condition is the so-called Lorentz condition. This
condition aso leads to certain difficulties which are,
however, overcome in the formalism devel oped by Gupta
and Bleuler.

The electromagnetic field is, in the first instance, quan-
tized in a covariant way without reference to the Lorentz-
gauge condition. In contrast to the noncovariant treatment,
there are now, for each wave vector k, four types of pho-
ton, corresponding to timelike and longitudinal aswell as
two transverse polarization vectors, which are, in addition,
four-dimensional rather than three-dimensional vectors.
Moreover, the inner (or scalar) product of the infinite-
dimensional vector space on which the photon creation
and annihilation operators act is not positive definite; that
is, there exist nonzero vectors in this space the square of
whose length is zero or negative. (Thisisdueto the metric
of the space-time continuum, which distinguishes time-
likefrom spacelike directions. Thus, the four-dimensional
vector X is spacelike, lightlike, or timelike, relative to the
origin, according to whether as x? + y? + 7% — t? is posi-
tive, zero, or negative.) Thisconstitutesaseriousdifficulty,
sincethe quantum-mechanical statistical interpretation re-
quires a positive-definite inner product. For the resolution
of this problem, the use of the Lorentz-gauge condition,
which has yet to be imposed, is of decisiveimportance.

It may be shown that neither the Lorentz condition nor
Maxwell’s equations are satisfied as operator equationsin
the covariant theory, because they are incompatible with
the commutation relations. They are, however, satisfied
as equations for expectation values (and hence are sat-
isfied in the classical limit), provided a subsidiary con-
dition is imposed on those state vectors that are to rep-
resent physicaly realizable states. The effect of the sub-
sidiary condition is to make the timelike and longitudinal
photons unobservable in real states of the system. These
states have either no timelike or longitudinal photons at
al or only certain alowed admixtures of them. More-
over, changing the allowed admixtures is merely equiv-
alent to carrying out a gauge transformation that main-
tains the Lorentz condition. The allowed admixtures are
always such that the contributions of timelike and longitu-
dinal photonsto, for example, the energy and momentum,
cancel out, and only the contributions of the transverse,
observable photons remain. Similarly, the statistical inter-
pretation of thetheory isconsistent, when thisisrestricted
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to the calculation of probabilitiesfor physicaly realizable
states.

Despite the fact that timelike and longitudinal photons
areunobservableinreal statesof thesystem, their presence
is important and cannot be neglected in intermediate or
virtual states. For example, the Coulomb interaction may
be described in terms of the virtual exchange of timelike
andlongitudinal photonsby charged particles. The appear-
ance of these photonsin the formalism isalso required, of
coursg, if thetheory isto be manifestly Lorentz covariant.

D. Symmetries and Conservation Laws

The coupling between the quantized Maxwell and Dirac
fields is represented by a Lorentz-invariant interaction
Hamiltonian density %yt that links scalar and vector po-
tentials to the charge and current densities. Here % nt iS
linear in the electromagnetic potentials and bilinear in the
spinor fields y and ¢ and isalso of order e—thereisno &
term as in nonrelativistic theory. The interaction Hamil-
tonian density may be derived from a Lagrangian density
known as the minimal-coupling Lagrangian density.

It isinteresting to note that certain continuous symme-
tries of the coupled systems are reflected in the structure
of the complete Lagrangian density &, which is Lorentz
invariant and gauge invariant. According to a theorem of
Noether, these symmetriesmust |ead to conservation laws.
For example, theinvariance of £ under time displacements
implies the conservation of energy; its invariance under
space displacements and rotations implies the conserva-
tion of linear and angular momentum, respectively; and its
invariance under gauge transformations implies the con-
servation of charge.

The complete system also has three discrete symme-
tries. It is invariant under (a) charge conjugation C, that
is, the interchange of particles and antiparticles (which
affects only electrons and positrons, since the photon is
its own antiparticle); (b) the parity operation P, that is,
space inversion or the interchange of left and right; and
(c) timereversal T. Thisinvarianceunder C, P,and T is
not shared by all the laws of nature. The nonconservation
of parity in the weak interaction, which isresponsible for
the dynamics of beta emission, was suggested by Lee and
Yang in 1956 and subsequently confirmed experimentally.
That the combined transformation of charge conjugation
and parity is also not a symmetry follows from the decay
of thelong-lived neutral K meson into two charged pions,
adecay that isforbidden by CP conservation. Invariance
under the conbined CPT transformation, established on
very general assumptions (Lorentz covariance and local-
ity), then impliesthat timereversal isalso not asymmetry
of the physical world. Hence, the separate conservation of
C, P,and T isonly an approximation which is, however,
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FIGURE 9 Virtual processes depicted by basic vertex diagrams (to be viewed from left to right). (a) Photon (y)
annihilation and electron—positron (e~e") pair production. (b) Electron scattering and photon creation. (c) Photon
annihilation and positron scattering. Note the convention for the sense of the arrows used on the fermion lines to

distinguish electrons and positrons.

valid for phenomenathat are adequately described by elec-
trodynamics alone.

E. The S Matrix and Feynman Diagrams

The S matrix in quantum electrodynamicsis used to cal-
culate probability amplitudes for processes in which par-
ticles (electrons, positrons, or photons) that are initially
free are allowed to interact and scatter. In the so-called
interaction picture of the motion, the state vector W for
the complete system evolves under the influence of the
interaction Hamiltonian %y, aone, and the S operator
(or scattering operator) mapsthe state vector on the hyper-
plane T = —oo (that is, long before the interaction takes
place) onto the state vector on the hyperplane T = oo (that
is, long after the interaction has ceased):

Y(o0) = S¥(—00).

The S operator can be devel oped as a power seriesin the
coupling constant e. With the help of a theorem due to
Wick, the structure of the nth-order contribution, corre-
sponding to the nth power of e in the expansion, may be
systematically analyzed and represented by Feynman di-
agrams. Itisusually convenient to use Feynman diagrams
in energy—momentum space. These represent al possi-
ble virtual processes that can take place for given initial
and final momentum and polarization or spin states of
the particles. The Feynman rules enable expressions for
the probability amplitude or S-matrix element S;; for the
processi — f to be written down directly from the di-
agrams. From this the cross section for the process may
be calculated to a given order in e and compared with the
experimentally obtained value.

Thelowest order of perturbationtheroy (n = 1) involves
only the first power of the interaction Hamiltonia %N,
whichislinear in the photon annihilation and creation op-
erators and bilinear in the fermion (electron or positron)
annihilation and creation operators. Thisgivesriseto pro-

cesses such as those depicted in the Feynman diagrams of
Fig. 9. These diagrams are called basic vertex diagrams.
There are in all eight such diagrams, corresponding to
processes in which a photon is either annihilated or cre-
ated and two fermions are annihilated or created or oneis
annihilated and the other created.

Every Feynman diagram is a combination of some or
al of the eight basic vertex diagrams—an nth-order dia-
gram contains n vertices. Energy and momentum (which
together form a four-dimensional vector) are conserved
at every vertex. (Thisisin contrast to the nonrelativistic
theory, in which momentum but not energy is conserved
invirtual processes.) However, therelativistic relation be-
tween energy and momentum need not be satisfied for vir-
tual particles. Now this relation cannot be satisfied by al
the particles participating in a basic vertex process, which
must therefore be a virtual rather than areal process. For
example, electron—positron annihilation with the produc-
tion of asingle photon isforbidden by energy—momentum
conservation, even though it is alowed by charge conser-
vation. Hence the basic vertex diagrams can appear only
as parts of larger Feynman diagrams depicting processes
for which overal energy and momentum are conserved
and the rel ativistic energy—momentum relation is satisfied
by the (real) particlesin theinitial and final states.

Asan example of areal process, consider the Compton
scattering of photons by electrons. Thisis allowed in the
second order of perturbation theory, and the Feynman dia-
grams, each containing two vertices, are shownin Fig. 10.
The corresponding polarized cross section for the labo-
ratory reference system, in which the target electron is
initially at rest, is given by the Klein-Nishina formula:

do a? (v'\? v+v/+4( 2 —2
dQ  dm2\ v VA e ’
Herev and v’ are the frequencies of the incident and scat-

tered photons, respectively, and ¢ and ¢’ are their (four-
dimensional) transverse polarization vectors, whichinthis
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FIGURE 10 Feynman diagrams for Compton scattering. The
lines are labeled by the four-dimensional energy—momentum vec-
tors of the particles. Energy and momentum are conserved over-
all and at every vertex. Polarization and spin lables have been
suppressed. Diagrams (a) and (b) differ in the order in which the
incident photon is annihilated and the scattered photon created.

formula are assumed to be real (so that the photons are
linearly polarized). In the low-energy limit (v < m and
V' & v), thisreducesto the Thomson cross section derived
from the nonrelativistic theory. (Notethat ro = «/m). The
unpolarized cross section, obtained by averaging over ini-
tial and summing over final polarizations, is given by

da_ a? [V\? v+v’ e
dQ = 2m2\ v R ’

where 6 is the angle of scattering, asin Fig. 3. Thisre-
duces to the unpolarized Thomson cross section in the
low-energy limit.

F. Radiative Corrections

The first approximation to the S-matrix element for a
given process may be improved by adding contributions
from higher-order perturbation theory. These contribu-
tions, known as radiative corrections, often, thought not
always, involveintegralswith ultraviol et divergences (that
is, the integrals tend to infinity as the upper limits on the
momenta of the virtual photons or fermionsinvolved tend
to infinity). For example, radiative corrections of second
order ine(or of first order in«) relativeto thelowest-order
term are expected when one of the modifications shown
in Fig. 11 is made in a Feynman diagram. Each of thein-
tegrals corresponding to the modified diagrams, however,
has an ultraviolet divergence.

The divergence difficulties of relativistic quantum elec-
trodynamics may be overcome by first regularizing the
theory, that is, by altering it so that all the integrals con-
verge. In the method of dimensional regularization, for
example, thisis achieved by replacing (in a well-defined
sense) divergent four-dimensional expressions by conver-
gent (4 — ¢g)-dimensiona expressions, where ¢ > 0. This
may be described as reducing the dimensions of energy—
momentum space from 4 to 4 — ¢. The regularized theory
is not equivalent to quantum electrodynamics, which is
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(a) (b) (c)

FIGURE 11 Modifications of a fermion line, a photon line, and
a basic vertex part leading to second-order radiative corrections.
(a) Fermion self-energy arising from emission and reabsorption
of virtual photons. (b) Photon self-energy (or vacuum polariza-
tion) arising from virtual pair creation and annihilation. (c) Vertex
modification arising from virtual photon exchange.

restored only in the limit as ¢ — 0O, in which limit the di-
vergences reappear.

The mass and charge of the fermions are then renor-
malized; that is, the predictions of the regularized theory
are expressed in terms of the observed mass and charge of
the physical particles rather than the unobservable mass
and charge of the bare particles. In this connection, cer-
tain relations between fermion self-energy and vertex-
maodification contributions (see Figs. 11aand 11c), known
as Ward’s identities, allow a great simplification to be
made. In particular, they imply that charge renormaliza-
tion arises solely from vacuum polarization effects (see
Fig. 11b). Itisimportant to note also that mass and charge
renormalization would have to be carried out even if no
divergences appeared in the formalism.

Finally, quantum electrondynamics is recovered by re-
moving the regularization. If the method of dimensional
regularizationisused, thismeanstaking thelimitase — 0.
In this limit, infinities reappear in the relations between
the observed and bare masses and charges. These rela
tions, however, are not susceptible to experimental verifi-
cation, as the bare masses and charges themselves are un-
observable. Moreover, as ¢ — 0, the physical predictions
of the theory (for example, rediative corrections to scat-
tering cross sections or electromagnetic shifts of energy
levels) arefiniteinall ordersof perturbationtheory and are
expressed in terms of the observed masses and charges.
(For this reason quantum electrodynamics is said to be a
renormalizable quantum field theory.) These predictions
can therefore be tested against experimental results.

1. The Lamb Shift

The nonrelativistic Lamb shift for atomic hydrogen was
first calculated by Bethe in 1947, following the exper-
iments of Lamb and Retherford. Whereas Dirac’s one-
particlerelativistic theory predictsthat the 25, » and 2Py />
states of the hydrogen atom have the same energy, Lamb
and Retherford showed that the 2S;,, level is actually



Electrodynamics, Quantum

(a) (b)

FIGURE 12 Feynman diagrams for second-order radiative cor-
rections to atomic energy levels (Lamb shift). (a) Electron self-
energy and (b) vacuum polarization.

higher and found a difference in energy corresponding to
afrequency of about 1000 MHz. In Bethe’s treatment, the
effect was interpreted as a difference between the elec-
tron’s self-energy when free (Fig. 11a) and when bound
to the proton (Fig. 12a); a cutoff of order mc was used for
the momenta of the virtual photons emitted in each case.
The calculation gave no shift for the 2Py, level but did
givean upward shift of about 1040 MHz for the 2S,» level
and wastherefore, in view of the nonrelativistic treatment
and the approximations made, in good agreement with
the observed value of the separation. This agreement has
been enhanced by subsequent refinements in both theory
and experiment.

The relativistic treatment of the Lamb shift, whichisa
bound-state problem, requiresamore elaborateformalism
(involving the so-called bound interaction picture) thanthe
S-matrix theory outlined above. In addition to electron
self-energy effects, there are vacuum polarization effects
(seeFig. 12) and effects dueto the finite mass and nonzero
size of the nucleus. (The proton is not a pointlike object
but has an effective radius of order 1073 cm.) Vacuum
polarization gives a downward shift of about 27 MHz to
the 2S,/, level. The two most precise directly measured
values for the 2S,,, — 2Py, level splitting in atomic hy-
drogen are 1057.845(9) MHz, obtained by Lundeen and
Pipkin in 1981, and 1057.8514 (19) MHz, obtained by
Palchikov, Sokolov, and Yakovlev in 1983. [The figures
in parentheses represent uncertainties in the last digit(s)
quoted.] In 1994, Hagley and Pipkin deduced the value
1057.839(12) indirectly, by measuring the 2S,,» — 2Ps»
frequency interval and using the theoretical value for the
2Py, — 2P3, fine-structure splitting. A recent theoretical
value for the Lamb shift, given by Pachucki et al. in 1997,
i51057.839(4)(4) MHz, where the first error is due to un-
certainty in the value 0.862(12) x 10~ cm used for the
proton radius and the second error stemsfrom estimates of
higher-order binding corrections. The uncertainties, both
theoretical and experimental, in the Lamb-shift frequency
are of the order of 10* Hz. This should be compared with
afrequency of order 10° Hz for the Lamb shift itself and
afrequency of order 10% Hz for an optical transition.
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2. The Anomalous Magnetic
Moment of the Electron

The comparison of the measured and calculated values
of the anomal ous magnetic moment of the electron isre-
garded as an important test of quantum electrodynamics.
The anomalous moment arises from small deviations of
the electron’s gyromagnetic ratio from 2, which is the
value predicted by the Dirac theory. The gyromagnetic ra-
tio ge- isdefined through therelation betweentheintrinsic
magnetic moment M of the electron and its spin angular
momentum S, namely,

e
M == _ge, (m)S

The directly measured quantity is not the gyromagnetic
ration (or g-factor, asitisalso called) itself but theelectron
anomaly a.-, whichisthedifferencebetweenthisratioand
2, al divided by 2. Thus,

Qe -2
=

The electron anomaly is, like the g-factor, a dimension-
less constant. Its value is approximately one-tenth of one
percent and has been both measured and calculated with
great precision. The experimental and theoretical values
of a.- agree to seven significant figures

8- = 0.001159652.

Ae-

Thevaueof ge- isobtained fromthisby simplearithmetic:
ge- = 2.002319304.

In experiments carried out at the University of Wash-
ington in Seattle, the accuracy of the measurement has
been greatly increased. In these experiments, electrons
were held in a configuration of static electric and mag-
netic fields in a cavity with linear dimensions of order 1
cm. The arrangement is known as a Penning trap. Even
single electrons can be held in it for weeks at atime. The
electrons in a Penning trap have a discrete set of energy
levels and are sometimes considered as part of an atom
with a nucleus of macroscopic size, namely the experi-
mental apparatus or, indeed, the earth on which it rests;
the atom is called geonium.

The measured value of a.- was reported by Van Dyck,
Schwinberg, and Dehmelt in 1987 as

ag’fp = 0.0011596521884(43),

where againthefiguresin parentheses represent the proba-
ble uncertainty in thelast digits. The electron anomaly, or
the g-factor, is the most accurately known of all phys-
ical constants. Its measurement does not depend on a
knowledge of either the values of other physical constants
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FIGURE 13 Feynman diagrams for electron scattering by an ex-
ternal field (denoted by X). (a) Zeroth-order contribution yielding a
g-factor of 2 or an electron anomaly of 0. (b) Radiative correction

of order « yielding a g-factor of 2 + (/) or an electron anomaly
of a/27.

or the strength of the magnetic field involved in the
experiment.

The theoretical value of a.- is obtained by considering
the scattering of electronsby an external (prescribed) field.
Feynman diagrams for the lowest-order contribution to
thisprocessand aradiative correction of order o are shown
in Fig. 13. The change in the momentum of the scattered
electronish supplied by the external field. The lowest-order
contribution to the electron anomaly isknown exactly (its
valuew /2 wascal culated by Schwinger in 1948), asisthe
contribution of order o?. Further contributions of order o®
and «* have aso been calculated, partly analytically and
partly numerically. (The contribution of order o* arises
from 891 different Feynman diagrams.) The theoretical
value given by

a" = 0.001159652140(5.3)(4.1)(27.1)

was obtained by Kinoshita and Lindquist in 1990. Here
thefirst and second errorsare numerical and thethird (and
dominsant) error arises from uncertainties in the value of
the fine-structure constant «.

The positron anomaly a.+ was measured by Van Dyck,
Schwinberg, and Dehmelt in 1987 by using the geo-
nium experiment. They concluded that any difference be-
tween the ratio of the positron g-factor to the electron
g-factor and unity must be less than 10~*. This con-
clusion is strong evidence for the vaidity of the CPT
theorem. Any departure of ge+/ge- from 1 would signal
a breakdown of the combined charge conjugation, par-
ity, and time-reversal transformation as a symmetry of
nature.

G. Interaction of Photons and Leptons

Relativistic quantum electrodynamics may readily be ex-
tended to include the interaction of photons with certain
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other charged particles besides electrons and positrons.
These are the muon (symbol 1) and the tauon (symbol
77) and their antiparticles ™ and ™. Muons and tauons
have, within experimental accuracy, the same charge (—¢)
and spin (%) as electrons, but different masses. While the
rest energy (measured in electron volts) of the electron is
about 0.511 MeV, that of the muon is about 105.659 MeV
and that of the tauon is (with a possible error of about
3 MeV) about 1784 MeV. The fact that the electron,
muon, and tauon seem to have identical characteristics
(apart from mass) isknown ase —  — t universality. The
muon and the tauon have lifetimes of order 10~ sec and
1013 sec, respectively. Electrons, muons, and tauons are
all called leptons (as are neutrinos, which are, however,
uncharged); they do not, in contrast to hadrons, experi-
ence the strong (nuclear) force. On the other hand, they
do participate in the weak and gravitational interactions
aswell asin the electromagnetic interaction.

An example of a scattering process that involves
more than one kind of lepton is muon pair production
in electron-positron collisions. The Feynman diagram
for the lowest-order contribution to this is shown in
Fig. 14. An electron and a positron are annihilated and a
virtual photon is created; this in turn is annihilated and
a muon and an antimuon are created. For the process to
occur, the electron and positron together must have at
least the threshold energy equal to twice the rest energy
of the muon (about 211 MeV). It should be noted that
in Fig. 14 the lepton number, defined as the number of
leptons minus the number of antileptons, is conserved at
each vertex for both electrons and muons. This is true
generaly (and for tauons as well) and arises from the
form of the interaction Hamiltonian. Each basic vertex
involves only one type of lepton or antilepton. There are
no vertices involving, for example, the annihilation of an
electron and the simultaneous creation of a muon.

In the center-of-mass reference system (in which the
electrons and positrons collide head-on with the same en-
ergy E), thethreshold energy isreached when the particles

+ +
€ ®

FIGURE 14 Muon pair production through electron—positron an-
nihilation. The lepton number (in this case 0) is conserved at each
vertex for each kind of lepton separately.
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have been accel erated to speeds about 0.999988 timesthe
speed of light. For energies much greater than the thresh-
old energy (or speeds even closer to that of light), the
unpolarized differential and total cross sections for muon
pair production in the center-of-mass system reduce to

2
g—g = é(wrcosze)
and
N 7'[0[2
Otot = @,

where 6 is the angle between the incoming electron and
the outgoing muon (or between theincoming positron and
the outgoing antimuon). The second of these formulas
has been verified to within a few percent in experiments
using total center-of-mass energies of the order of 55 GeV.
(At very high center-of-mass energies, weak-interaction
effects must also be taken into account.)

The results of the high-energy experiments can be used
to set bounds on possible deviations from exact quantum
electrodynamics. The existence of heavy photons, for ex-
ample, would modify the structure of the theory. (Thus, in
the static limit, the Coulomb potential would no longer
have a simple inverse-distance dependence). The total
cross section for muon pair production would be altered
according to

4E2  \?
— 11— ),
Otot Utot( + 4E2 _ Ai)

where A are cutoff parameters with the dimensions of
energy. For consistency with the experimental results, A
must be at |east of the order of 200 GeV. This corresponds
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to atest of the pointlike nature of photon-lepton interac-
tions down to distances of the order of 1/A ., that is, less
than 1076 cm.
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I. Calculating Atomic and Molecular
Wave Functions

Il. Electronic Structure and Properties
of Atoms and Molecules

I1l. Quantum Chemical Dynamics

GLOSSARY

Born-Oppenheimer approximation Approximate sep-
aration of nuclear and electronic variables in Schro-
dinger equation.

Configuration interaction Variational method using a
linear combination of fixed Slater determinants.

Coupled cluster method Nonvariational method using
virtual Hartree-Fock spin-orbitals to include configu-
ration interaction effects.

Density functional theory Formally exact method ex-
pressing ground state energy in terms of total electron
density.

Dividing surface “Surface of no return” that separates
product arrangement from all other dynamical config-
urations.

Eulerian angles Three angles associated with orienting
polyatomic systems in space.

Hartree-Fock method Variational method based on self-
consistent field approximation, including antisymme-
try effects.

Large Bra and Ket vectors Abstract states in quantum
mechanics.

Mpgller-Plesset or many body perturbation theory Per-
turbation method with respect to a single Hartree-Fock
determinant.

uantum Chemistry

Multi-configuration Hartree-Fock method Variational
method using a linear combination of Hartree-Fock de-
terminants, in which both spin-orbitals and configura-
tion coefficients are optimized.

Negative imaginary potential (NIP) Adhoc potential in-
troduced to absorb wave function in dynamical regions
of no interest; generally located at dividing surfaces.

Pauli principle Requirement that wave functions be an-
tisymmetric under exchange of identical, half-odd in-
tegral spin particles.

Perturbation method Computational method using so-
lutions to a reference problem for a more complicated
problem.

Quantum transition state theory Method using NIPs
at dividing surfaces to calculate cummulative reac-
tion probability in terms of a “strong interaction Green
function.”

Slater determinant Wave function expression guaran-
teeing antisymmetry.

Spin Relativistic effect giving rise to intrinsic angular
momentum.

Time-independent wave packet theory Time-indepen-
dent Schrodinger equation containing initial wave
packet.

Transition state State of dynamical system at a dividing
surface.
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Variational method Computational method ensuring an
upper bound to the system energy.

Wavefunction Projection of quantum state onto position
eigenstate.

Wave packet Time-dependent wave function.

QUANTUM CHEMISTRY dea swith thedetailed under-
standing of atomic and molecular structure, properties,
and dynamics based on the mathematical framework of
guantum mechanics. This involves determining the quan-
tum mechanical “state vector” of the system, and most
commonly in chemistry, thisis done in the so-called “co-
ordinate representation,” yielding the “wave function.”
The time evolution of the state vector or wave function
is governed by the time-dependent Schrodinger equation.
A typical strategy expresses the behavior and properties
of abulk system in terms of the smallest possible dynami-
cal system displaying the underlying physical or chemical
properties or processes. In the case of chemical reactions,
this involves synthesizing the bulk reaction in terms of
the smallest possible number of atomic and/or molec-
ular species needed for the basic reaction stoichiome-
try. For spectroscopy, magnetic, electrical, etc. properties,
it typically involves determining such properties for indi-
vidual atoms and/or molecules.

Under the usual conditions, the most important interac-
tions governing atomic and molecular structure, proper-
ties, and dynamicsare el ectromagnetic, and timeistreated
nonrelativistically. There are, however, some important
manifestations of special relativity, such as spin degrees
of freedom and the Pauli exclusion principle. It should be
clear that quantum chemistry has much in common with
atomic and molecular physics and theoretical physics.
Here, we focus on the areas of most intense research ac-
tivity in chemistry.

I. CALCULATING ATOMIC AND
MOLECULAR WAVE FUNCTIONS

A. Some Basics of Wave Mechanics

We assumethat the reader has somefamiliarity with quan-
tum mechanics, and here we summarize only afew of the
most important aspects, primarily to establish notation.
For any atomic or molecular system, there is an associ-
ated state vector, |x ), whose time evolution is governed
by the abstract Schrodinger equation,

. )
H|x>=lﬁﬁ|x)- N

We use the convenient Dirac “ket” notation, |x), for the
state vector (along with the Dirac “bra” notation for the
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“dual space” vector, (x|, used to compute scalar products
in quantum mechanics); H is the Hamiltonian operator
(the generator of the state vector time evolution); and his
Planck’s constant h divided by 25 . In quantum chemistry,
H usually consists of the sum of all contributions to the
kinetic energy of the system, K, and all contributions to
the potentia energy of the system, V. The former takes
account of energy due to motion, and the second takes
account of energy due to position. Like al physical ob-
servables in quantum mechanics, H is a “self-adjoint” or
Hermitian operator, ensuring real eigenvalues. Particularly
useful are state vectors associated with specific values of a
complete set of observables. Such sets of observables are
composed of the maximum number of dynamical vari-
ables whose quantum operators commute (since commut-
ing operators are not subject to a Heisenberg uncertainty
condition). Two of the most useful sets of observables are
the Cartesian positions of the particles in the system and
their canonically conjugate momenta. Ascanonically con-
jugate variables, the position and corresponding momen-
tum operators of aparticledo not commute. Consequently,
it is customary to use one or the other, and in quantum
chemistry, the overwhel ming importance of coulombicin-
teractions makes the position variables most convenient.
States of well-defined position are eigenvectors of the po-
sition operator, X, so that for a particle confined to the
X-axis,

X[ X) = X|X), )

where the eigenvalue x is the point on the axis where
the particle is exactly located and |x) is the (improper)
eigenvector for this state. The wave function, x(x), is a
measure of how likely it is that a particle in the state | x)
will be found at the point x. Thisis called a probability
amplitude and is computed as the scalar product of the
state | x ) with the state |x),

x(X) = (X]x). (3)

If one also representsthe Hamiltonian operator in terms of
itseffect on yx (x), we expect the kinetic energy operator in
the coordinate representation to result in changesin where
the particle is likely to be found. The most general form
isgiven by

(xIKx) =/ dx (XK X'} (X" | x). )

The coordinate representation of the kinetic energy
operator is

. R2 92
X|K|X) = ——8(X — X)—, 5
(XIK1x%) 2m( 2 )

where §(x — x’) isthe Dirac deltafunction. For the poten-
tial energy, we expect V to be a function of the particle
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position operator, X, so in the coordinate representation it
isdiagonal, with eigenvalues given by the classical poten-
tial energy function, V (x). Then the coordinate represen-
tation of the time-dependent Schrodinger equation [in one
dimension (1D)] is

e i d
|G VOO xx D =in k. @
For typical chemica systems, Eq. (6) applies to each
Cartesian coordinate for each electron and nucleus in
the system, and there are also potential energy terms for
theinterparticle coulombicinteractions. The general form
is

L-1 4 N1z 7
|(BEete 28

1> 1I'=1

N L Za .
ISR | P
|

a=l|=1|§a—ﬁ

h2 N 1 1 L L
x —3<Zm—V§+WZVF)}x({Ra,r.},t)
=ih8—x. @

Here, (a, &) label nuclel, (1,1") label electrons, {Iia, fi}
denotes the set of all vectorsfrom acommon origin to the
nuclei and electrons, V2 is the three-dimensional Lapla-
cian for nucleus a (having charge Z,), and VF is the
three-dimensional Laplacianfor electron|. The enormous
difficulty associated with solving Eq. (7) basicaly stems
from the coulombic repulsions and attractions which pre-
vent a separation of variables. In recent years, quantum
chemists have become increasingly interested in solving
the time-dependent Schrodinger equation directly. How-
ever, it remains true that the overwhelming majority of
computations have focussed on taking advantage of the
fact that (in the absence of external, time-varying per-
turbations) H is independent of any explicit time de-
pendence. This makes possible solution by separation of
variables,

X({Ra, T}, 1) = W({Ra, 1)) D(t), (8)
where
.0
|h5<1> = E®, 9
HV = EW. (10)

Notethat we shall aways use Dirac notation whenwriting
abstract state vectors and denote abstract operators with
acaret. Wave functions and coordinate representation op-
erators will be indicated by ordinary Greek and Roman
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letters, and we shall suppress the explicit coordinate de-
pendence, except when it is required for understanding.
The separation constant, E, is interpreted as the total en-
ergy of the system, and Eq. (10) is the “workhorse” of
guantum chemistry. However, it is perhaps useful to point
out that while the above is totally genera for systemsin
which the preparation of the system is irrelevant (e.g.,
systems not involving sources), it is not for other prob-
lems. For example, in reactive scattering experiments one
may desireto determine highly resolved information (e.g.,
state-to-state cross sections at specific energies), and one
must know the detailed initial conditionsin order to make
a comparison between experiment and theory. Although
seldom discussed, the special nature of Eq. (10) can be
seen by deriving it in amore general manner.

We do thisby noting that time and energy are conjugate
variablesin the sense of Fourier analysis. A more general
way to derive atime-independent wave function equation
isto Fourier transform Eq. (7), written more compactly as

a
ath
If we specify an experiment lasting fromt; tot;, anatural
definition of atime-independent wave function is
1
- E ti

The equation determining W is obtained, in general, by
applying H to W, using Eq. (11), and integrating by parts
toyield

Hy =ih (11)

ts .
v dte BNy (12)

(E— H)w = —JTh_[éE‘f/“xm) _dEM )] (13
JT

Now t isthe end time of the experiment, and for scat-
tering, the products, whatever they are, will have passed
through the detector and exited the apparatus. Therefore,
x (t¢) isessentially zero inside the apparatus. However, to
obtain Eq. (10), onemust also assumethat x (t;) isalsozero
everywhere within the apparatus, but this contradicts the
fact that one must measure what it isin order to analyze
the experimental data. Therefore, the time-independent
Schrodinger equation that correspondsto experiment must
be
if

NZZ3
It is convenient to define t; to be zero. Thus, the time-
independent Schrodinger equation retains a memory of
the experimental details. This should not be surprising
since it is well known in quantum statistical mechanics
that the time-independent von Neumann equation con-
tains the initial density matrix. Of course, the ultimate
goal isto determine dynamical information characteristic

(E-H)W¥ = &E My (t). (14)
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of the chemical species involved, independent of the ex-
perimental details. This meansthat the ultimate quantities
calculated will have had al reference to the experiment
removed. Individual definite energy, state-to-state cross
sections from Egs. (7), (10), or (14) will be the same.
However, there can be computational advantages to solv-
ing egquati ons contai ning specific experimental conditions.

B. General Aspects of Nuclear and Electronic
Dynamics: Born-Oppenheimer
Approximation

Except for the hydrogen atom and its isotopic variants,
there are no closed form analytical solutions to the
Schrodinger equation for atoms and molecules. The sim-
plest molecules are H and H, (and isotopic variants),
and they provide convenient examples for sketching the
difficulties encountered. For HJ , Eqg. (10) is

_h_z[ 2 4 v2 ]- h_zvg i
2mpt R TR 2me TR — Ryl
e e
= EV, (15)

IRy —T1|  |Ra—Ty|
and the coulombic attraction terms prevent separation of
the r; dependence. However, the mass of the electron
is about 1837 times smaller than that of a proton, so at
any given kinetic energy, electrons travel some 43 times
more slowly. This suggests one can neglect changes in
the nuclear wave function on the time scale for electron
dynamics. Mathematically, this is manifested by the ap-
proximate separation of variables in Eg. (15), and one
should be able to solve the electron dynamics at fixed
IR, — §1|, with the wave function written in a product
form. In fact, one may do this in a much more careful
way. The potential depends only on the three distances
separating the two protons and the el ectron from each nu-
cleus. It is independent of the three coordinates of the
molecular center of mass and the three (Eulerian) angles
orienting the three particle triangle. Therefore, one rigor-
ously separates out these six coordinates. The remaining
dynamics is then characterized by the total angular mo-
mentum quantum number J, the component of angular
momentum gquantum number M with respect to a z-axis
fixed at the system center of mass with arbitrary orien-
tation, and the component of angular momentum quan-
tum number A with respect to a “body-fixed” z-axis that
rotates to maintain a definite orientation with respect to
the three particle triangle. The wave function becomes
avector of functions, ¥, satisfying equations of theform

: J J e2 J
> HL R = E- =) (16)

AN'==]
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where the Hamiltonian matrix contains the radial kinetic
energy and centrifugal energy for the relative nuclear mo-
tion, the centrifugal energy for rotation of the electron
about theinterproton axis, and terms that are nondiagonal
inthe A index (referred to as “coriolis coupling,” describ-
ing the tumbling in space of the three particle triangle).
It is common to neglect the coriolis coupling so that one
solves a single uncoupled equation for each W3

e?
Hl v = (E—§>\I/f\. 17
This equation is still nonseparable, and the Born-
Oppenheimer approximation consists of assuming a prod-
uct solution

WA(R, &, ) = £ (RI¢a(R, &, 1) (18)
and neglecting 22+ and f’;gg terms. Here, £, n denote the

remaining el ectron coordinates. Then oneobtainsan equa-
tion of the form

92 Han (RER(R) + R (R Hen (§, 1, R)pa
&
- (e-L)iRau®en. a9

where HJ, (R) is a radia kinetic energy operator for
the relative dynamics of the two protons (nuclei); it
aso contains the centrifugal potentia (if any) associated
with the internuclear rotation. We solve for the eigen-
values and eigenfunctions of the electronic Hamiltonian

HeA (é’ n, R)
Headna = €na(R)dna. (20)

Note that the electronic eigenenergies depend on R
through the electron-proton attraction terms of the poten-
tial operator in He 4. Its dependence on A takes account
of the electronic rotation about the internuclear vector.
Also, thequantum number A enters He, as A2, soeachen-
ergy level €, istwofold degenerate. The potential energy
for nuclear motion associated with the Born-Oppenheimer
state £} (R)pna (R, £, 1) is
e

Una(R) = ena(R) + . (21)
The electronic energy ena(R) and the associated wave
function ¢na (R, &, n) can be thought of as “adiabatic”
energies and states. They essentially assume that the elec-
tron adjusts adiabatically to the nuclear motion. Inclu-
sion of the nuclear derivatives, %qb,\ and 33—;2%, leads to
states that are viewed as “diabatic.” More rigorous treat-
ments exist in which these nuclear kinetic energy terms
are eliminated by a mathematical transformation defining
the adiabatic and diabatic states.
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Thelast stepintheprocedure (at the Born-Oppenheimer
level) isto solve the Schrodinger equation for the nuclear
vibrational motion,

[Hia (R) + Una(R)] 2iau(R) = €3,404, (R, (22)
and for scattering dynamics,
[Hir(R) + Una(R] G (EIR) = E¢i (E | R). (23)

Corrections to take account of the nonadiabatic effects of
nuclear-electronic coupling require inclusion not only of
the & dna. aﬁ—équm terms, but also the coriolis couplingin
the A quantum number, aswell asinclusion of more than
just asingle product form for W7 (R, &, ). Thus, Eq. (18)
isreplaced by

VARE ) =D n(Rigna(RE ). (24)

which is substituted into Eq. (16) to generate coupled
equations for the ¢}, (R). The ¢n, are members of the
complete set of eigenfunctions of the Hamiltonian He,,
in Eq. (20). The study of electronic nonadiabatic coupling
iscurrently of great interest in quantum chemistry.
Finally, before going on, we display in Fig. 1 some
examples of the potential energy functions, Un (R), gov-
erning therelative nuclear dynamics. The el ectronic states
canbeunderstood in part by using their behavior intwo ex-
treme limits. The “united atom” limit (R — 0) resultsina
total nuclear charge(Z; + Z,)e, sofor HY , it givesacharge
of +2e. Thelowest H; electronic statethen correlateswith
the ground state of He*. When the nuclear repulsion, % is
added to obtain U (R), it resultsin acoulombic singularity
a R=0.Atlarge R, H] yieldsaneutral H-atom and HT,
so the electronic energy tends to the ground state of the
hydrogen atom. Since % — 0 in this limit, we see that
U — —0.5au. Similar considerations apply to excited
states. For H{, thefirst excited united atom stateisthe 2p,
level of He™, and thelarge R limitisagain asingle ground
state H-atom plusaproton. Of course, the protonsareiden-
tical and one cannot distinguish to which one the electron
isbound. Thisisreflected in the fact that the ground state,
¢dn=1a—0(R — 00), wave function has the form

1
NE.

where ¢15(i) is the 1s-hydrogen orbital centered on nu-
cleusi = Aor B. Thepositive sign reflectsthefact that the
lowest electronic wave function should have the longest
possible deBroglie wavel ength and must be normalizable.
This latter condition implies that ¢, ¢ vanishes for the
electron infinitely far from both nuclel, and the former
condition implies that it have no other “nodal surfaces.”
The first excited electronic state must likewise have the
nodal surface at infinity (for normalizability), but it must

¢1.0(R — 00) = [p15(A) + ¢p1s(B)] . (25)
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also have an additional nodal surface (to give a shorter
deBroglie wavelength). This can be ensured by writing

1
V2

since at any value of R thisis zero when the electron is
anywhere in the plane bisecting the internuclear distance.
In the united atom limit, this plane contains the united
nucleus, and ¢15(A) provides the positive lobe and
—¢1s(B) provides the negative lobe of the 2p, wave
function. Similar ideas apply in general.

In the case of the H, molecule, there is an additiona
electron, whichintroduces additional complexity. Thisoc-
cursbecause of an effect of the special theory of relativity,
namely, el ectron spin and the requirements of Fermi-Dirac
statisticsand the Pauli exclusion principle. Therelativistic
requirement that time must be treated on an equal footing
with the spatial coordinateswas shown by Diractoleadto
an additional matrix structurefor relativistically covariant
guantum mechanics. It wasalso found that eveninthenon-
relativistic limit, this matrix structure (though somewhat
simplified) did not go away. Inthislimit, Pauli showed that
the matrix operators associated with the remaining rela
tivistic effects obey the commutation relations of a quan-
tum mechanical angular momentum operator, with eigen-
valuefor the square of the spin being s(s+ 1)?, s = 3, and
S, = i%h As aresult, it was found necessary to multiply
the usual nonrelativistic, single electron solutions of the
Schrodinger equation by either of two spin states, |«) and
|8). By convention, thea-state correspondsto s, = +2 and
the B-state corresponds to s, = —g. The energy (Hamil-
tonian) is independent of the spin angular momentum if
one neglects electromagnetic interactions associated with
the electron’s magnetic moments arising due to its orbital
and spin angular momentum. (Classically, any current
or charge circulation produces a magnetic field.) In an
analogous fashion, nuclei that are fermions also possess
intrinsic (spin) angular momentum. For example, protons
and neutrons are fermions, having half-integral spin. Con-
sequently, associated with the nuclear part of an atomic
or molecular wave function one must include nuclear spin
states.

The second complication arising if a system contains
morethan one of agiventype of fermion (e.g., two protons
in H;’; two protonsand two el ectronsin Hy; three el ectrons
in Li; etc.) isthat the wave function (or state vector) must
change sign if any two identical particles are exchanged.
So long as the system only contains two of any identi-
cal fermion particles, the effects of antisymmetry can be
accounted for by forming a product of an appropriately
symmetrized and antisymmetrized spatial and spin wave
functions.

$2,0(R — 00) = —= [¢15(A) — ¢15(B)] , (26)
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Inthe case of H,, one approach isto use single electron
molecular orbitals patterned after the electronic states of
HJ . Then a symmetric spatial wave function consists of
each electron occupying a ¢, o-like state, with the total
spatial wave function being aproduct ¢ 0(1)¢1.0(2), with
the index in parentheses labeling electron 1 or 2. Obvi-
ously, thiswave function is symmetric under exchange of
the electrons. The spin part of the wave function must be
antisymmetric,

Xs=0.5,-0(1, 2) = %[a(l)ﬁ(Z) —a(BD)]. (27

or in the usual determinantal form,
1

Xs=0,5,=0 = —=

s=0,s; \/E

Ingeneral, interchanging thepair of electronsinterchanges

the columns of the determinant, which ensures a change
of sign. This state correspondsto one electron with s, = ’—2‘
and onewith s, = —J. The total S, is zero, asis also the
magnitude $?. The complete molecular orbital description

of ground state H, isthen

le(De(2B(1)A(2)!- (28)

da=0,5-0 = ¢1,0(1)1,0(2) xs=0,5-0(1, 2). (29)

This is a simple example of the “linear combination
of aomic-molecular orbital” (LCAO-MO) description
of the electronic structure of H,. It is of interest to
multiply out the spatial part of this LCAO-MO wave
function:

$roD610(2) = S[ds(A. (A, 2) + 41s(B, D

X (B’ 2) + ¢1S(A’ 1)¢1S(Bf 2)
+ ¢15(B, Dpas(A, 2)]. (30)

Thisillustrates avery important aspect of the LCAO-MO
approach, sincetheterms ¢1s(i, Das(i, 2), i = A, Brep-
resent both electrons bound to the same nuleus, A or B.
These are called “ionic terms” since, eg., the state
d1s(A, Dp1s(A, 2) implies that B has lost an electron
which is now bound to A.

Another approach is to assign an electron to a spin-
orbital so that, e.g., having electron 1 on nucleus A with
spin« isrepresented by ¢15(A, Da(1). Similarly, electron
2 on nucleus B with spin 8 isdescribed by ¢15(B, 2)8(2).
We can construct an antisymmetrized total electron wave
function asthe “Slater determinant”

G L
A=0,8=0 = N
x ¢1s(B, 1)B()¢1s(B, 2)B(2)].  (31)

¢1s(A, Da(Ddas(A, 2)a(2)
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Expanding this yields
- 1
Pr=0,5=0 = ﬁ[dﬁs(A, Da(1)¢1s(B, 2)8(2)

— ¢15(B, DB(Das(A, 2 (2)].  (32)

Clearly, this wave function contains no ionic terms, but
rather assigns one electron to nucleus A and one electron
to nucleus B. This is an example of a “valence bond”
electronic wave function. In general, both ionic and co-
valent type terms contribute to the accurate description
of electronic statesin molecules. In ageneral LCAO-MO
treatment, one would use a sum of a number of atomic
electronic configurations to form molecular orbitals, and
by doing so, arbitrarily accurateresultscould (inprinciple)
be obtained. Similarly, one could take a sum of many dis-
tinct valence bond wave functions so that many electronic
configurations contribute. Again (in principle), arbitrar-
ily accurate results can be obtained. Both LCAO-MO and
valence bond approaches are used by quantum chemists.

When more than two identical Fermions are present in
an atom or molecule (e.g., Li or LiH), one no longer can
construct a properly antisymmetrized wave function as a
product of a symmetrized total spatial and an antisym-
metrized total spin wave function. This essentially results
from the fact that there are only two possible single elec-
tron spin states, « and 8. If onetriesto form a spin deter-
minant for three (or more) electrons, one always finds two
rows of the determinant are equal and it vanishes identi-
cally. Theconsequenceisthat one must form determinants
using one-electron products of aspin and spatial function.
Any particular spatial function can be multiplied by either
an« or B spinstate so that, at most, each spatial orbital can
be occupied by no more than two electrons. The spatia
function can be either an LCAO-MO or a valence bond
function.

One last important aspect of molecular wave functions
is the inclusion of the effect of identical nuclel. Nucle
with half-odd integral spin are Fermions, and the total
wave function (nuclear plus electronic) must be antisym-
metric under exchange of any two identical nuclei. If they
have integer spin, they are Bosons, and the total wave
function must be symmetric under exchange of two such
nuclei. In the case of Hy, we note that exchanging pro-
tons A and B affects the nuclear wave function through
the polar and azimuthal angles of the internuclear vector.
The symmetry is determined by whether J iseven or odd,
with odd (even) J yielding anuclear rotational wavefunc-
tion that is odd (even) under nuclear exchange. However,
it is also clear that the LCAO-MO ¢ [see Eq. (25)] is
even if A and B are exchanged, but ¢, o [see Eq. (26)]
will change sign under thisinterchange. If both electrons
in Hy occupy either the ¢1.0 Or ¢, Spatial orbitals, then
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the total electronic wave function is even under proton
exchange. If one occupies ¢1 and the other occupies
¢2.0, then the electronic wave function is odd under the
exchange. Then the even (odd) J-rotational states times
the even (odd) total electronic wave function requires an
antisymmetric nuclear spin wave function, while the odd
(even) J-rotational statestimeseven (odd) total electronic
states require asymmetric nuclear spin state. We note that
the odd nuclear spin state has the form

Xs-0.5-0(A, B) = % [(A)B(B) — B(A)(B)]. (33)

and the symmetric spin states are

Xs=15=1 = a(A)a(B), (34
Yers1 = BIAB(B). (35)
Xs180 = %[a(A)ﬁ(B) L a(B)B(A). (36)

Clearly, there are three states possible for S=1(—1 <
S <1) soitisthetriplet spin state. The proper enumer-
ation of the possible spin states with even- and odd-J
nuclear rotational states is crucial in quantum statistical
mechanics.

If there are three or more nuclei in the molecule and
someor all areidentical, appropriate generalizations of the
above are necessary. In addition, there can be additional
symmetry operations (for the nuclei in their equilibrium
positions), and in general, it is computationally advan-
tageous to take this into account both in the molecular
electronic wave function and in the nuclear wave func-
tion. The use of group theory playsamajor rolein atomic
and molecular spectroscopy.

The final topic in this discussion is the nature of the
nuclear vibrational Schrodinger equation [Eq. (22)]. If the
potential U, (R) possessesawel| sufficiently deep to sup-
port bound eigenstates, then one seeks to compute the
¢y, and e3,. One commonly used techniqueisto expand
Una (R) inaTaylor series about the potential minimum at
Re:

1 d? 5

UnA(R) - UnA(Re) + E@UnMRe(R - Re) s (37)
since %Umme =0. In addition, the centrifugal potential
is approximated by its value aa R= R.. This gives the
energy €3, as a sum of the harmonic oscillator energy
Rwe(v + 3) and therigid rotor energy J(J + 1) h2/2uR2,
where u is the reduced mass of the two nuclei and we is
the usual harmonic oscillator angular frequency. A more
accurate description can be obtained by including more
terms in the Taylor expansion of both U, and the cen-
trifugal potential. Thisleadsto apower seriesin the quan-
tum numbers v and J, with cross terms that arise from
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vibrational-rotational coupling, higher powers of (we + 1)
due to anharmonic effects, etc.

Again, analogous generalizationsexist for systemswith
more than two nuclei. For systems with large numbers of
nuclei, it is not convenient nor particularly useful com-
putationally to separate the center-of-mass motion or the
three Eulerian angles. This is essentially because of the
enormous number of possible relative coordinates and ro-
tating frames for such systems.

C. Computational Tools for Bound States

The two primary tools for computing energy levels and
wave functions in quantum chemistry are the variational
and perturbation theoretic methods. A key aspect of the
wave functions for bound systems is the fact that since
the probability of observing system components at infi-
nite separations from one another must be zero, the wave
function must vanish on the system boundaries. Further,
because the probability density for observing the system
in any configuration equals the modulus of the wave func-
tionsquared, and thetotal probability of findingthesystem
somewhere must equal 1, bound state wavefunctions must
be “quadratically integrable” or £2-functions. In general,
thevalue of the observabletotal energy of asystemin state
W isgiven by

E :fdnp*H\y//dﬂme, (38)

where dt isthe differential volume element and the inte-
gral isover al space. The Rayleigh-Ritz variational prin-
ciple states that the functional variation of E with respect
toeither ¥ or ¥* vanishes, and that the extremum solution
to the resulting Euler-Lagrange equations is a minimum.
Rearranging Eqg. (38), we calculate

8E/dr|\lf|2+[dt8\ll*(E— H)w
+ fdr\P*(E — H)sW =0, (39)

andweimposethecondition § E = 0. Sincecomplex ¥ and
W* are linearly independent, so also are their variations
and consequently the coefficients of both §¥ and §W*
must separately vanish. Thisyieldsthe usual Schrodinger
equation, (E — H)¥ =0, or its complex conjugate, and
establishes that a complete minimization of E yields the
exact energy. Alternatively, we can expand W in Eq. (38)
using the complete set of eigenfunctions of H, {¢n},
satisfying

Heén = Enén, (40)
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S0 that
v = Z Cn®n. (41)

Then subtracting the lowest (ground state) energy, Eo,
from both sides of Eq. (38), and substituting Eq. (41), we
obtain

E—Eo= ) lcl*(En— Eo)/Z . (42)

The right-hand side of the above equation is greater than
or equal to zero, so we conclude that

E > Eo, (43)

which proves that Eq. (38) yields an upper bound to the
ground state energy of the system. In practice, one typi-
cally expands W in some appropriate basis functions (sat-
isfying the same boundary conditions as the exact V):

V=) ay. (44)
j

Then E is computed, along with 2 (noting that since H

is self-adjoint, it is not necessary to also examine % ,

yielding
ED Sjay =) Hja. (45)
g 7

with
Hiy = [deuiHuy = wiHw. @0

and
Sy= [deiup=tiiv. @D

The matrix S;; is called the “overlap” matrix; if the basis
functions are orthonormal, Sjj; = 8;j, where the Kron-
necker deltadjj iszero unless j = j’. In matrix notation,
Eq. (45) isreferred to as the generalized eigenval ue prob-
lem of linear algebra:

ES-a=H-a (48)
In addition, normalization of W implies that
> araj =1 (49)
j

Magjor research activities in quantum chemistry center
around devel oping efficient ways to compute the H;; and
to solve for the E’sand a’s.

In perturbation theory, the strategy is to use or con-
struct a solvable quantum problem which is as close
as possible to the unsolvable system of actual interest.
If Ho is the “reference system” Hamiltonian and H is
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the true system Hamiltonian, then the perturbation, AV, is
defined as

AV =H — Ho, (50)

where A is an arbitrary parameter such that when 1 =1,
onehasthetrue system. L et the complete set of eigenstates
of Ho be denoted by {y/?; j =0, ...}, such that

Hoy? = Efv?. (51)
It is assumed that the true eigenstates, satisfying
(Ho + AV) ¥ = Exyi, (52)
can be expanded in a power seriesin 1, as can Ey also:
Y=Y A"y, (53)
n=0
Ex=) A"Ey. (54)
n=0

We substitute Egs. (53)-(54) into Eq. (52) and require
the coefficients of each separate power of A to vanish
identically:

n
Houd + Vet =Y By (55)
1=0
Thus,
Hovy = EQvy. (56)
Hovg + V¥ = Eqvrl + EQu. (57)

Howi + Vi = EQu + Exvic + EQU. (58)
etc. Thefirst equation showsthat the zeroth order solution
is given by the reference problem. The second eguation
leads to

1
P —  — VA TR 59
EI? _ HO( k )wk ( )
Inserting the resolution of the identity in the unperturbed
basis, this becomes
00 1//10
1 1
Vi =—Zm(Ek5Jk—VJ‘k)’ (60)
j=0 ~k j
where we must require that

Ef = Vi (61)
in order for ¥} to exist. Then, Eq. (60) becomes
1_ ey, -
wk_ZEO—EQ jks ( )
j#k Tk i

and the first order correction to the energy is given by
Eq. (61). If there are degeneracies, then Eq. (62) will still
contain singularities for all j such that E? = E . When
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this occurs, the procedure is modified by replacing the
degenerate w? by linear combinations:

JR= Y, by (63)

j=degeneratewithk

and choosing the {b!} so that the submatrix (/9|V[v/%,)
is diagonal. This (along with normalization of the new
reference states) determines a new modified subset of de-
generate, unperturbed states which are uncoupled by the
perturbation. If the new states are labeled by /2, then
(URIVIy2) =0,k#K, and the first order correction to
the energy for the degenerate statesis

E% = Vi, (64)
and
WP
Y = — ———=5 Vik- (65)
7 B — B

Here, {k} denotes the modified degenerate states.
The second order correction is obtained by solving
Ea. (59),

W=
T E0-Ho

(ERvd — Vre). (66)

Again expressing the unperturbed Green function in the
unperturbed basis (including the superposed degenerate
states y7), we obtain

Y?
ye=-3y ﬁ(EE&,—k —(WIvVivg). (67
J

i

We require that

EZ = (vIVIvg) (68)
and
2 I'0J0 0 0
V=2 o golVIIVIv), (69)
j#k —k i

and we understand that no degeneracy terms occur where
E? canequal Ep. Thesecond order correctiontotheenergy
can be computed knowing the first order correction to
the wave function. In fact, knowing v} enables one to
determine the energy up to third order, E2, according to

ES = (IVIyg) — Ex{vitlvi). (70)

In general, knowing the wave function through order n
determines the energy up through order 2n + 1.
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II. ELECTRONIC STRUCTURE
AND PROPERTIES OF ATOMS
AND MOLECULES

A. Variational Methods

The most widely used approaches to calculating energies
and wave functions for electrons in atoms and molecules
have their roots in attempts to approximate the rele-
vant Schrodinger equation (within the Born-Oppenheimer
approximation) in terms of some sort of “independent
electron” model. The crudest is simply to neglect all
electron-electron repulsions and construct a product wave
function using hydrogenic-like orbitals (with proper nu-
clear charge). Each orbital isassigned to two electrons un-
til all electrons are accounted for. Thisincludes the effect
of the Pauli exclusion principle and leads to the simplest
“aufbau principle” for building up atomic and molecular
structure. Morerealistic resultsare obtained by the Hartree
self-consistent field approach. Again, thewavefunctionis
taken to be a single product of one-electron orbitals, each
associated with at most two electrons, but the orbitals are
now considered unknowns. They are determined by suc-
cessively projecting the action of the Hamiltonian on the
product wave function onto all but one of the various or-
bitals, to obtain aset of effective one-electron orbital equa-
tions of the form

(-5

— V2 _
2Me ri

+\/iEff)¢i =€i¢ivi :1,..., Z,
(71)

where weillustrate the expression for aneutral atom with
nuclear charge Ze. Here, \/f’ff isgiven by

e N - 2 R
v =Z/drj¢]k(fj)7¢1(fi)~ (72)

We see that Eq. (71) is a set of nonlinear, integro-
differential equations that must be solved iteratively. This
is done by guessing initial functions for the ¢;,i =1,
..., Z that appear in the effective potentials. Then the
resulting equations are uncoupled, linear partial differen-
tial equationsfor the ¢; and ¢; . Oncethey are solved, new
\/ieff are calculated and used to generate updated equa-
tions, Eq. (71), and the procedureisrepeated until thee; , ¢;
do not change to within a given tolerance. The approxi-
mate total energy is computed as the expectation val ue of
the full Hamiltonian using the final product wave function
determined by the self-consistent procedure.

A more sophisticated approach is the multi-
configuration self-consistent field Hartree-Fock (M CSCF-
HF) approximation, which expresses the electronic wave
function as a sum of “Slater determinants,” constructed
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from one-electron spin-orbitals. Thisyieldsaproperly an-
tisymmetrized wave function,

V= ZC|@|. (73)
|

The individual “configuration” Slater determinants, @,
are constructed from spin-orbitals, ¢, given by

¢i=lo)Y Cijx o 1B)Y Ciyxa. (74
A A

where yx; isaspatial basisfunction. The yx; generaly fal
into two classes:

 Slater-type orbitals (STOs)
X = Noime Yim(6, @) " exp(—¢r),  (79)

where Npim, is the normalization constant and ¢
determines theradia “size” of the STO (physicaly, it
is associated with an “effective nuclear charge”).
* Cartesian Gaussian-type orbitals (GTOs)

X = Naboo X*y°2° exp(—ar?), (76)
where Nape, 1S the normalization constant and o
determines theradia size of the orbital. Note, e.g., that
(a,b,c)=(1,0,0), (0,1,0),0r (0,0, 1) are px, Py, Pz
orbitals; (a, b, c)=(2,0,0), (0,2,0), (0,0, 2),
(1,1,0), (0,1, 1), (1,0,1) are sufficient to describe
five d-orbitals and an s-orbital [since the sum of
(2,0,0), (0,2,0),and (0, 0, 2) yields the function
r2 exp(—ar?)].

In early work in quantum chemistry, STOs were the
most commonly used basis, but as digital computers have
becomemorepowerful, withincreased memory, the GTOs
have dominated computations. The STOs have the at-
tractive feature of behaving properly at the nucleus, but
the matrix elements of the Hamiltonian between STO
spin-orhitals are computationally costly. The GTOs per-
mit these matrix elementsto be evaluated routinely (even
in polyatomic systems), but they do not behave correctly
at the nucleus. However, it is possible to replace the x; in
Eq. (76) by asum of Gaussianswith fixed coefficientsand
different a-values, determined so asto mimic the cusp be-
havior at the nucleus. These are referred to as “contracted
GTOs” (CGTOs). It is also sometimes efficient to use
CGTOs that have been determined variationaly from
atomic structure calculations. These are useful for treating
“core” electrons that retain a significant atomic character
within the molecule.

In order to understand the level of sophistication of a
given calculation, it is necessary to understand some basic
terminology. A minimal basisis onein which the number
of STOs or GTOs is equa to the number of core and va-
lence orbitals in each atom. A double zeta basisisonein
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which there aretwice asmany STOsor GTOs asthere are
core and valence atomic orbitals. This gives greater flex-
ibility to the LCAO-MOs that ultimately appear in each
of the Slater determinants (configurations). Typically, one
of the pair has a smaller exponent (« or ¢) and one has a
larger exponent. A triplezeta basishasthreetimesasmany
STOs or GTOs as the number of core and valence atomic
orbitals. Evenlarger basissetsarepossible. Onesuch basis
is denoted by (10s, 6p/5s, 4p), indicating that 10 s-type
primitive GTOs were contracted to yield 5 distinct s-type
CGTOs and 6 primitive p-type GTOs were contracted to
provide4 distinct p-type CGTOs. Another Gaussian-type
basisisdenoted STO-3G, where three Gaussians each are
used in aleast squares fit of STOs, which have been op-
timized to describe various atomic electronic states. Yet
othersare denoted as4-31G and 5-31G bases. In thiscase,
the core orbital space is treated with CGTOs containing
four or five Gaussians. Thevalence orbital spaceistreated
at a double zeta level, with the first CGTO constructed
from three primitive GTOs and the second containing one
primitive GTO.

The framework of the Hartree-Fock approach is com-
mon to many of the most widely used electronic struc-
ture computational methods. Here we summarize some
of these and indicate how they are related. In the MCSCF
version, thevalueof E = (W |H|W) /(¥ | V) isdetermined
variationally with respect to the Cl coefficients, C;, in
Eq. (73) and simultaneously with respect to the C,; coef-
ficientsintheindividual spin-orbitals. In addition, the C;;
areconstrained to satisfy theortho-normalization rel ations

> Chi (0 x)Curjr = 85y (77)
v

Thefact that theexact H containsat most two-electronin-
teractionsimpliesthat itsmatrix elements, while quadratic
in the C;, are quartic in the spin-orbital coefficients, C,;.
This makes a full MCSCF calculation very costly and
limits the size basis set that is practical. The CI method
involves first determining the LCAO-MO coefficients
in a single determinant SCF (sometimes called an
“unrestricted Hartree-Fock” or UHF approximation) or
small MCSCF calculation. ThentheC,; arefixedand aCl
calculation is carried out in which only the C, are varied.

B. Nonvariational Methods

There are several nonvariational methods that make use
(usually) of theresults of an UHF calculation. Onemethod
iscalled M-Plesset perturbation theory (MPPT) or, equiv-
alently, many body perturbation theory (MBPT). In the
UHF calculéation, there are no C; coefficients and the C;;
and ¢; are obtained by solving the so-called Roothan ma-
trix Hartree-Fock equations,
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Y FLCi=¢Y SuCi. (78)
A A
where

Flo = Oorlhlx) + D [ vae G xs190x )
Sk

— V5 e X619 X x)]- (79)
Here, h isthe one-electron part of the full Hamiltonian, g
is an electron-electron repulsion potential energy, and

Yo = »_ CsiCui (80)
i

e = CiiCu, (81)
i

where the single primed sum is over all occupied spin-
orbitals and the doubly primed sum is over al occupied
spin-orbitals having the same spin as spin-orbita j. Since
the operator depends on the unknown {C;;}, the equa-
tions again must be solved iteratively. One specifies an
initial guessfor theoccupied {C,; }; computesthe Roothan
Hartree-Fock matrix, F},,, j =1, ..., Z; and then solves
the resulting linearized eigenvalue equations [Eq. (78)]
for the {¢; } and the new {C,;}. Then new {F fo} are com-
puted and the procedure is repeated until the results con-
verge. We note that the dimensionality of the matrix F,),
is M x M, where M equals the total number of atomic
basis orbitals used in the LCAO-MO expansion. It there-
fore has M eigenvalues ¢; and associated eigenvectors,
Ciymm=1_...,M.Ingenerdl, 1<j <Z, and M will
be larger than Z. Consequently, only the lowest energy
of each spin-orbital set, {¢; m}, 1< j < Z, will be occu-
pied. The unoccupied ones are referred to as virtual spin-
orbitals.

The unperturbed Hamiltonian for the MPPT/MBPT
method is taken to be the sum of the F1 matrices:

Z
Ho=) FJ, (82
j=1

and the perturbation isthe difference between the exact H
and Hg in Eqg. (82).

The other nonvariational approach using the UHF as
its starting point is the coupled cluster (CC) method. In
this approach, Cl-like effects are included in a different
fashion. One writes the total wave function as

v = exp(T), (83)

where ® isusually an UHF Slater determinant and the op-
erator T generates the so-called single, double, etc. “ex-
citations” The singles are determinantal wave functions
in which one of the occupied spin-orbitalsis replaced by
a virtual spin-orbital, doubles have two occupied spin-
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orbitalsreplaced by virtual spin-orbitals, etc. The form of
Tis

T=) tmm"i+ Y tjmmtntij+.... (84

i,m i,j,mn

where i, j, ... remove occupied spin-orbitals and mt,
n*, ... create occupied virtual spin-orbitals ¢m, ¢n, .. ..
The tim, tijmn, ... play the role of the usual Cl coeffi-
cients, C,. However, they are not determined variationally.

Rather, one uses the fact that ® = exp(—T)W to writethe
Schrodinger equation as

exp(—T)H exp(T)® = E®. (85)

Thisisprojected ontothevarioussingle, double, etc. Slater
determinants, {®{"}, {d>i“j‘” ,...toyidd, eg.,

(®Mlexp(~T)H exp(T)|®) = 0, (86)
(@ |exp(—T)H exp(T)|®) =0, (87)

etc. Thezeroesontheright-hand sidesof Egs. (86) and (87)
result from the fact that al of the single, double, etc.
Slater determinants are automatically orthogonal to the
UHF state, |®). This is a consequence of the occupied
and virtual spin-orbitalsfor any j being eigenvectors of a
Hermitian matrix.

Itisuseful to comment here on the strengths and weak-
nesses of variational and nonvariational approaches. In
fact, the two approaches are complementary, in that varia-
tional methods provide rigorous upper boundsfor thetotal
energy, but these energies are not “size extensive.” That
is, a calculation on two CH3 radicals at very large sep-
aration will not, in general, give an energy that is twice
that of a single CH3 radical. The MPPT/MBPT method
is size extensive, but does not guarrantee that the total
energy lies below the approximate energy. This suggests
that the method of choice depends on the objective of a
given application; e.g., extended systems are better treated
nonvariationally. For foll owing certain chemical reactions,
electron rearrangement requirestheinclusion of morethan
one configuration. Inthat case, the crucia role of the UHF
determinant in MPPT/MBPT suggests that one would be
better off using MCSCF or ClI.

C. Density Functional Theory

Another major approach to atomic and molecular elec-
tronic structure is density functional theory (DFT).
Closely related are the Thomas-Fermi and X —alpha(X,)
methods; since they have been supplanted by DFT, we
shall concentrate on it. The fundamental basis of DFT is
thefact that one can provethat the ground state energy, Eo,
of a Z-electron system (atom or molecule) isexactly deter-
mined by afunctional, Eq(p), of thetotal electron density,
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p(F), of the system. Note that this does not provide the
explicit dependence of Eg on p, but rather guarantees that
if one can determine p, this, in principle, determines the
exact ground state energy. The resulting equations to be
solved are

A2 Zn€? p(F")
Ty B g [a )
[ 2Me Xn:|Rn—F| 7=

+ Uy, (F)} b = €di, (88)

where Uy, () is an effective one-particle potential that
accounts exactly (in principle) for all electron-electron
correlation and exchange effects, and theintegral termin-
volving p isthe coulombicinteraction at the point r dueto
thetotal electron density. Notethat Uy, also must remove
the “self-interaction” of the electron occupying orbital ¢
with its own contribution to o(r). The DFT equations,
like the Hartree approximation equations, must be solved
iteratively, sinceit is easily verified that

p@) =3 njle;12, (89)
i

where n; isthe number of electrons occupying orbital ¢;.
Thus, one begins with an initial guess of the ¢; and com-
putes p. If one also has an estimate of Uy, , then Eq. (88)
is a linear eigenvalue problem for calculating a revised
estimate of the ¢; and its single particle energy, €. Once
Eg. (88) issolved, anew p(F) is calculated from Eq. (89)
and the procedure is repeated until one reaches self-
consistency. The total energy of the system is computed

as
¢’> fd ngn)inm

E= an<
—/dr/d”p(r)p(r/) fdr—Ux ).
(90)

The greatest difficulty in the theory is obtaining an accu-
rateapproximationfor Ux_, and thisisavery active areaof
research. A popular choice isthe so-called “local density
approximation” (LDA), for which

Ux, = —9a/[2(3p(F)/87)"°]. (91)

V2

Theoretical work indicates that « =2/3 is the optimum
value to use.

All of the above discussion has been couched in purely
theoretical terms. When all of therelevant matrix elements
of the Hamiltonian are computed from first principles,
the calculation is referred to as “ab initio.” However, a
great deal of quantum chemical applications use various
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ways to estimate the Hamiltonian matrix elements. These
can range from ignoring the effects of nonorthogonality
of the atomic orbitals centered on nonbonded atoms to
approximating matrix elements using experimental data.
Theresulting approaches arereferred to as semi-empirical
methods, and there exi st highly devel oped computer codes
and databanksfor carrying out such computations. Details
can befound in some of the bibliographic referencesat the
end of thisarticle.

D. Other Properties

Finally, we comment on the cal cul ation of propertiesother
than the electronic energy. These are usually expressed in
terms of the response of the system to some appropriate
external perturbation, AV. These properties are typically
evaluated by doing a Taylor expansion of the total energy
of the perturbed system about » =0,

E—E(A—O)+A<2E> + .- (92
where

E(L=0) =

dE\
(al_o =

+2z<30|> <;%|H(x_o)|q,(,\_o)>
ICy; B ~
+2;Zu( BA ) o<acﬂ,'H“ O = 0)>

3%y oW B B
+22<ax> <R|H(,\_0)|w(x_0)>, (94)

(WA =0HRA=0[¥(=0). (9)

WL = 0)|V [T (r = 0))

etc. The value of ( ﬁ) 1—0 depends not only on the nature
of the perturbation, but also on the method used to obtain
W (A = 0). Thus, for the MCSCF method, derivatives of &
with respect to the C, and C,,; vanish identically sincethe
MCSCEF functional is stationary with respect to such vari-
ations. If the atomic orbltals X, do not depend explicitly
on the external field, then (=3 I )i=0 =0, and the first order
effect is due solely to the average of V. In, eg., the Cl
method, & =0, but 7 # 0 since the C,,j are not varied
to minimize the CI energy functional.

. QUANTUM CHEMICAL DYNAMICS

A. Early Transition State Theory

Over the past 30 or so years, the field of rigorous quan-
tum chemical dynamics has been created. Prior to this,
the dominant method used to calculate rates was the
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transition state approach. The role of quantum mechanics
was mainly to determine the Born-Oppenheimer poten-
tial surface for nuclear dynamics and the eigenenergies
of various bound degrees of freedom of the full system
at the transition state (for use in calculating the transition
state partition function). The definition of the transition
state is most easily given for systems in which the colli-
sion process has to pass through a so-called “bottleneck”
(e.g., assumed in many cases to be the saddlepoint in the
Born-Oppenheimer nuclear potential surface, separating
reactants and products). Generally, it is assumed that in
al collisions in which the system reaches the transition
state configuration, having positive kinetic energy (posi-
tive velocity in the direction of the product region), the
reactive probability equals 1. The transition state is some-
times couched in terms of a “dividing surface” normal
to which a positive velocity inexorably leads to reaction.
An additional quantum modificationisto introduce an ad-
ditiona “transition factor” which can account for effects
such astunneling (for collision energies bel ow the saddle-
point barrier height, which otherwise have a zero reaction
probability) as well as corrections to the assumption that
al positive kinetic energy trajectories reaching the transi-
tion state cross to products with unit probability.

B. Rigorous State-to-State Quantum
Reactive Dynamics

Although such transition state-based methods continue to
play amajor rolein ab initio predictions of reaction rates,
there now exist severa rigorous quantum treatments of
atom-diatom and diatom-diatom reactive collisions, yield-
ing detailed quantum state resolved probabilities, cross
sections, and rates. M ost of theseempl oy arotating, center-
of-mass coordinate frame (rigorously separating out the
three coordinates of the center of mass and the three Euler
angles characterizing the overall rotation of the three or
four atom system). In reactive scattering, the major com-
plicationistheresult of thefact that the natural coordinates
for describing the atomi c and mol ecul ar speciesin each ar-
rangement are different. Thisiseasily seen by considering
an atom-diatom collision system like D + HF. Depend-
ing on the collision energy, there can be as many as four
arrangements:

« D+HF
« H4DF
« F4+HD
«F+H+D

In the first, the three natural coordinates remaining after
separating off the center-of-mass and Eul er angles of rota
tionaretheinternuclear HF distance, r1; thedistanceof D
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fromthe HF center of mass, R;; andtheangle, 1, between
these two distance coordinates. Analogous but distinct
sets of three natural coordinates apply to the second and
third rearrangements. For thelast arrangement (termed the
“breakup” arrangement), thenatural coordinatesarecalled
hyperspherical coordinates and typically consist of a hy-
perradius p (whose sguare equals the sum of the squares
of the two distance coordinates for any of the other three
arrangements, i) and two angles. One of these can be the
same as the y; in any of the other coordinate sets, and
the second angleistypically defined as = arctan(ri / R;).
The boundary conditions are very different in each of the
limits R — o0, 1 =1, 2,3 or p— oo (the latter requir-
ing that both r;, R — oo simultaneously). We note that
the breakup process has only been treated quantatively
within a collinear model of chemical reaction; a major
topic of research is the development of methods for treat-
ing breakup infull dimensionality. Henceforth, werestrict
our discussion to collisionswell bel ow the breakup energy
threshold. Computational methods that have been applied
include algebraic variational methods and direct numeri-
cal solution of the discretized partial differential form of
the Schrodinger equation. For scattering, the most widely
used variational principles are based on the generalized
Newton and the Kohn functionals, and they are stationary
rather than extremal. They are typically employed using
basis set expansions, with the stationary condition lead-
ing to linear systems of inhomogeneous algebraic equa-
tions. Either the basis functions explicitly include terms
to satisfy the various asymptotic boundary conditions
or thevariational functional itself explicitly includesthem
through the appearance of “causal” or “anticausal” Green
functions.

A magjor advance in dealing with the problem of co-
ordinates in reactive scattering was the introduction of a
practical method for eliminating the need to solvesimulta-
neously for thedynamicsin all threearrangements. Thisis
done by introducing ad hoc, localized negative imaginary
potentials (N1Ps) designed to absorb the wave functionin
regions that are not of direct interest. This permits one to
solve the Schrodinger equation only in the region leading
from reactants to the one transition state of interest. Both
atime-dependent and time-independent version of the ap-
proach exist. It isalso possible to resolve state-to-state re-
active scattering amplitudes at any energy contained suf-
ficiently in the t =0 wave packet. The approach yields
results in quantitative agreement with those obtained by
the more traditional methods. We note that in the tradi-
tional numerical integration approach, oneisusually faced
with solving the equations subject to so-called “two-point
boundary conditions.” One condition is that the solution
beregular at the origin, and the others are that the solution
have incident waves only in the initial arrangement and
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that there be only outgoing scattered wavesin al possible
product arrangements. Since the amplitudes for scattering
into the various possible final states are unknown (and are
what one is trying to compute), one only knows the form
of the scattering boundary conditions and not their nu-
merical values. Consequently, it is necessary to generate
enough linearly independent solutions of the differential
equations to form linear combinations that possess the
correct asymptotic behavior. The general procedure is to
expand the total wavefunctionininternal basis states, giv-
ing rise to coupled ordinary differential equations for the
expansion coefficients. If thereare N basisfunctionsinthe
expansion, there result N coupled second order differen-
tial equations, having in general 2N linearly independent
solutions. At most, only N of these can be regular at the
origin, leading to the necessity of solving the coupled dif-
ferential equations N separate times for these N sets of
linearly independent regular solutions. The expansion in
the N basis functionsyields an N x N Hamiltonian ma-
trix operator, and propagating each N component regular
solution vector involves doing N2 multiplications at each
step of the propagation. Since thisis done N times, there
isatotal of N3 multiplications at each step, for an overall
scaling of MN?3, where M is the number of steps needed
to escape the scattering interaction. This must be redone
at each separate energy E for which one desires scattering
information. By comparison, solving the time-dependent
Schrodinger equation formally, one gets

x(t) = e (0). (95)

A popular way to evaluate EqQ. (95) isto taket short enough
that one can approximate exp(—i Ht/h) as the product
exp(—iVt/2n)exp(—i Hot /R)exp(—i Vt/2h) (called the
“symmetric split operator” approximation). Then the ex-
ponential operators are evaluated in the representation in
which they are diagonal (the coordinate representation for
the potential and the momentum representation and in-
terna eigenstates for the reference Hamiltonian Ho). The
major computational effort isthat of transforming between
these two representations. For the scattering distance and
its canonical momentum, this is typically done by Fast
Fourier Transform, which scales as M log,M, where M
is the number of grid points in the discrete Fourier trans-
form. The other basis dependence is at most N2 (and can
be as low as N2 in the rotating frame approach). The
computational effort then scales more slowly with N than
the time-independent method discussed above, but more
rapidly with M. Also, one must do this at each time step
until the scattering iscompleted. To avoid having tofollow
the continued time evol ution of the portion of x (t) that has
already escaped the range of the interaction causing the
scattering, one may analyze it for the scattering informa-
tion and then absorb it beyond the analysis region with
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an NIP. Finally, the time-dependent method automatically
yields scattering information at all energies suffiently con-
tained in x (0), and x (t) automatically satisfies the proper
scattering boundary conditions.

A particularly powerful and promising wave packet ap-
proach makes use of thefact that whilehaving aterm —i A,
where A is a positive semi-definite function, added to the
Hamiltonian absorbs the wave packet with atime history
given by —i Ax(t), if one records this time evolution in-
formation and changesthe sign, +i Ay (t) then constitutes
a source that feeds the wave back into the region where
A is nonzero. This makes it possible to decouple the dy-
namicsinal regionsthat can be defined using appropriate
dividing surfaces from transition state theory. We write
the set of uncoupled regional time-dependent Schrodinger
equations as

.0 .
Nt = (H—iA)x. (96)
. 3)(2 . K .

j=1

.0 '
|h§ = HXD+IApX2, p:l’,K (98)

Here, x (t = 0) istheinitial packet; H isthe full Hamil-
tonian, and A, Ap, p=1, ..., K are the functions that
determine in what regions of configuration space sinks
and sources are located. The absorber —i A, is located
just beyond the dividing surface associated with theinitial
(reactant) arrangement (just inside the so-called “strong
interaction” region, 2). The —i A, are located just be-
yond the dividing surface associated with arrangement
p, p=1,..., K(includingtheinitia arrangement). Then
it iseasily seen that the dynamics of x, occursonly inthe
reactant arrangement, up to just within the reactant divid-
ing surface. Thedynamicsof yx»(t) occurssolely withinthe
strong interaction region, until it is completely absorbed
by the various —i Ap, located just outside the respective
p arrangement dividing surface. The dynamics of the xp
wave packet occurs solely in the region outside the pth
dividing surface. We note that if we add all the equations,
theresult is

K K
ih|:ZXp+Xr +X2] =H |:ZXp+Xr +X2j|,
p=1 p=1

(99)

so that the exact solution of the time-dependent Schro-
dinger equation is

K
XO =D Xp+ X+ Xo (100)
p=1
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Notice that while we must solve for x, (t) and y»(t), they
are nonzero for a shorter length of time than the total
overal collision, and they are nonzero only in limited re-
gions of configuration space. Therefore, computing them
is much less work than solving for yx (t) directly and re-
quires less storage. In addition, once we have recorded
thetime evolution of the —i Ay xo, p=1, ..., K, weonly
need to solve for the final arrangements of immediate in-
terest, and these are done completely separately (they are
totally uncoupled between two regions p # p’). We can
alsodothecal cul ationswhenever computing resourcesare
most available and least costly. We also can use whatever
coordinates are optimum in each separate region p. We
point out that atime-independent version of Egs. (96)—(98)
has been developed which appears very robust. Essen-
tialy, it results from a half Fourier time-to-energy trans-
form of Eq. (95), to yield [in analogy with Eq. (14)]

i
E—-—H) =— 101
(E~H)§ = 5-x(0). (101)
or in causal solution form,

i

HE)= ———x(0). 102
€@ = onigl@ @
Note that £*(E) is not the usual definite energy, caus-
a solution of the Schrodinger equation (known as the
Lippmann-Schwinger scattering solution). However, in
certain well-defined regions of configuration space[name-
ly, on the “target side” of the initial wave packet, x (0)],
it is proportional to the Lippmann-Schwinger solution,

Wt(E), satisfying
v (E)

= ¢(E) + —Vou(E).  (109)

1
E—H+
Here, ¢k (E) isthe solution of the unperturbed Schrodinger
equation,

Hodx(E) = Eg¢k(E), (104)
where, as usual,
H=Ho+V, (105)

with V being the interaction responsible for causing the
scattering. If we express yx (0) in terms of the complete set

{#c(E)},

%(0) = [ dkC)A(E).  (106)

CO) = o O(E) 1 x(@),  (10)
T
(B | 3e(E)) = 2r5(k — K). (108
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One then finds that on the target side of x(0), in configu-
ration space,

mC (k)
n2k

E7(E) = "o W (E). (109)

In general, if there are interna degrees of freedom and
different possible chemical arrangements, one obtains

mC: (kn,)

grnr(E) quﬁlr(nr (E)v (110)

whereC; (kn, ) characterizestheinitial packet locatedin ar-
rangement r, withinitial internal quantum numbersn, and
relative kinetic energy hzk"' and \Ifﬁk (E) isthe complete
Lippmann-Schwinger solution, inclUdi ng al possible fi-
nal arrangements. The state &7, can be similarly split into
localized pieces satisfying uncoupled time-independent
dynamical equations analogousto Egs. (96)—(98).

A particularly convenient observation is that, just like
the homogeneous Schrodinger equation, a variational ex-
pression for the S matrix at energy E can be derived,
based on Egs. (101), (102), and (110). The result for a
general scattering amplitude, connecting stater, n, at to-
tal energy E with final state p, n,, at energy E istherobust
expression

iR /K K
S(Pnskng [1ke) = o a6, ()oK )<X(pnp't
1 \Kn. )& p\Kn,
= 0)'ﬁ‘x(rnr It= 0)>~
(111)

The modulus squared of this S matrix element is the
probability of the indicated state-to-state process, and
x(pny|t=0) is a wave packet located in the prod-
uct region of configuration space, outside the collision
region. Clearly, this is equal to a known factor times
(x(pnplt=0)I&7, (E)). It should be clear that knowledge
of thefull Green function, 1/(E — H +i¢) = G*(E), pro-
vides all one needsto know to calculate the state resolved
S matrix element at the energy E.

It is worthwhile to examine how one can implement
Eqg. (111) computationaly. A particularly effective way
to do thisisto expand 1/(E — H + i¢€) in an appropri-
ate polynomial basis. A popular one is the Chebychev
polynomias, denoted T,. However, they require an ar-
gument bounded by +1, while the exact spectrum of H
is unbounded. However, in practice, one introduces a fi-
nite dimensional matrix representation of H, and this can
be normalized so that it possesses no eigenvalues larger
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in magnitude than 1. This leads to an expansion of the
form

1

— +(E T.(H 112
E_Hic Xn:gn( norm) Tn(Hnorm). (112)

where —1 < Enorm < +1; a similar bound holds for the
eigenvalues of Hporm; and g7 (Enorm) isasimple, analyt-
ically known function that explicitly builds in the causal
behavior of G*(E). Computation of the S matrix then
requires evaluating

————x(rn [t=0
E—H+i6X( | )

= Z ng(Enorm)Tn(Hnorm)X(r nt=0). (113

Note that all of the dependence on the energy E is con-
tained intheanalytical coefficients, g-. Defining “Krylov
vectors”

M = Tn(Hhorm)x (e [t = 0), (114

we note that they are totally independent of E, and

E-pyicmit=0= Z 9" (Enorm)7n.  (115)

Therefore, once the {n,} are calculated that have nonzero
overlap with x(pn, |t =0), one has all the information
needed to compute the S matrix elements at any other
energy E contained in theinitial packet. The T, satisfy a
simple recursion relation, so that

no=x(n|t=0), (116)
n1 = Hnormno, (117)
Nn = 2Hnormin—1 — -2, N > 2. (118)

If oneincludesany absorbing potentials, thentherecursion
is modified by an additional damping factor. Clearly,

i, /K Kn,
m(27)2C; (kn, ) Cj5 (Kn,)

X Z g:(Enorm)(X(pnp|t = 0)|nn). (119

S(Pnpkn, | rNrkn, ) =

We also remark that one can easily derive a similar
Chebychev expansion of exp(—i Ht/h)x (0). Thenthe g
are replaced by analytical functions of time, but exactly
the same n, appear as in the energy dependent Green
function expansion. The bottom lineisthat results are ob-
tained with virtually no additional effort for any energy
sufficiently contained in the initial packet. Note also that
if one usesthe same expansion for G*(E) in Eq. (103) for
the scattered wave portion of the Lippmann-Schwinger
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solution, one obtains #,(E) = Tn(Hnorm)V ¢k(E), which
must be recalculated at every new energy!

C. Rigorous Quantum Transition State Theory

The above discussion shows, as one might have expected,
that knowledge of G*(E) istantamount to having solved,
subject to causal boundary conditions, the Schrodinger
equation for any possible initial and final states and ar-
rangements. This suggests that G*(E) cannot only yield
state-to-state probability amplitudes, but al so the sum over
all possibleinitial statesin arrangement r and all possible
final statesin product arrangement p, denoted as N, (E).
Thisquantity isknown asthe‘“‘cummul ative reaction prob-
ability,” and it is central to an arbitrarily accurate, rigor-
ous quantum transition state theory. This should also not
be surprizing in light of the fact that by use of absorbing
potentials located at various dividing surfaces, one can
isolate the dynamics occurring in the strong interaction
region. One then expects that the total strong interaction
Green function for Eq. (97),

1

G2(E) = .
E—H+iY A

(120)

should be able to provide Ny, (E) without having to carry
out any dynamics outside of region 2. This has indeed
been proved to be true, and it is found that

Npr (E) = trace[4A}*G3(E) ApGo AY?]
= tracePy (E), (121)

where arrangement r can be any possible initial arrange-
ment, p can be any possible final arrangement, and one
computes the trace of the matrix product. The matrix
Por (E) is Hermitian, and its eigenvalues are interpreted
as probabilities of reaction to all possible final p states
fromall possibleinitial r states. The matrix elements can
be computed using any convenient, sufficiently complete
basis and need not have any relation to asymptotic states
inany of thearrangements. This providesarigorous quan-
tum transition state theory.

SEE ALSO THE FOLLOWING ARTICLES

ATOMIC AND MOLECULAR COLLISIONS e COLLISION-
INDUCED SPECTROSCOPY e ELECTRON SPIN RESONANCE
e INFRARED SPECTROSCOPY e KINETICS (CHEMISTRY)
o LIGAND FIELD CONCEPT ¢ MICROWAVE MOLECULAR
SPECTROSCOPY e QUANTUM MECHANICS e QUANTUM
THEORY
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I. Why is QCD Needed? A Historical Survey
Il. Principles of QCD

lll. General Framework of QCD. Perturbative
Regime
IV. Physical Applications

GLOSSARY

Baryon Type of hadron. The baryon family includes the
proton, neutron, and other particles whose eventual de-
cay products include the proton. Baryons are composed
of three-quark combinations.

Boson A particle that obeys Bose—Einstein statistics and
has zero or integral spin. Unlike fermions, bosons are
not conserved in number. They can be generated or de-
stroyed singly, rather than in particle—antiparticle pairs.

Fermion A particle that obeys Fermi—Dirac statistics; a
half-integer-spin particle.

Feynman diagrams Schematic representations of math-
ematical expressions for predicting the interaction of
particles, in which lines represent the path of a particle
and vertices represent particle interactions.

Gluon A massless particle that carries the strong force
from one quark to another. Gluons can also interact
among themselves and form particles consisting of only
gluons bound together (glueballs).

Hadron Any particle of the largest family of elementary

QCD

particles; they interact with each other through strong
interactions, usually produce additional hadrons in a
collision at high energy, and are roughly spherical.

Lepton Member of the family of weakly interacting par-
ticles, which includes the electron, muon, tau, and
their associated neutrinos and antiparticles. Leptons
are acted upon not by the strong force, but by the elec-
troweak and gravitational forces.

Singularity A point in space-time where the space-time
curvature becomes infinite.

THE STRONG interaction was discovered in early 1930s
as nuclear forces which bind the nucleons together to form
nucleus. Since then it has been a major research subject
to explore the theory of strong interactions. In 1947 the
first meson, the pion, was discovered experimentally as
the mediator of nuclear forces. Through the 1960s the
number of “elementary particles” including nucleons and
mesons increased rapidly. Those elementary particles as-
sociated to strong interactions were called hadrons. In
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1964 Gell-Mann and Zweig proposed that hadrons are
composed of quarks. It was then natural to look for the
dynamics obeyed by quark systems asthe origin of strong
interactions.

. WHY IS QCD NEEDED?
A HISTORICAL SURVEY

In order to obtain experimental information on quark dy-
namicsit seemsto be the most sensible to probetheinside
of hadrons by applying a beam of structureless particles
(i.e., leptons). For the study of the hadronic structure we
need much higher energiesand larger momentumtransfers
to obtain higher resolution. The first series of such exper-
iments to probe the structure of the proton wasinitiated in
the 1960s at SLAC (Stanford Linear Accelerator Center)
and the process was called deep inelastic el ectron-proton
scattering. In 1969 Bjorken reported the scaling prop-
erty of the structure functions in deep inelastic electron-
nucleon scatterings. Thisscalingiscalled Bjorken scaling,
for which itis claimed that structure functionsin the deep
inelastic region depend only on the ratio ¢2/v rather than
on two independent variables g2 and v, where g2 and v
are the 4-momentum transfer squared and energy transfer
of electrons, respectively.

Bjorken scaling impliesthat the constituents of hadrons
look almost free and pointlike deep inside the nucleon
when observed with high spatial resolution. These free,
pointlike constituentswere named partons. If one accepts
the parton idea, the dynamics governing the parton sys-
tem should have the property that the interaction between
partons becomes weaker at shorter distances. The partons
were later identified with quarks since experimentally it
was suggested that their quantum numbers such as charges
and spins were practically the same as those of quarks.

Right after the proposa of the parton model all the
known quantum field theories were surveyed as possi-
ble candidates for quark dynamics. Almost al of them
were shown not to enjoy the above-mentioned property
that the interaction between quarks gets weaker at short
distances. The exception was the non-Abelian gauge field
theory, which was originally introduced by Yang and
Mills. ’t Hooft, Gross, Wilczek, and Politzer found that
the non-Abelian gauge field theory satisfied the desired
property, which is now called asymptotic freedom. Soon
after it was shown that non-Abelian gauge field theory
was the only theory which exhibited the asymptotic free-
dom among theknown theoriesinfour-dimensional space-
time. Therefore the dynamics governing quark systemsis
to be found among non-Abelian gauge field theories. The
non-Abelian gaugefield theoriesare generated by symme-
tries described by a noncommutative algebra. This means
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that quark systemsare required to have an extrasymmetry
associated with the non-Abelian gauge field. In the mean-
time three facts suggested that quarks must have a new
quantum number called color and exhibit the color sym-
metry. We discuss these observations below.

A. The Problem of Constructing
the Baryon Wave Functions

As an example, we consider the pion—-nucleon resonance
AT, whichisof spin 3/2 andismadeof three u-quarks. If
weconsider the J3 = 3/2 statewith J3 thethird component
of the total angular momentum for the A** system, we
find that all three u-quarks must have spins aigned up
since relative orbital angular momentum are required to
vanish for the lowest state in three-quark systems. Thus
ATt gtate with J3 = 3/2 isgiven by

3
‘A++,J3=§>:|MT»MT»”T>’ 1

where the arrow represents the spin aligned up. But this
assignment is not acceptable because it contradicts the
Pauli exclusion principle, according to which fermions
cannot occupy the same state.

A possibleway out of thisdifficulty may beto consider
higher orbital angular momentafor the quarks. This, how-
ever, spoils the success in the prediction of baryon mag-
netic moments based on the S-wave three quarks. Hence
we prefer to keep quarks in S-states. Then we are forced
to assume the exixtence of hidden degrees of freedom for
quarks, color, in order to distinguish three quarks which
are otherwise identical. We need at least three different
colorsto discriminate these three quarks. It isthen easy to
construct the totally antisymmetric statefor A+ in place
of Eq. (2),

3 . )
‘A++, Jz= §> = eyelu’ toul puk 1), @)

where indices i, j, k represent the quark colors and &«
is the totally antisymmetric tensor (the repeated indices
are summed). The same argument appliesto other brayon
statesand the difficulty isnow circummvented with thein-
troduction of the extracolor degree of freedom for quarks.

Since we do not observe the color degrees of freedom
directly, we may assume that hadronic phonomena are
unaltered under the exchange of colors. The symmetry
group corresponding to the color degrees of freedom may
be chosen from the Lie groups and we adopt SU(3) for the
color symmetry. A single quark state is then assigned to
the fundamental triplet, 3, of SU(3). The state (2) is then
asinglet, 1, of SU(3).
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B. Nonobservation of Isolated Quarks

Sincewe have no experimental evidence of hadronswhich
carry color quantum numbersin an explicit manner, in con-
structing the hadronic state out of quarks we have to pick
out a singlet representation in the decomposition of the
product of three triplets into irreducible representations,
ie,

333=108¢8¢ 10,
for the baryon state, and
33 =148,

for the meson state. In analogy with Eq. (2), the meson
color singlet state is taken to be

1 o
M) = §5ij|61’q_j>- 3

Thefact that color isnot directly observable can be stated
in a different way: physical phenomena are invariant un-
der the color transformation. Hence the color SU(3) has
to be an exact symmetry. According to this principle, al
hadronsarerequired to beinthesinglet of the color SU(3).
Other states with explicit color degrees of freedom are
color nonsinglets and should not be explicitly observed. It
isworth noting that among the many low-lying configura-
tions of quarks, only ¢4 and gqq states can belong to the
color singlet. Thus, the postulate of the nonobservahility
of colored statesisessentially the sasmeasthat of the quark
confinement, which requiresthat quarks be confined to the
inside of hadrons and are not observed as isolated states.
It should be noted that this postulate is just a kinematical
constraint to eliminate colored states. Thereis, however, a
hope that quark confinement may be a natural dynamical
consequence of the strong interaction.

C. Discrepancy between Prediction and
Experiment on Decay Rates for 7% — 2+
and Total Cross Sections of ete~ — Hadrons

Thetotal decay rate of 7% — 2) can be calculated through
the lowest order Feynman diagrams, and is obtained as

azmio

64r3F2’ @)
where N, is the number of color degrees of freedom,
Oy and Qg4 are the u- and d-quark charges in units of
the proton charge e, mo is the neutral pion mass, « =
e?/4r, and F, is the pion decay constant for 7 — pv
decays (F, =91 MeV). Substituting N.=3, Q,=2/3
and Qq=—1/3 we have I'(7°® — 2y) =7.6 eV, which
is in perfect agreement with the experimental data
I'(exp) = 7.48+ 0.33 eV. Note that the theoretical pre-

F(7® = 2y) = N(Q5 - 03)
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diction with No=1 (no color degree of freedom),
I'(7° — 2y)=0.84 eV, isfar from explaining the data.

For e™ + ¢~ annihilationsat very high energiesthetotal
cross section o (ete™ — hadrons) is given by

Ni
Ne) 07 (5
i=1

A o?

o(ete” — hadrons) = 3
s

where s is the center-of-mass total energy squared of the
ete™ system, Q; isthechargeof theith quark, and N; isthe
number of flavors of quarks which may contribute to the
process. Comparision of Eq. (5) withthedatastrongly sup-
port N. = 3. If thereisno color degree of freedom, the pre-
diction of Eq. (5) ismuch smaller than experimental data.

Thesefacts strongly support theideathat quarks should
have an extra quantum number, color. In 1970s the idea
of the extra quantum number, color, for quarks was estab-
lished and the theory of quark dynamicswasfoundtobea
non-Abelian gauge theory with SU(3) symmetry that was
named guantum chromodynamics (QCD).

The non-Abelian gauge field in QCD mediates color
interactions between quarks. It is called the gluon. Glu-
onscarry color charges and hence interact with each other
even in the absence of quarks. This property of gluons
is an essentia ingredient for having asymptotic freedom.
When one considers massless gluons, serious infrared di-
vergences exist in QCD and may be the origin of quark
confinement. The QCD hasthe property of the asymptotic
freedom at short distances, while it has the possibility of
guark confinement at long distances.

According to the property of asymptotic freedom of
QCD, one may safely use perturbation theory to discuss
short-distance processes. This approach in QCD is usu-
aly referred to as perturbative QCD. Perturbative QCD
has been applied to many physical processes with the
help of operator product expansion (OPE) and renormal -
ization group equations, such as electron-nucleon scat-
tering, e*e™ annihilation, heavy quarkonia (J/v’s and
Y’s) decays, photon—photon scattering as a subprocess
of ete™ — eTe™ X (X represents unobserved hadrons),
production of jets from quarks and gluons, the Drell-
Yan process NN — [T]~ X, inclusive ete™ annihilation
ete” — hadrons+ X, large-pr hadron reactions, and
multijets in eTe~ annihilations. These applications, to-
gether with thelater analysis of further experimental data,
gave strong support to QCD.

Il. PRINCIPLES OF QCD

QCD isagauge field theory, which is based on the gauge
principle. The gauge principle is the requirement that the
theory be invariant under the local gauge transformation.
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The symmetry group in QCD is the color SU(3) group,
whichisanoncommutative (non-Abelian) group. A gauge
theory which is invariant under the non-Abelian gauge
group is aso caled Yang-Mills theory.

We consider the fermion v (x) with mass m (the quark
field, to be more specific) which belongs to the N-
dimensional fundamental representation of the group
G. Thus the field ¥ (x) has N components: v;(X), i =
1,2,..., N.Thegroup Gin QCD isthecolor SU(3) group
and so N = 3. The Lagrangian for the free fermion field

¥ (X) isgiven by

£=Ji(iy"d, — m)ys. (6)

The Lagrangian isinvariant under the transformation
' =Uijyj, U =exp(-iT%7), @)
wheref? (a=1, ..., 8) arethetransformation parameters

and T2 are the SU(3) generators, which are subject to the
commutation relations

[T, TP =if2eTe, ®
where the summation on the repeated indices should be
understood asusual and f 2 are the structure constants of
the SU(3) group. For 62 depending on x, the Lagrangian
(6) isnolonger invariant under thetransformation (7). The
Lagranian may be made invariant under the non-Ablian

local gauge transformation (7) if the derivative in Eq. (6)
is replaced by the covariant derivative,

D, =9, —igT?A?, 9

where A% are the gauge fields and g is a constant rep-
resenting the coupling strength between v and A%. In
component form Eq. (9) reads

(Dhij = 8ij9, — igTif AL, (10)

where T;# is the representation of T# in the fundamental
representation. We now replace the Lagrangian (6) by

L= Pi (iy"(Du)ij — méij) ¥
= (iy"D, — m)y. (11)

Thenew Lagrangian (11) isinvariant under thenon-Ablian
local gauge transformation (7) provided Af(x) obeysthe
transformation rule

TaA? = U(TaAf; - 'au—lauu>u—1. (12)

We now show that the Lagranian (11) is invariant under
the local gauge transformation. Note that
(D) = (3 —1gT*AD) Y’

=U (0, +U "9,U —igu'TAUAR)y. (13)

Because A satisfiesthetransformationrule (12), we have
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(Duw)/ = U(DM”)- (14)

Thus ¥ D,y is invariant under the non-Abelian local
gauge transformation (12) and hence the Lagrangian (11)
isalso invariant.

The Lagrangian (11) describes the fermion vy (x) inin-
teraction with the gauge fields A% (x). Itis till to be sup-
plemented by akinetic term consisting purely of the gauge
fields A7 (). Inspired by the example of electrodynamics,
we may try the form

1
_Z(a" AS —0,A%) (0" AY — 3AM), (15)
However, such aterm is not SU(3) gauge invariant. It is
not difficult to prove that F2 F2*” isinvariant with

F2, = 0,A2 —3,A% + gf 2 AP AC, (16)

Finally we arrive at the genera form of the Lagrangian
which is invariant under the non-Abelian local gauge
transformations (7) and (12),

1 _
L= —ZF;vFa’” + ¥ (iy"Dy—m)y.  (17)

It should be noted that inthe above L agrangian there exists
only one arbitrary parameter g owing to gauge invariance.
This universal constant g is called the gauge coupling
constant. We derived the above Lagrangian based on the
gauge principle. Of courseit should still be Lorentz invari-
ant and invariant under space and time reversal. Unfortu-
nately, the Lagrangian (17) is not unique, in that we may
add to it other terms of higher power of F2, and  within
the requirement of local gauge invariance, Lorentz invari-
ance, and invariance under spaceinversion and timerever-
sal. The additional requirement of renormalizability may
eliminate all the irrelevant terms and fix the Lagrangian
(17) in aunique way.

After fixing the Lagrangian we are ready to move on
to the quantization of the theory under consideration. The
guantization can be conveniently performed in the Feyn-
man functional-integral formalism. For simplicity wecon-
sider asystem consisting only of aneutral scalar field ¢(x)
withmassm. The Greenfunctionisgiven by thefunctional
integral

J1dplp(x1) - - - p(xn) exp(i S)

(OIT[d(x1) - - - p(xn)][0) = TTds1ei S :
(18)

where Sisthe classical action,
S= / d*xL. (19)

Here L isthe classical Lagrangian density:
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1
L=3(0"p0u0 —m¢?) =V(9). (20

with V (¢) the part of the L agrangian representing the self-
coupling of the field ¢. The Green function (18) may
be reexpressed in another form if we introduce an ex-
ternal source function J(x) and an artificial source term
¢ (x)J(x) in the functional integral,

Z[J] =/[d¢] exp{i/d4x(£+¢J)}. (21)

Here Z(J) isafunctional of J(x). Wedefinethefunctional
differentiation by

SZLI) _ |\ ZLIX) + e3(x — y)] — Z[I(x)]
(SJ(y) e—>0 & ’
(22)
According to the above definition, we have
s"Z[J]
83(x1) - 8J(Xn)
=" [10a1000) - ot epfi [ atu(c+ o).
(23)
Hence we obtain
R N (=) 3"Z[J]
(OIT[p(xa) - - - ¢(xn)]I0) = Z10] 330) 830 |0

(24)

The functional integral Z(J) thus generates all the Green
functions. Inthissense Z(J) iscalled the generating func-
tional for Green functions.

A straightforward application of Eq. (21) to the case
of gauge fields suggests that the generating functional for
gauge fields A% is given by

Z[J] =f[dA] e><p{i/d4x(c+A3Jaﬂ)}, (25)

where L is given by Eq. (11) and [A] is the shorthand
notation for

[ [[dAg]. (26)

w,a
In Eqg. (25), £ and [A] are gauge invariant. The action
S= [d*xL is also gauge invariant. In the following we
set A2 = A" in order to emphasize its dependence on
o2, Starti ng Wlth afixed A2, we obtain a set of A% by
applying to A2 all the transformanonsU ®) belongl ng to
group G. Accordi ng to the above invariance, the action S
is constant for all A®? in this subset and the functional
integral Z[0] on this subset of A2 diverges, astheregion
of the integral isinfinite. Hence|t is sensible to integrate
only once on such A®)2 that belongs to the subset and to
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factor out adivergent constant. After thismamipulationis
done with the following restriction on A7,

GIAZ = B, 27

we have an expression for Z[J],

Z[J] = /[dA] det MG]"[s G"A(x) — B3(x))

xexp{ /d“ L—{—AaJa")} (28)

Since B2(x) isarbitrary, we may average Z[ J] over B3(x)
in the sense of the functional integral, i.e., we integrate
Z[J] on B&(x) with a suitable weight, which we choose
to be

ool (/20 [ ax@oor). (@
where « isan arbitrary constant. Hence we obtain

Z[J] = f[dA] det Mg

x exp{i fd“x(ﬁ— %(G“Aﬁ)z - A,iJaM)}.

(30)

In thisway we succeeded in exponentiating the constraint.
The resulting exponent is the so-called gauge-fixing term
with gauge parameter «. The following are examples of
explicit expressions for the matrix Mg:

1. Coulomb gauge G* = (0, V):

(Mg (x, y))* = (8%°V% — gf *°A°. V)s*(x —y). (31)
2. Lorentz (covariant) gauge G* = 9#:

(Mg (x, y))° = (60 — gf 9" AZ)s%(x —y).  (32)

3. Axial gauge G* = n* (here n* is a spacelike con-
stant 4-vector):

(Ma(x, y))* = (6%°n- 0 — gf*™n- A)s%(x —y). ()
4. Temporal gauge G* = (1, 0, 0, 0):
(Ma(x, y)* = (6200 — gf A5 s* (x —y).  (34)

With the generating functional Z[J] given by Eqg. (30) the
quantization program for gauge fields is completed.

The functional-integral quantization has been success-
fully performed for scalar and gaugefieldsin Egs. (21) and
(30). The case of fermion fields needs special care and the
quantization is performed by the use of the Grassmann
number, which is a set of anticommuting numbers

Yi(i=1....N),
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i, i} =0. (35)
Thusthe generating functional including fermion fieldsis

Z[3. 0. 7] = / [dAJ[dy][dV] det Mg

x exp{i / d*x (L — (1/20)(3" A%)®

+ AIM g+ Y] (36)
where n and 77 are anticommuting source functions for
fermion fields ¥ and v, with v = Ty,. According to
the anticommuting property of fermion fields and source
functions, we have to pay special attention to the sign
associated with n(x) when we define fermion Green func-

tions. For example, the fermion two-point Green function
should be defined in the following way:

(O T [V (X)¥ 5 (V]I0)

_ R #2203
= Z00.0.0] 37a005(— 15 | 1_y_yo”

37)

This rule of doing the functional differentiation with
—n(x) should always be kept in mind in defining fermion
Green functions.

Thefollowing formulafor theintegral over a Grassman
algebrawill be useful in thefollowing, where A(x, y) isa
certain complex function:

[1avitas exp{ [atxatyicoa y)w(y)} _ det A,
39)

lll. GENERAL FRAMEWORK OF QCD.
PERTURBATIVE REGIME

A. Perturbation Theory

In order to develop the perturbation theory it is most
convenient to use the covariant gauge. In this case, how-
ever, det Mg given by Eq. (32) depends on A% and also
on the gauge coupling constant g and hence asimple per-
turbative expansion of Eq. (36) is not alowed. For this
purpose we need to exponentiate det Mg andregard it asa
part of the effective Lagrangian. Up to anirrelevant factor,
det Mg is represented by, according to Eq. (38),

det Mg — / [dx]idx"] exp{—i / dx dy ()"

X (Mo(x, y))abxb(y)}, (39)

where Mg is given by Eq. (32) and x2(x) is a complex
fictitious field obeying the Grassmann algebra and be-
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longing to the adjoint representation of the gauge group
G=SU(3). The field x?(x) is called the Faddeev—Popov
ghost, as it has the strange property that it is fermonic as
well asbosonic. The exponent of theintegrand in Eq. (39)
can be rewritten by doing an integration by parts such that

/ d*x d*yx ()" (M (x. )P x(y)
=— / d*x (3" x2(x))* D x°(x). (40)

where Djjb isthe covariant derivative in the adjoint repre-
sentation [note that (T )pe = —i 2],

D2 = 529, — gf A7 (41)

Weinsert Eq. (39) together with Eqg. (40) into Eq. (36) to
obtain the generating functional

Z[J,6,6" 0, 7] = /[dA][dX][dX*][dW][d!/_f]
X exp{i /d“x(ﬁ +AJ+ x*E
+§*x+1/?n+ﬁ1/f)}, (42)

where £2 and £3* are source functions (Grassmann num-
bers) for the ghosts, and AJ, x*&, and £* x are shorthand
notations for

A] — A;at\]au’ X*S — Xa*sa’ %-*X — ga*xa. (43)

Here £ isan effective quantum Lagrangian whichincludes
the effect of det Mg,

L =L+ Lor+ Lrp+ LF, (44)

1
‘CG = _4_]. FSU Faﬂ'v,

Fe, = 0,A) — 0,A% + gf 2 AD A, (45)
1 2

Lor = _E( AL (46)

Lep = (9" x*)DPx®, (47)

Le= ' (iy"D)) — ms'l)yl. (48)

The indices on the Lagrangians (45)-(48) stand for
“gauge,” “gauge fixing,” “Faddeev-Popov,” and “ferm-
ion” terms, respectively. The Lagrangian (44) forms the
basis of quantum chromodynamics.

In the following we will develop the perturbation the-
ory of quantum chromodynamics and derive the Feynman
rules for it. For this purpose we split up the Lagrangian
(44) into afree part £ and an interaction part £,
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L=Lo+ Ly (49)
with
Lo= LS+ LEP+cf, (50)
1
LS = —7(0uAT — 9, AT) (0" A% — 5" AT)
1

— 55 (A" (51
L5 = (0" x*) (9. x?), (52)
L= ¥(iy"s, —m)y. (53)

As Eq. (52) is of the form of the Lagrangian for mass-
less charged scalar fields, we recognize that the Faddeev—
Popov ghost is bosonic although it is fermionic owing to
its nature as a Grassmann number. The remaining part of
the Lagrangian £ after subtracting Lo is the interaction
Lagrangian L1,

L1 = Lo(A%, X2, x>, ¥, ¥)

= =2 1795, AL — 3, AT) AV A

g2
vy
— gf (3" @) x A + gy TRy Y AL (54)

f abe f cdeAz AE AcuAdv

Then Eq. (42) can be rewritten in the following form:

Z[J,&,&%, n, 1]
= exp{i /d“xﬁl

53 55 8
x <i3Jau’ iscar i8(—g%) i7" i6(—n)>}

X ZO[J’€7§*7 77’ ﬁ]? (55)
where Z; is a generating functional for free fields,
Zo[J...] = Zg[I1Z5 6. £°1Z5[n. 7). (56)

Z8[J] :/[dA] exp{i/d“x(/lg—i-AJ)}, (57)
287161 = [ e’
x@(p{i/d4x(cgp+x*s+s*x)}, (58)
28,1 = [ 6vliev]
xexp{i /d4x(ﬁg+t/7n +r71/f)}. (59)

In order to obtain Z[J, ...] perturbatively we first cal-
culate Zo[J,...] for the gluon, Faddeev—Popov ghost,
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and quark, respectively. To do this we reexpress the free
Lagrangian by doing an integration by parts,

1
LG = —SAKPA,

1
KSB = Bab(_gﬂvm + <1 - ;) 8#8v> > (60)
ESP — Xa* Kab b’ Kab — (SabD, (61)
LF = —yAy, A=—iy"d, +m. (62

If we denote the inverses of K25, K@, and A by D2,
D2, and S, respectively, we have

/ d*zK2(x — 2)g* DL (z — y) = 6%°9,,8% (x — y),
(63)

/ d*ZK*(x — )DP(z — y) = 58%(x — y), (64)

fd“zA(x —2)S(z—-y)=8*(x—y). (65

These functions D2, D®, and S are propagators of

the gluon, Feddeev—Popov ghost and quark, respectively.
Solving the conditions (63)—(65) for Fourier coefficients,

we find
d4k —ik-x k kv
° (g;w - (1 - = ) 5

b b
DY) = 67

rY ke +ie K2
(66)
d*k -1
D =5 szmeeﬂk'x’ N
d*p 1

We can now perform the functional integrations of Aﬁ, X
x*, ¥, and ¥ in Egs. (57)-(59), respectively. We obtain,
apart from irrelevant constant multiples,

25191 = el 5 [ atxatyav oD - 970},
(69)
Z7e. ) = et [ atxaye7D® (x - ().
(70
25t = et [[atxdtyaeasix-yyun]. 7

Weinsert Egs. (69)—(71) into Eq. (56) and use Eq. (55)
to generate the perturbation series,
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Z[J,..]= {1+i fd“xﬁl (ﬁ)

—|—~-~}ZO[J,...]. (72)

We can calculate Green functions order by order with the
use of Eq. (72). For example, we can calcul ate two-point
Green functions (propagator), three-point Green functions
(vertex), etc. Accordingly we have the Feynman rules for
the Lagrangian of QCD shown in Tables| and II.

TABLE | QCD Feynman Rules

Quantum Chromodynamics (QCD)

Now that we have settled the Lagrangian for QCD
and established the Feynman rules for it, we are free to
make perturbative calculations of cross sections for an
arbitrary quark—gluon process. In general, however, the
loop contributions to quark—gluon processes generate
divergences. The divergences are properly taken care of
by the renormalization program which we will describe
in the following.

Renormalization is a technique for subtracting the di-
vergences appearing in the loop cal culations. Before sub-
stracting these divergences the divergent integrals should

Propagators
Gluons A k dy.v (K)
al e~ AN by 83 )kz
Ghosts x k -1
de—— <———ab Sab 7
Quarks ¢ ) p . 1
io—<—eoj Sij ——
m—pg
Vertices
g
l kg
Three-Gluon kz/ —igf&%®V,, oa (ke ko, k3)
agty &~ K=" agys
g
ol
Four-gluon autls EWTH —gPWaL-ae
au
‘3
P
Gluon-ghost p<"*<¢ —igfa®k,
au
Gluon-quark . j 9T
[
Loops
d*k
Gluon e
g‘\f C} T ‘ (27r)4l
Ghost , 7 T d%k
\ _ Bab
b4 Tk 2n)hi

Quark i
o

<~k

Gluon-quark &

Gluon-ghost ﬁi/:\i
Symmetry factors

bonnd

-
W=

d*p ij sap
‘/<2n)4i‘3 ’

d*k
(2r)%

-
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TABLE Il Additional Rules for Transition Matrix Elements

Mass-shell condition p

for external lines
Fermions (quarks)
LN
7 0,.(p)
LN
7 v,.(p)
LN
1 u.(p)
p
—
?—é 0,.(p)

Outgoing fermion

QOutgoing antifermion

Incoming fermion

Incoming antifermion

Vector fields (gluons)

. =
Outgoing vector ) (k)
A
k
=
Incoming vector W\/\Wé & (k)
A

be made tentatively finite by introducing a suitable con-
vergence device. This procedure is generically called
regularization. Regularization is a purely mathematical
procedure which has no physical consequences; accord-
ingly, itisnot aunique procedure. We have avariety of the
regularization schems, such as (1) the cutoff method, (2)
thePauli-Villarsregulator method, (3) analyticregulariza-
tion, (4) lattice regularization, and (5) dimensional regu-
larization. Since in dimensional regularization the regu-
larized theory is kept Lorentz invariant, gauge invariant,
and unitary, in this sense dimensional regularization is
the most suitable for gauge theories. We will present this
method in this article.

In order to explain the dimensional regularization sch-
eme, we take a specific example of a divergent integral,
the quark self-energy part Xi; (p). Itsrelation to the quark

propagator S (p) isgiven by
Si(p) = 8ij/(m—p—2(p)). (73)

Following the Feynman rules for QCD, we can obtain
an expression for the quark self-energy part to order g2
(seeFig. 1),

d*k yu(m+p—Ky*
(2r )4 k3(m2 — (p — k)2
Theaboveexpressionisobtainedin Feynmangaugea = 1,
and Cg = (N2 — 1)/2N, N = 3. The four-dimensional in-
tegra in Eq. (74) is linearly divergent, as can be easily
seen by simple power countingink, i.e.,

2(p) = ¢°Cr (74)
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p p—k p
FIGURE 1

4
/d kW ~ KI|mOo K. (75)
The divergence comes from the high-momentum region
|k| — oo. Thisdivergent integral may be made convergent
by reducing the number of multiple integrals. For exam-
ple, Eq. (74) would be finite if the space-time were two
dimensional. Thisfactisthebasicideaof dimensional reg-
ularization. Where we keep the space-time dimension D
lower thanfour and replacethedivergent four-dimensional
integral by a convergent D-dimensiona one. By making
momentum integrations explicitly, we obtain an analytic
expression as a function of the dimension D. We make
theanalytic continuationin D inthisexpression. Thenthe
original divergence will show up asapoleat D =4 inthe
above analytic expression.

We summarize the convensions for dimensiona regu-
larization here:

1. The D-dimensional space-time hasthe metric g"¥ =
(o —een ).

2. Tr[I] =4 in the space of the gamma matrices.

3. Theintegral measureis [ dPk/(2r)P.

4. ys isan object which satisfies {ys, y#} =0.

It is worth noting here that the gauge coupling constant
g isno longer dimensionless for arbitrary space-time di-
mensions, dim[g] =2 — D/2. Thus we introduce a mass
scale 1 by hand and rewrite the gauge coupling constant
g in the following way:

g =gou” "%, (76)
where gp is the dimensionless gauge coupling constant.
We can finally obtain the expression for the quark self-

energy partin D-dimensional space-timefor the covariant
gauge with « arbitrary,

Z(p) =

i )D/zw( p)°2 (D ~ 1B

s

—g D 1 —In—
(4 )ZCFp<£ v+l In4n

2
Zz)+ O(e),

(77)
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where we defined a new parameter ¢ by ¢ = (4 — D)/2.
We can find that there is a ploe in Eq. (77) which is rel-
evant to the condition when the arbitrary dimension D is
four.

In the renormalization program divergences in Green
functions are subtracted by redefining the fields, the cou-
pling constant g, and the mass parameter min theoriginal
Lagrangian. It is important to note here that the way of
eliminting divergencesin perturbation theory isnot unique
becausethere exists an ambiguity in defining the divergent
piece of the Green function. This ambiguity eventually
leadsto ambiguity in thefinite piece of the Green function.
In order to remove this ambiguity, we have to specify how
we define the divergent piece which will be subtracted
out in the renormalization process. The prescription for
subtracting divergences in Green functions is called the
renormalizaion scheme. The scheme in which we elimi-
nate only the pole term 1/¢ in the dimensionally regular-
ized expression of the Green functions is called minimal
subtraction (MS). We seein Eq. (77) that the poletermis
usually accompanied by the natural constant y and In 4
in the combination 1/¢ — y + In 4x, thus the scheme to
eliminatethewholeof 1/¢ — y + In4sw iscalled modified
minimal subtraction (MS).

Thebasic Lagrangian for QCD isgivenin Eq. (44). Itis
more convenient to rewrite the FP ghost term in the form

Lep =1 (0" x§) D x5 (78)

Hence the QCD Lagrangian is taken as

v 1 L 2
L= —ZF;’;‘VFaw » —(3"A%)
+i(0"x2) D2 + ¥ (iy"D) —ms' )y, (79)

The above L agrangian may be decomposed into afreeand
an interaction part, Lo and £4, such that

L=Ly+ L, (80)
Lo = —%(BMAi — 8DA2)(8“Aa” 9V AR — (BHAa)
(0 x7) (9x3) + ' (i7" 9 — m)w . (8Y

Lo = _g Fabe (g, AZ — 9, AZ) AP AT
2
_ g_ fabef cdeAa Ab AC”AdV
4 wi
—igf* (0" ) o A + 9U' T YIAL. (82)

To eliminate the divergences in loop corrections to the
Greenfunctions, weredfinethefields A%, x, x3, andy by
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X12 = Zé/ZX]_ 2rs w Zl/zw“
(83)

1/2
=Z/°A,

and the parameters g, «, and m by

g = Zggr, o = Zgar, m= mer, (84)

where the constants Zs, Z3, Z», Zm, and Z4 are called
renormalization constants. Inserting Egs. (83) and (84)
into Eq. (79), we obtain

£=£r0+£r1+£cy (85)
where Lo and L, are precisely equal to Ly and £, if the
quantities A%, x{,, ¥, 9, o, and m are replaced by the
renormalized ones, Arau, Xf,Zr’ Yr, G, o, and m;. Then
Lc isgiven by

1

c=—(Zz— 1)21(8"A?” —0,A7,) (3"AY — 8" AM)
+(Za = D (9" 15) (0.x5)
+(2Z2 - 1)&; (i y" o — mr)wri
—Z(Zm — 1)mrlpir1ﬂri

1
_ (ZQZS/Z _ 1)§gr fabc(aMA?v _

avAfa/L) APM AI(':V

1 L v
- (Z3Z5 - )50 1 1R AL AP
—(Z9Z5Z35% - 1)ig 12(9" 43 ) x5 AC,
+(Zgzzzl/2 - l)grwr |]yﬂl//rAr (86)
If we define four new renormalization constants by

Z1=2423%  Za= 72737, =24Z57;5%

(87)
Z1r = Z4Z,ZY°.

We can rewrite Eq. (86) in the form
1
Lc=(Z3- 1)§A;”"“‘aab(g,wa2 — 9,0,) A

+(Zs — Dx28an(—109) x5
+ (22— 1)‘Fr (i yH o — mr)‘ﬂri
— Zo(Zmn — DM Y Y

1
- (Zl - l)égr fabc(a/LArau - aVA‘?M)AFMAfU
(2 D50 A A A AT
= (21— Digr 100" i)z AL,
+(ZsF — 1)grwr |Jyﬂl/frj A?;L' (88)
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The term Lc is called the counter-term Lagrangian, and
is used to subtract the divergences. The renormalization
constants Zs, Z3, Z», Zm, and Zq should be determined
by adjusting the counter terms so as to cancel overall di-
vergences appearing in higher order Feynman amplitudes.

B. Renormalization Group Method

According to the renormalization program, we substract
all the divergences from the Green functions systemati-
cally order by order in perturbation theory. In the subtrac-
tion procedurethereexistsan arbitrarinessof how to define
adivergent pieceinaGreenfunction, i.e., how much of the
finite piece is to be subtracted together with the infinity.
This arbitrariness results in a variety of renormalization
schemes. Ontheother hand, in subtracting thedivergences
we inevitably introduce an arbitrary mass scale ., which
is called the renormalization scale. The renormalization
scale u isentirely arbitrary and remains in the finite part
of the Green functions, thus leaving an arbitrariness for
the renormalized Green functions after the subtraction of
divergences.

Dueto thisarbitrarinesswe have many possible expres-
sions for one physical quantity depending on the choice
of the renormalization scheme and scale. These differ-
ent expressions are connected by afinite renormalization.
Since they describe a unique physical phenomenon and
they have to be equivalent. In other words, physical quan-
titiessuch as S-matrix elementsareinvariant under afinite
renormalization.

Therenormalized coupling constants g, and m, depend
on the renormalization scale « at which the subtraction
procedure is defined. Writing this dependence explicitly,
we have

o (1) = Zg(u) ™9,
My () = Zm(pe)~Y?m.

The renormalized coupling constants g, (1) and g (1)
which are obtained through two different subtraction pro-
cedures characterized by the renormalization scales i« and
', respectively, are related to each other by

(89

o (1) = zg(1t', )0 (), (90)
where the finite renormalization zg(u', 1) is given by
zg(i', 1) = Zg(1)/ Zg(1'). (91)
In the same way we have
me (1) = zm('s )My (1), (92)

where zg(u', 1) is defined by
Zm(W's 1) = [Zm(1)/ Zm(u)]V2. (93)
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Equation (90) defines a set of finite renormalization
{zg(n', )} for varying renormalization scales u' and p.
Thefinite renormalization (90) can beregarded asatrans-
formation. This set of transformations possesses group
properties. This group is Abelian. A similar property is
possessed by {zn (1, 1)}, whichisalso an Abelian group.

We have yet another kind of finite renormalization
which applies to Green functions. For simplicity, let us
consider here the truncated connected Green function for
n gluon legs G!(p, g, m), which is defined by

2r)*8* (pr+ - + P)Ga(pr) - - - G2(pn) Gl (P, 9, M)

= / d4)(1 Ce d4Xne*i(pl'X1+"‘+pn‘Xn)Gg(X1’ e Xn)’
(94)
where Gf (X, ..., Xn) is the connected Green function
given by
1 O0"W[J,g,m
G - g) = (it el 0. ) (95)

8I(X1) ... 83(%n) |30

and W[ J, g, m] is the generating functional for the con-
nected Green functions, which isrelated to the generating
functional Z[J, g, m] for the Green functions G, through
the relation

Z[J, g, m] = Wi.e.m (96)
Since
W[J,g9,m] =W [J, g, m], (97)

and J=25 Y 2Jr (note here the redefinition of J cor-
responding to the field redefinition A% = Z3/2A2 ), we
find that the renormalized connected Green function
GSr(X1, ..., Xn) isrelated to GE(Xq, . . ., Xn) by

GS, = Z;"°GE. (98)

Defining the renormalized truncated connected Green
function GS,(p, gr, M, ) through the equation

(27)**(p1+ - + Pn)Gra(py) - - - Gra(pn)
x G, O, e, 1)
= / d¥xq - - - d¥xpe T (Prxat P Xl GE (x) LX),
(99)
we obtain
GIA(P. &r. Mr, 1) = Z3()"?Gi(p. g, m).  (100)

We introduce the renormalized Feynman amplitude
Fn(p, or (1), my (), w) withrenormalization scale u such
that
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Fn( p’ gf (M)’ ml’ (/’L)’ /'L)
= —iGE(p. o (). Mr(n). ). (101)
The finite renormalization for F, is then given by

Fa(p, gr (1), me (i), 1)
= Zn(M/a M) Fn(p7 gr (M), mr (/L), I’L)v (102)
where the renormalization factor z,(u/, 1) is defined by

Za(1', ) = [Za(1')/ Za(u)]"2. (103)

Thusthe change of therenormalization scale u — " gen-
erates a finite multiplicative renormalization of the Feyn-
man amplitudes which gives rise to an Abelian group
{za (', 1)}

We have obtained three sets of finite renormalizations
{zg(1', 1)}, {zm(', @)}, and {zq (1, )} which constitute
Abeliangroupsgenerated by thescalechange — u’. The
group thus obtained is called the renormalization group.

The transformations (90), (92), and (102) may be re-
garded as functional equations for g-(u), m; (i), and
Fn(p, or (1), my (u), n) characteristic of the renormaliza-
tion group. If we restrict ourselves to an infinitesimal
change of the renormalization scale u, these functional
equations reduce to differential equations which corre-
spond to the Lie differential equations in the Lie group.
These differential equations are called renormalization
group equations.

Now we derive the renormalization group equation in
the MS (or MS) scheme. We first derive the differential
equations corresponding to the functional equations (90)
and (92). We keep u fixed in Egs. (90) and (92) and dif-
ferentiate both sides of these functional equations with
respect to u'. It is, however, more convenient in the later
practical calculations to start with Eq. (89) to obtain the
same differential equations. We employ dimensional reg-
ularization. Then g and g acquire mass dimension. We
isolate these mass dimensions explicitly,

g = Goio

O = ORM®,
where e =(4— D)/2 and gp and gr are dimensionless
coupling constants. Here the mass scale g is fixed scale,
whilethe mass scale u for the renormalized coupling con-
stant g, isavariable parameter. Themassscale  isin fact
identified with the renormalization scale in the MS (or
MS) scheme. Using Eq. (104), we rewrite Eq. (89) in the
following form:

(104)

Gr (1) = (%) 2400 . (105)

The bare parameter g and m are regarded as fixed con-
stants, hence we have
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d _, dm_
du du
According to Eg. (105), we obtain, from (106), the differ-

ential equations for the renormalized parameters gg and
mg,

0. (106)

p 9B _p (107)
n
dm

ud—R = —MRYm, (108)
"

where we have rewritten m, asmg, i.e.,, mg =m;, just to
balance the notation, and 8 and yy, are given by

w dZg
= — e 109
B €0R Z, di ORr (109)
p dzy?
m

The quantities 8 and yr,, defined here are finite functions
of u since the divergencesin Zgy and Z, as e — 0 cancel
out in expressions (109) and (110).

We now turn our attention to the differential equa-
tion corresponding to the functional equation (102). We
n_cg:c:e that the unrenormalized n-point Green function
G, (p, 9. m) defined in Eq. (94) is independent of the
renormalization scale u as far as the bare parameters g
and m are fixed, i.e.,

d -
MG;C( pv gv m)|g,m = 0 (111)

In terms of the renormalized n-point Green function de-
fined by Eqg. (100), wereexpressEq. (111) inthefollowing
way':

d
@[Zs(u, g, m)~"2Fy(p, gr(ue. 9, M),

X mR(Mi g, m)’ I'L)] |g‘m =0. (112)

Applying the chain rulein differentiation to Eq. (112), we
obtain

925" .
3 Fo+ 23"

I g.m
omgr 0
+ = )F,
a,LL BmR

8+
X —
au

Rewriting Eqg. (113), we have

agR d

R =0. (113
op Igr (113)

g.m

0 0 0
— — — YmMr—— —ny |F, =0, (114
<M3/L + ﬂagR Ym RamR V> n (114)

where 8, ym, and y are defined respectively by
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a9
B=ng| . (115)
I’L g’m
am
Vin = __# 9R 7 (116)
MR 8,bL g,m
0Z
I e 1 (117)
223 B,bL g.m

It should be mention that in the MS scheme 8, ym, and y
depend only on gg:

B = B(gr), (118)
Ym = ¥Ym(OR), (119)
y = v(ORr)- (120)

Equation (114) together with Egs. (118)-(120) constitute
the renormalization group equation for the Green func-
tion F, inthe MS scheme. Equation (114) is called the ’t
Hooft-Weinberg equation. The functions 8(gr), ¥m(gr),
and y (gr) are called the renormalization group functions.
In particular B(gr) goes by the name of the g-function
or the Gell-Mann-Low function, and y(gr) is called the
anomalous dimension of the gluon field Af,.

Now we can easily generaize Eq. (114) to the trun-
cated connected Green function F . With ng gluon and
ng quark legs, and take the renormalized gauge constant
aR into account. The generalized renormalization group
equation reads

Ky =0 MR —
ME)M Or, OR 90R Ym(OR, R RBmR

0
+8(9r, @r) —— — NG Y6 (R, @R)
BOlR

—NeYe(GR, oeR)] Fne.ne =0, (121)

where gr =011, Go=0t5", £ = (4—D)/2, mg =,
and ar = a, . The renormalization group functions 8, ym,
8, Y&, and y are defined by

d
B(Or, aR) = M% , (122)
w g,m,«
n OMg
, == , 123
Ym(GR, oR) MR 00 g me (123)
Jo
S(Or. o) = 1o | = —2opye(OR.aR). (124)
M g.ma
u 923
ap) = — 2= 125
Y6 (R, @R) 273 o ame (125)
u 923
, = —-—_—° 126
Yr (R, aR) 27, o ame (126)
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Here ys and yr are called the anomal ous dimensions of
the gluon and quark fields, respectively.

The renormalization group functions can be cal cul ated
order by order in quantum chromodynamics. The calcula-
tion of the g-function has been performed up to four loops
in the M S scheme. Here we present the expression for the
B-function up to three loops:

B(@) = —Bog® — f10° — B20" + O(¢%),  (127)

where the 8; are given by

1 2

Fo= Gy (11— éNf) , (128)
1 38
1 2857 5033 325

P2 = Gamys ( 2 s §N$>' (130)

Now we introduce the running coupling constant g,
which is the renormalized running coupling constant de-
fined at the arbitrary renormalization scale u, i.e.,

d
pg = BO) (131)
n

If we reexpress the scale u by a new scale t through the
relation . = €', the above equation becomes

dg
5 = PO, (132

where the running coupling constant g can be regarded as
function of t, so that it should be expressed as g(t). The
integrated form of Eq. (132) is given by

a(t) dg’
t = ) 133
. A@) (133)
We choose the momentum scale to be
et =V _qz/M, (134)

where @ is the typical momentum under consideration,
whichistaken to be spacelike, and ¢ isthe fixed momen-
tum scale. We insert Eq. (127) into Eq. (133) to obtain

t_ 1/92 da 1 (135)
2 )g A% Bo+ Bik+ BoA2 + O(A3)’

where g =g(0). If we choose g sufficiently small, i is
also kept small since g < g. Hence to this approximation
we may safely truncate the perturbative series for the
B-function. Keeping only the one-loop order, we have
from Eq. (135)

1 1 1
t=—(=+—=). 136
280 <QZ * 92> (139
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Hence the running coupling constant g is given by
g 1

1+2B0g?  Boln(—g?/A2)’

where the new momentum scale A is defined by

A = pexp[—1/(2809%)]. (138)

The momentum scale A is often referred to as the QCD
scale parameter and is the only adjustable parameter in
QCD except for the quark masses. In fact, the free param-
eter g present in the original Lagrangian is replaced by
the scale parameter A through Eqg. (138). The scale pa-
rameter A should be determined by comparing the QCD
predictions with experimental data.

From Eq. (137), we can see that asymptotic freedom
occursif By > 0. Equation (128) shows that the condition
for the asymptotic freedom reads

N; < 33/2.

g’ = (137)

Hence quantum chromodynamics enjoys the property of
asymptotic freedom in so far as the number of quark fla-
vors is less than 16. It should be noted that, for Ny =0,
i.e., for aworld made up only of gluons, the coefficient
Bo is positive definite. It is the presence of quarks that
can spoil asymptotic freedom. The fundamental origin of
asymptotic freedom may be traced back to the existence
of the three-gluon coupling term in the Lagrangian. As
this term is peculiar to the Yang-Mills theory, we real-
ize that asymptotic freedom is inherent in the nature of a
Yang-Mills theory.

The formula (137) may beimproved by taking into ac-
count the two-loop term, i.e., the term with the coefficient
B1in EQ. (135). Performing the integration, we obtain

11 1 B, G%Bo+ A
t=— |-+ —=—In——"—"""=1|. (139
260 [92 7 b ot D) | )
We rewrite (139) in the following form:
1 B oG’ <—q2)
—4+—=In——=6In | — ), 140
7 h "1 pefe 0\ az)

with the scale parameter A defined by

5 B1/(283)
A = pe /e L+ 519’/ o . (141
Bog?

Note that Eq. (141) reducesto Eq. (138) if we set 8, =0.
Equation (140) may be solved for g? iteratively provided
that —g2 > A2,
o — 1 [ _ BiInin(=g?/A?%) }
Boln(—0?/A?) Bs In(—9?/A?)
(142)

Quantum Chromodynamics (QCD)

The second term in the parentheses in the above eguation
represents the next to leading order, which correspondsto
the two-loop effect.

We find that the renormalized coupling constant tends
to be small as the relevant momentum scale grows. Ac-
cording to thisproperty of asymptotic freedom, werealize
that our perturbative calculation is justified for the large-
momentum scale. Thus, in QCD, perturbation theory is
perfectly legitimate in the large-momentum region.

C. Operator-Product Expansion

The product of fieldsat the same space-time pointiscalled
the composite field or composite operator. Strictly speak-
ing, the composite operator field is not well defined if one
takes a product of fields in a naive way. To make the ar-
gument simpler we shall confine ourselves to the case of
the neutral scalar field ¢(x).

Even for free fields we can see show that the composite
operator is not well defined. Let us consider the time-
ordered product of two fields T[¢(X)¢(y)]. Its vacuum
expectation value is the propagator of the free field ¢(x)
(times —i),

(OIT[A()WII0) = —i A(x —y)
. d‘p ePy

= —i 2 pEie (243)
Aswe let y— x in Eq. (143), we see that the momen-
tum integral on the right-hand side diverges. Further-
more, not only for the vacuum expectation value (143),
but also for general Green functions (O|T[¢(X)p(y)d
(X2) - - - (X1)]|0) onemay show that the divergence occurs
a y—X. Thus the composite operator limy_
T[d(x)P(y)] for free fields is not well defined. To see
the situation more clearly, we perform the momentum in-
tegration in Eq. (143) explicitly:

A= Y) = 250X~ ¥)

Li M KMy yP )
4r? (= yP +ie

where K1(2) is the modified Bessel function of the sec-
ond kind. The right-hand side of Eq. (144) is obviously
divergent for x =y. In the case of free fields we may find
ameaningful definition of the composition field ¢(x)? by
subtracting the singularity of itsvacuum expectation value
from the naive product of the field operators,

B(x) = ;LI’Q{@(X)é(Y) — (0l¢(x)(y)I0)}.  (145)

Thecompositeoperator :¢(x)?: definedinthisway isnoth-
ing but thenormal product of freefields. For theinteracting
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fields, this simple manipulation cannot be generalized in
astraightforward manner.

For interacting fields we also have a simple argument
showing that the composite operator ¢(x)? isill defined.
We take the vacuum expectation value of the composite
operator ¢(x)? and find that

(0$(x)?[0) = f d—nguo@(oﬁ n)|%.  (146)
=] @rem 4 P

Here we have inserted between the two ¢(x)’s the com-
plete set of eigenstates | p, n) of the four-momentum op-
erator P,,,

P.lp,n) = pulp, n), (147)

where n is a quantum number other than momentum p,
|abeling the eigenstates, and we have also used the trans-
lation invariance of the theory,

$(x) = €P*p(0)e . (148)
The complete set of states | p, n) as a subset and hence
> 10IgO)1p. n)* = [(01(0)p. D> (149)

Here the matrix element in Eq. (149) depends only on
p? by covariance. In particular, the right-hand side of
Eq. (149) isindependent of p,, since p? = m? for the one-
particle state, where misthe mass of field ¢(x). Therefore
we have by combining Eq. (146) with Eq. (149),

3
(01$(x)?10) = N / L, Po = v/p? + m?,
(27)*2po

(150)
the right-hand side of which is divergent, and N =
[(0|$(0)| p, 1)|2. Thus the composite operator $(x)? in
general givesriseto divergent matrix elements and is not
amathematically well-defined object.

The operator-product expansion proposed by Wilson
may serveto giveameaningful definition of the composite
operator. By the operator-product expansion we mean that
theproduct of operators, say A(x) and B(x), isexpandedin
aseriesof well-defined local operators O; (x) withsingular
c-number coefficientsCi(x) (i =0, 1, 2,3, ...),

A > A [(X+Y
AX)B(Y) =) Cx—-y)Oi[—). 151
@80) =300 (7). sy
where A(x) and B(x) may be the field ¢(x) or any other
local operators. The local operator O;(x) is regular in
the sense that the singularity of the product A(x)B(x)
for y=x is fully contained in the coefficient functions
Ci(x — y). In Eqg. (151) we arranged each term in the or-
der of decreasing singularity. Hence Cy(x — y) isthe most
singular asy — X, thenext most singular oneisC; (x —y),
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and so on. The operator Og(x) is usually an identity op-
erator. Thus the operator-product expansion serves as a
means of defining the composite operator.

Now we shall derive the operator-product expansion of
Eq. (151). We exemplify it in free field theories. One of
the simplest examples of the operator-product expansion
in free field theories is the Wick theorem applied to the
time-ordered product of two free neutral scalar fields:

Tle(x)p (] =:¢(X)p(y): + (O T[6(X)¢()]10).  (152)

where ¢ (X)p(y): representsthe normal product. Also, for
free fermions we have

Ty )P Y] =¥ () (y): + O T[¥ ()% (V)]0).
(153)

Asremarked before, the normal product of free fields may
be used to define acomposite operator, asit isregular even
in the limit x — y. Defining the electromagnetic current
ju(x) by the normal product for the quark fields,

Ju(X) =9 (X)y, ¥ (x):, (154)

we derive the expansion of the product of two currents by
applying the Wick theorem,

TLu(X)ju(0)]
= —Tr[OIT [y ()% (x)]10)¥,. (OI T [ ()% (0)]10} 1]
+ ¥ () O T[¥ (x)¥(0)]10) 1% (0):
+ 9 (0 (O T [ (0) ¥ (x)]10) v ¥ (X):

+ 1 ()7 ()P (0) vy (0):. (155)
Note here that for the free quark field v (x)
. 7 d4p 1 —ip-x
OTEH OO0 = S0 = [ B e
(156)

where S(x) isthe free quark propagator. Asis easily seen
in the above equation, S(x) is singular for x — 0. Since
on the right-hand of Eqg. (155) we have two S(x)’s in the
first term, one §(x) in the second and third, and none in
the fourth, we redlize that each term on the right-hand
side of Eq. (155) is arranged in the order of decreasing
singularity for x ~ 0. Equation (155) isclearly an example
of the operator-product expansion (151).

The free quark propagator S(x) is related to the free
neutral scalar propagator A(x) defined previously in
Eq. (143), i.e,

S(x) = (i g + m)A(x). (157)
Theexplicit form of A(x) isgiven by Eq. (144). Thelead-
ing singularity of A(x) may be extracted from Eq. (144)
and is found to be independent of the quark mass,



= It X ie + lesssingular terms.  (158)
The singularity lies on the light cone x> — 0 and so is
called alight-cone singularity. It isimportant to note here
that the more singular the behavior of A(x) near the light
cone, the larger the power of g2 in the Fourier trans-
formsim A(q) of A(x). Thefollowing formulaisatypical
example of this property in the one-dimensional Fourier
transformation:

[} eiqx Zﬂ,eiom/z el
f_oc dx(X o T T@ 0(q)g* . (159)
Hence it is enough for us to examine the most singular
part of the c-number coefficients in Eq. (155) in order to
see the dominant contribution of the current product to the
matrix element of the physical reaction.
We extract the most singular part of Eq. (155) near the
light cone by using Egs. (157) and (158),

o ~ X2g, — 2%,X,
T ()5 (0)] = T NCRAT
i x* p
* 2o ey e VO
X)\.
+ O,(x, 0), (160)
where O (x, 0), O4(X, 0), and O,,,(x, 0) areregular bilo-
cal operators defined by

+ OAX(x, 0)

Oy (x,y) = Y (X)y" ¥ (y) — ¥ (Mr"v(x):, (161)
OAX. Y) = W (X)y"ysr(y) — ¥ (V" ys¥ (x):,  (162)
O (X, ¥) = Y (X)yu ¥ ()Y (M) ¥ (Y):, (163)

and oy, iSgiven by

Opurvp = QM gvp + gp_pgvk - guu gAp- (164)

It is important to note here that the operator-product
expansion (160) provides us with aclear separation of the
short-distance effects from the long-distance effects. In
fact the singular c-number coefficients in the expansion
characterize the short-distance behavior of the product of
currents, while the regular bilocal operators include full
information on the long-distance properties of the theory
and are unimportant in the short-distance region.

We may transform Eq. (160) into aformulafor the cur-
rent commutator [ j,.(x), j»(0)]. For this purpose we first
note that

T 0O = T, juO)]" = (o) ju(X), j»(0)],
(165)
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where we took into account that current j,, is Hermitian,
and e(Xg) isthe sign function,

Xo
e(xo) = w . (166)

We then use the fundamental relation

1 P
et im8(x?), (167)

where P denotes the principal part. Differentiating
Eq. (167) n — 1 times with respect to x2, we have

1 __P D iy 2
(X2 —ig)" _ (x)n +in (n— 1) §7(x%),  (168)
where

M2y — 9" 2
sW(x%) = d(x2)”5(x ). (169)

From Eqg. (168) we immediately obtain

1 1 _ o (-1 nt (=1) 72
(C—ie)  (C+ie) 2 Ik ().

(170)

Using Egs. (160), (165), and (170), we finaly obtain the
desired formula,

. . [
8(X0)[J/1(X)7 ]v(o)] = ?(2)(/4)(11 - nguv)8(3)(xz)
1
+ =X 80001, OY (%, 0)

i
- ;x%s(l)(xz)ew,, OX(x, 0)

+ O (x,0) — 0,,(0,x). (171)

Now we apply the operator-product expansion to physi-
cal processes. Let usstart with the application of Eq. (171)
tothee™ e~ annihilation cross section. Using the standard
method, the total cross section of ete™ annihilation can
be expressed as

e4
o = 551" W, (172)
where
1™ = pyps + pps — (A°/2)g"", (173)

Wy = / d*x (0[], (). ,(O][0).  (174)

Here p1 (p2) isthe momentum of the electron (positron),
and q = p1 + p2. Weinsert Eq. (171) in Eq. (191). Since
Oy, Op, and O,,, are of theform of anormal product, we
realize that only the first term on the right-hand side of
Eq. (171) contributes to w,,,. Hence we have
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i 0 0 0 0
= AL S l,. (175
o (g‘ 9q aq " agr aq“) » (1)

where nonleading contributions are neglected and |, is
given by

n= / d*x €9%e(x0)8™ (x?). (176)
After some calculation, I, isfound to be
in? 2yn-1 2
n= m(q )" te(q0)0(a%), (177)

where 0(q?) is the step function. We then obtain

1
W = (G — 0°0v)€(00)0(0%). (178)

Substituting Eq. (178) into Eq. (186), weimmediately find
for theete™ annihilation total cross section

A o?
= . 179
o 3s (179)

Intheaboveargument we started from the el ectromagnetic
current given by Eq. (154) and so the quark was assumed
to have unit charge, Q =1. If we had started form the
electromagneic current of the form

N¢ N¢
Ju) =D Qi > Wi (X)yutij (x):, (180)
i=1 j=1
with N¢ quark flavors and N, colors, we would have
obtained

4”“ Ne Z Q2 (181)

The aboveresult isjust the same aswhat is obtained from
the parton model. Thus the free quark operator-product
expansion (171) at short distancesisessentially equival ent
to the parton model. This is in a sense quite reasonable
becausethefirst term of theright-hand side of (171) comes
from the first term of Eq. (155), which correspondsto the
Feynman diagram depicted in Fig. 2. Taking theimaginary
part of the Feynman amplitude corresponding to Fig. 2, we
obtainthelowest order contribution of the el ectromagnetic
interaction to the ete~ annihilation total cross section.
Hence we have the parton model prediction of the cross
section.

IV. PHYSICAL APPLICATIONS

Equipped with the operator-product expansion and renor-
malization group method we are ready to apply pertur-
bative quantum chromodynamics to physical processes
dominated by short-distance effects. Astypical examples
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FIGURE 2

we deal with thetotal cross section of ete~ annihilations,
deep inelastic structure functions, and hadron jet distribu-
tionsin ete~ annihilations.

A. ete= Annihilations

One of the simplest examples of the application of pertur-
bative QCD isfoundin determining total cross sectionsfor
ete™ annihilation processes. L et usconsider theprocessin
which apositron et and an electron e~ annihilate through
the electromagnetic interaction, producing a number of
hadrons. Here, for smplicity, we do not take into account
the weak interaction effect which may become significant
in the energy region of the weak neutral boson Z°.
The process of ete™ annihilation iswritten as

e +e — X, (182)

where X represents the final hadron system. The corre-
sponding Feynman amplitude is given by

(XI(—8)j.(0)10),
(183)

1
(X|Tlete™) = 17/\2(p2)eJ/MU/\1(p1)¥

where p1(p2) and A1 (A2) arethemomentum and spin com-
ponent of the electron (positron), respectively, with g the
total momentum, g = p1 + P2; Ux(p) [7,.(p)] isthe Dirac
spinor of the electron (positron) and j,(x) is the quark
part of the electromagnetic current.

Thetotal crosssectionfor theannihilation process(182)
can be written down as
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(2n)464(px —Q)l(X|TleTe)I%,
(184)
where the electron mass is neglected and
s=0"= (01 + G)*. (185)

Inserting Eq. (183) in Eq. (184), we ontain
4

0= 3| Wy, (186)
where
1 = pi'ps + prps — (@%/2)g"", (187)
Wy = Z(zn)464(px — 9)(01j,(0)[X)(X]],(0)]0).
(188)

Itiseasily shown that w,,, can be rewritten as

W = / dx€9X(0j,(0],(0[0).  (189)

For the process e™ + e~ — X to be physical, the total en-
ergy o of theinitial state should be positive, and then we
can show

[ e 0,000 =0 @0
With Eq. (190), Eq. (189) can be written in the form
Wy = / X0, (0} O10).  (190)

Thus the total cross section for ete~ annihilation is ex-
pressed in terms of the current commutator. In the center-
of-masssystem, wehaveq = (qo, O, 0, 0). Bearinginmind
high-energy annihilations, welet qo — co and wefind that
only the region X, ~ 0 makes a major contribution to the
integral (191) according to the Riemann-L ebesgue theo-
rem. On the other hand, the integral (191) has a support
only when x2 > 0 due to the causality requirement, so that
Xo~ 0 implies x ~ 0. Hence we conclude that the total
cross section for high-energy ete~ annihilations is gov-
erned by the current commutator at short distances.

For later convenience we further rewrite Eg. (186). The
general tensor structure of w,, may be easily deduced
following the requirements of Lorentz invariance and cur-
rent conservation. We find that w,,, is expressed in terms
of only one invariant amplitude w(qz)

W = (0.0 — 1 gw) w(qz) (192)

where the extrafactor 1/(67) is attached for later conve-
nience. Substituting Eq. (192) into Eq. (186), we have

47105

w( s). (193)
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where o = €/(4r). On the other hand, it is easy to show
that the total cross section for the process

e +e - ut4+pu” (194)

in the lowest order of the electromagnetic interaction is
equal to

(195)

where the electron and muon masses are neglected. It is
customary to define so-called the R ratio

R=-2 —w(s), (196)
Oup
to discussthe high-energy ete™ annihilation process. The
Rratioisclosely related to the current commutator at short
distances. To show, thisweuse Egs. (191), (192) and (196)
to reexpress the R ratio as

2 ax/nl -
R= —E/d“xeq (0]j.(x)j*(0)|0). (197)

We consider the ete~ annihilation at very high center-of-
mass energies (large \/_ ) so that al the relevant quark
masses are negligible compared with \/7 Then R is
a function only of the center-of-mass energy squared,
s=q?, the renormalized coupling constant g, and the
renormalization scale 1,

R = R(s/1?, 9). (198)

Here the dependence of R on s and u isgiven by theratio
s/u? for dimensional reasons.

Theoperator j, in Eq. (197) isthe electromagnetic cur-
rent, which is conserved, and hence its anomal ous dimen-
sion vanishes. Accordingly, the renormalization group
equation for the R ratio reads

d a S
— — | R —= =0. 1
[uaquﬁ(g)ag} (M2’9> 0. (19
The general solution of Eq. (199) is easily found to be

R (% g) — R(L 0(9). (200)

where the running coupling constant g(s) is defined in
terms of the g-function such that

Wobo =g (0]
witht =(1/2) In(s/,uz).

The meaning of Eq. (200) is obvious: the explicit s
dependence of the R ratio computed by using the cou-
pling g can be completely absorbed into the s dependence
of the running coupling constant g(s). In asymptotically
free field theories, the running coupling constant g(s) for
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large s is found to be small; thus the validity of the per-
turbative calculation of R is guaranteed.

The R ratio expressed in terms of the coupling con-
stant g renormalized at scale . contains, in general, large
logs, In(s/u?), for large s in each term of the perturbative
expansion and hence the effectiveness of the perturbative
calculation is spoiled. According to Eg. (200), however,
the calculation is drasticaly improved if we employ the
coupling constant renormalized at the scale of the rele-
vant energy /s.

Let uslook into the details of the above statement. The
Rratio R(s/u?, g) isgiven by the perturbative calcul ation
in the form

R <%’ g) - |Z QA[1+a(s/ud)g?+b(s/n?)g*+-- 1,

(202)
where the index i runs over colors and flavors of quarks.
The coefficients a, b, ... in genera include large logs,

In(s/u?). Equation (200) indicates that, if g is replaced
by g(s), these large logsin the coefficient disappear, i.e.,

s
R(5:9) = X Qi1+ awa(e? + ba(” + 1.
' (203)

The expression (203) is much better than Eq. (202) intwo
respects: its expansion coefficients are smaller than those

_ G
g q G G
%Jr ;Jr j A/\+ ?Jr
e” et
G
q q G G 2
+ A + %‘F §A+.... +
e” et
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in Eq. (202) and the expansion parameter g(s) is smaller
than g for large s (s> u?) according to the property of
asymptotic freedom.

We shall show how to calculate a(1) in Eqg. (203) in
perturbative QCD. The strategy for computing a(1) isfirst
to calculate the R ratio to order g2 by using the coupling
constant g renormalized at the scale .« and then set u? =s
to obtain a(1).

The Feynman diagrams contributing to the total cross
section of the ete™ annihilation are shown in Fig. 3. The
total cross section o receives separate contributions from
thefinal statesqq, 9qG, qgqqq, qqGG, ..., withq, d,and
G denoting the quark, antiquark, and gluon, respectively.
The contribution up to order g? may be represented as in
Fig. 4 and is split into three parts: the Born cross section
og (Fig. 4a), the virtual (one-loop) gluon contribution oy
(Fig. 4b, c), and the real-gluon-emission cross section og
(Fig. 4d). Denoting the full cross section to order g2 by o,
we have

o = Z50p + oy + oR
= og + 6v + oOR, (204)

whereéy = oy +(Z%—1)og with Z, thefield renormaliza-
tion constant associated with the quark extrnal lines. The
factor Z% inEq. (204) isnecessary sincethefield renormal -
. . 1/2 .

ization constant Z,'“ for each quark external line should

FIGURE 3
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beincluded inthe expression of therenormalized S-matrix
elements as arenormalized truncated Green function.

TheBorn crosssection og can be obtained by neglecting
electron and quark messes,

et (205)

og =
3s

The one-loop contribution oy to the et e~ — qq cross
section of Figs. 4b and 4c is calculated in the following
way. Weconsider theete™ annihilationsat very high ener-
gies so that quark masses are practically negligible. Inthe
following calculationsall the quarks areregarded as mass-
less. The contribution of Figs. 4b and 4c can be writtenin
such away that

1 d3k, d3k,
8s J (27)32kyg (27)32ky
X (K1 + k2 — p1 — p2)Fv, (206)
where Fy isgiven by

oy = (271’)484

4
Fv = (Z le> %Tf[ﬂzy“my”] TrKiA Kow] +c.c.,
| (207)

with c.c. representing the complex conjugate of the first
term and A, the one-loop vertex part corresponding to
Fig. 5,

d°% 1 1 1,

A = 0%C — .
n =9 eopi ke Rk Rt ke

(208)

Note also that we use the Feynman gauge in the present
cdculation, and we calculate Z, on the mass shell of
guarkswhere quarks are massless. Here naturally we meet
with the infrared divergence (mass singularity) arising
from the vanishing quark mass. We shall regularize the
mass singularity by means of dimensional regularization.
For p? = Othequark self-energy part = (p) inthe Feynman
gauge reads

! dPk 1

Z(P)|p=o = g°Cr(D — 2);3/0 dx(1 - x)/ —(Zn)Di @
¢ 1 1

= —(47T)2CF¢<E - ;>, (209)

where ¢’ and ¢ are equal to the parameter (4— D)/2 and
servetoregularizetheultraviol et andinfrared divergences,

Ny
I

FIGURE 5
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respectively. From Eq. (209) we obtain the renormaliza-
tion constant Z, to one-loop order,

9° 1 1
Zo =1+ Cr (E - ;> . (210)

Theintegrationin Eq. (208) is performed similarly and
resultsin

g? 4\ °
AMZV;L@CF( 7 IMN1l+¢e)B(l—g,2—¢)
1 2
x <—, i 2) (211)
g ¢

where 1 isthe mass scaleintroduced to make the coupling
g dimensionless and

g = P+ P2 (212)

As expected, the ultraviolet divergences present in
Eqg. (211) cancd out in &y on account of Eq. (210). In-
serting Eq. (211) into Eqg. (207) and taking account of
Egs. (205) and Eq. (210), we find

6y = Ayos, (213)
where Ay is given by
A, = %CF 47 i2\° cosme
b4 S rl-e)

x (‘le 3y 0(g)>, (214)

2e

where a5 is the QCD coupling constant defined by ag =
9%/ (4n).

Thecalculation of og goesasfollows. The cross section
or corresponding to Fig. 4d iswritten in the form

dD lk DD
R= 83/1_[(271)0 12k.0(2”) )

3
X (Z ki—p1— Pz) Fr, (215)

i=1

where
<Z Qi ) 492CF Ty By "] Tk S koS ],
(216)
-1 1
Sw = yukl+k3yv+yvk2+ksyu' (217)

In Eq. (215) we worked in D dimensions ratther than in
four dimensions because we anticipate possible infrared
divergences. We introduce tensors G,,,, L**, and | ,,,
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G = TrlkiS kS ], (218)

L = Tr{ oy pay"] = 4<pi‘ P>+ PIp; — q;g“)
(219)

) - (220)

dD lk|
I/LUZ/E 2k|() 5D<Zk|

The cross section or is then expressed in the form

e
WM(ZQ )cpw”lw (221)

As can be seen in Eq. (220), 1, depends only on g, and
satisfiesthe following condition corresponding to the con-
servation of the electromagnetic current:

9“1, =0. (222)

OR =

Hence the general form of |, is given by

L = 1(6?) (ng” _ g,w) , (223)

with 1(9?) = —g*"1,,/(D — 1). By means of Eq. (223)
we obtain

D-2
L4, = mq2g'w|,w. (224)

On the other hand, we find after some cal culation

2 2 2
X7 + X5 — eX3

g.U.VGMV = —8(1 — 8)m, (225)
wheree = (4 — D)/2 and
x =2k -q/9> (i=1223). (226)

Thethree-body phase volumefor g*”1,,, in D dimensions
may be rewritten in terms of the variables x; so that

v
g =

( S)l 2e 1
IFZTZ 2¢) Jo 1_[(1 X)X

x (2 — Z xi)g“”G,w. (227)
i=1

Combining Egs. (221), (224), (225), and (227), we arrive

at
2e
= (Z Qiz)azastg (%)

(1—¢)?
“ B 2:)T(2—29)

where u comes from the mass dimension of the coupling
constant g in D dimensions and

(228)
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. 3 XZ + X3 — eX
K —/ l_[(l X() "~ dx;8 ( Z )—(11 x1)2(1—xi)
(229)

The constant K can be calculated analytically to order °,
i.e,

K:(iz—nglo 43)5(1—52 20)B
&
x(1—¢e,1—¢)+ O(e). (230)

We wish to express Eq. (228) in the form of
or = Agog, (231)

with Agr to be determined. For this purposewe needto find
the expression for the Born cross section og in D dimen-
sions. We repeat the calculation of og in D-dimensional
space-time and obtain

4 o? o\ (47\° 31—l (2—¢)
787 T35 (Z Q‘) <?> (3—2e)T(2— 2¢)
(232)

Comparing Eq. (228) with (232), we find for Ar of
Eqg. (231)

os 4 pn?\° cosme
Ar=2C
R™ 7 F( S ) rl-e)

1 3 19
4= Y.
x <82 tomt gt O(s)) (233)

Substituting Egs. (213) and (231) into Eq. (204), wefinally
obtain

o =1+ Ay + AR)og = (1+ ZCF%) os.  (234)
In this result we clearly see that the infrared divergences
present in Ay and Ag just cancel out leaving a finite one-
loop effect. We thus finally obtain a(s/u?), which was
defined in Eq. (202).

It should be noted here that up to this order, a(s/u?) is
independent of large logs, In(s/u?), and so

a(s/u?) = a(1). (235)

Under this circumstance we may, according to Eq. (200),
simply replace as in Eq. (234) by &s, the running coupling
constant,

: (236)

and obtain

< ) ZQ2<1+ CF—> (237)
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Owing to asymptotic freedom, the running coupling con-
stant of QCD decreases logarithmically as the relevant
mass scale grows. Accordingly, Eq. (237) tells us that the
R ratio in QCD approaches the parton-model prediction
ass— oo.

B. qqd Jets in ete~ Annihilations

We shall show in the present section that hadronic jet phe-
nomena are dominated by short-distance effects, so that
perturbative QCD may be safely applied to the discussion
of jet processes. For this purpose we present the proof
of the cancellation of the infrared divergences in the jet
cross sections since the infrared divergences reflect the
long-distance nature of QCD.

Here we confine ourselvesto hadronic jets arising from
the quark-antiquark pair production in e*e~ annihila-
tions. In order that the hadronic jets flow from the quark—
antiquark pair, the quark and antiquark are required not to
lose too much energy in their direction by the emission
of gluons and quark pairs. In other words it is necessary
to show that most of the annihilation energy is deposited
aong the direction of the quark and antiquark. The first
step of the argument is to give a precise definition of the
jet cross section and then to prove that the dangerous in-
frared (soft and collinear) divergences are controllable in
size. The jet generated by the above QCD mechanism is
often called the Sterman-Weinberg jet or the QCD jet.

We have calculated in Section |V.A the total cross sec-
tion of ete~ annihilations to which the QCD diagrams
shown in Fig. 3 contribute. The contribution up to or-
der g was represented in Fig. 4. Here we discuss the jet
contibution up to the same order as above. The diagrams
contibuting to jets are the same as in Fig. 4 though the
kinematical regioninthefinal stateisrestricted. We define
the two-jet event in such away that most of the available
energy /s, i.e, (1 — A)/s with A « 1, is deposited on
two cones of small half-angle § (see Fig. 6). We consider
the angular distribution of the final quarks, i.e., the differ-
ential cross section do/d2 in the solid angle © specified
by polar and azimuthal angles 6 and ¢, respectively. The
Born contribution (do/dQ2)g corresponding to Fig. 4ais
given by

do

(Xz 2
(d_Q)B = Z Q2(1 + cos? ). (238)

The virtual (one-loop) contribution (do/d<2)y corre-
sponding to Figs. 4b and 4c isdirectly obtained in parallel
with the previous argument in deriving Eq. (213),

(&)~ (),

where Ay isgiven by Eq. (214).
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Now comes the real-gluon-emission contribution 1 1—x
(do/d2)r corresponding to Fig. 4d, which occupies the b= 5(1 — C0S013) = X1X3 (242)
major part of theargument in therest of the present subsec- 1 1—x
tion. Thedifferential crosssection (do/dQ2)g isdefinedin o = E(1 — COSfy3) = o l, (243)
1X3

asimilar way asin Eq. (215) by

do 1 (& dP ik .
/(d—sz)RdQ‘ éﬁﬂ(h)f’—lzkio‘z”) ’

3
X ( Ki—p1— pz) Fr, (240)
1

where Fg is given by Eq. (216) and the integral region
R is specified by the following conditions: The emitted
gluoniseither soft (i.e., x3 < A) or collinear to one of the
quarks(i.e., 613, 623 < 28), where xz isdefined by Eq. (226)
and 013(023) is the angle between the gluon and the quark
(antiquark) as shown in Fig. 7. It should be noted here
that the restriction of the phase space to R in Eq. (240)
correspondsto taking the degenerate state of the quark and
gluon, and theinfrared divergences (soft and collinear) are
known to cancel out in the following sum:

do do do do
da = <d—sz>B y (d—sz)v y (d—sz>R' (241

It is convenient to define new variables ¢; and ¢, through

where use has been made of therelation
1
(kg + ks)? = ZX1X35(1 — C0S613)

= (@ —k)? =s(1—x), etc. (244)
Since 813, 923 < 28 in R, we have
{1, < SN 6. (245)

Only two variables are independent among the five vari-
ables xq, X2, X3, ¢1, and ¢, and so we choose ¢; and X3 as
independent variables. Then the region R is specified by
1—sin?s
1— x3(2 — X3) Sin? &

< <sn?s, 0<x3<A,

(246)

where the lower bound of ¢; comes from the condition
o < sin?$. In Fig. 8 the kinematical region R given by
Eqg. (246) isshown in the ¢1—x3 plane. Neglecting terms of
order 82, we express (do /dQ)g in the form of an angular
distribution with respect to the quark direction,
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do 3
(E>R = 5+ cos? e)azascp< Z Qﬁ)

A\ % (1—¢)?
X( s ) G-29r@ 20"

where

3 3
KRZ/RL]:!(l—xi)dei}a(Z—in>p, (248)

i=1

X2 + X3 — ex2
=== °_ 249
P = a-xa-r) (249
Note that the dight deviation from the above angular
distribution is expected if a precise calculation is made.
Probably the easiest way of calculating Kr in Eq. (248) is
the following: We first note that

Kr=K — Kg, (250)

where K is the quantity corresponding to Kg integrated
over the whole phase space and is aready given in
Eq. (230) and K is obtained by integrating the integrand
of Eq. (248) over the region R which is obtained by elim-
inating R from the whole phase space as shown in Fig. 8.
Since there is no infrared singularity in the region R, we
may put ¢ =0 in Kz and then the cal culation turns out to
be straightforward. Changing the variables to ¢; and X,
we obtain

l {max p
Kg = dxzx3(1 — X dig——,
R /A 3X3( 3) gl(l—x3§1)2

Cmin

(251)

where ¢max and ¢min are respectively the maximum and
minimum values of ¢; given in Eq. (246), and p defined
in Eq. (249) isrewrittenin termsof ¢; and x3 as
_ = X3)2 + (1 — X3(2 — X3)¢1)?
x3(1 — x3)01(1 — ¢1)

After some calculation we find

(252)

7 7?2
Kgr=2 4In8InA+3In8—‘—1+? + O(3, A).
(253)
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Hence we have
Kr=4B(1l—¢,2—-2¢)B(1l—¢,1—¢)

1 3 17 =2
— ——4+ — —— —4InsInA —3Ins ).
X(gz 8+4 3 )

(254)

Exactly in the sasme way asin Eqg. (232) we calculate the
Born contribution to do/d$2 in D dimensions, which re-
sultsin

do o2 e
(E)B =% Z QP(1+ cos6) (?>

(1-e'(2—¢)
B—2)'(2—-2e)°
Using Egs. (247), (254), and (255) we finally obtain

do\ (do os ~ 4 u?\° cosme 1+3
de )y \d2 /g7 "\U's JTa-g\e2 ' 2
13 2

+——%—4In8InA—3In8>. (256)

2

Combining Egs. (238), (239), and (256), we see that the
infrared divergences just cancel out, and find

do _ (99 1 _%c (4nsina
s]9} de /g 7T
2
+3In8+n——§)] (257)

3 2

According to Eq. (257), we redlize that the order-os
correction to the two jets from the quark pair is control-
lable in size within the framework of perturbation theory

(255)
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and the hadronic pair jets appproximately in the direction
of the quark and antiquark. Thus the angular distribution
of the hadronic pair jetsreflects the spin-1/2 nature of the
constituents.

A similar argument as above may be made for hadronic
jets originating from gluon sources. It has been shown
that the same infrared cancellation as in the quark jets
takes place in the gluon jets. Hence the hadronic jet from
the gluon should also be observed experimentaly. In fact,
clear signas of three jets from the quark, antiquark, and
gluon have been observed in et e~ annihilation processes.

SEE ALSO THE FOLLOWING ARTICLES

GREEN’S FUNCTIONS e GROUP THEORY, APPLIED e PER-
TURBATION THEORY e QUANTUM MECHANICS
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Quantum Hall Effect
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I. Quantum Hall Effect

. Integral Quantum Hall Effect
lll. Fractional Quantum Hall Effect
IV. More Phenomena

GLOSSARY

Composite fermion (CF) The bound state of an elec-
tron and an even number (2 p) of quantum mechanical
vortices.

Filling factor (v) The ratio of the number of electrons to
the number of flux quanta (a flux quantum is defined
as ¢p = hc/e) penetrating the sample. It is nominally
equal to the number of filled Landau levels.

Hall effect Generation of a voltage transverse to the di-
rection of current flow in the presence of a magnetic
field. The ratio of the transverse voltage to the current
is called the Hall resistance, R .

Landau level (LL) The quantized kinetic energy of an
electron in the presence of a magnetic field. The sep-
aration between Landau levels is called the cyclotron
energy (Nw¢). The Landau levels of composite fermions
are called CF-Landau levels.

Quantum fluid A fluid whose behavior is governed by
quantum mechanical phases.

Quantum Hall effect (QHE) Occurrence of plateaus in
the Hall resistance of a two-dimensional electron sys-
tem on which it is quantized at Ry =h/fe?, f being
either an integer (the integral QHE) or a fraction (the
fractional QHE). The plateau with Ry =h/fe’ is cen-
tered at filling factor v = f.

Two-dimensional electron system (2DES) A system of
electrons confined to two dimensions. Such a system is
obtained typically at the interface of two semiconduc-
tors.

von Klitzing constant (R¢) R« =h/e?.

. QUANTUM HALL EFFECT

The study of magnetotransport in systems where electrons
are confined to move in two dimensions has given us one
of the most fascinating phenomena discovered in physics:
the quantum Hall effect. Its theoretical investigation has
helped uncover new structures and concepts, and there is a
consensus that a sound understanding of the basic physics
of this new quantum fluid has been achieved. This article
makes an attempt to summarize in a simple, coherent, and
least redundant manner the generally accepted knowledge
at the present, to which a large number of workers have
contributed. I apologize to those whose work could not
be adequately represented due to length constraints or my
ignorance; the books edited by R. E. Prange and S. M.
Girvin (1990), S. Das Sarma and A. Pinczuk (1996), and
0. Heinonen (1998) ought to be consulted for a compre-
hensive bibliography as well as a more detailed historical
account.
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FIGURE 1 Schematics of magnetotransport measurements. |,
V., and Vy are the current, longitudinal voltage, and the Hall
voltage, respectively. The longitudinal and Hall resistances are
definedas R =V, /I and Ry =Vu/I.

In 1879, E. H. Hall discovered that the passage of cur-
rent in the presence of a magnetic field induces a voltage
perpendicular to the direction of the current flow, an effect
known as the Hall effect (see Fig. 1). A new resistance,
known as the Hall resistance, is defined as

\&

Ri=" D

The phenomenon can be understood in simple classical
terms, based on the Lorentz force law of electrodynamics,
which tells us that the Hall resistance is given by
B

Ry = e 2
where B is the external field, and p is density of current
carriers. The proportionality of the Hall resistance to B
is used routinely to measure the density of the mobile
charges.

The modern field of quantum Hall effect (QHE) began
almost exactly 100 years later, when K. von Klitzing in
1980, and D. C. Tsui, H. L. Stormer, and A. C. Gossard
found in 1982 that in two-dimensional electron systems,
the Hall resistance exhibits plateaus on which itsvalueis
quantized (Fig. 2), determined only by universal constants
of nature:

h

where f can be either an integer (the integral quantum
Hall effect, or IQHE) or afraction (the fractional quantum
Hall effect, or FQHE). Concomitant with the quantization
of Ry is an exponential suppression of the longitudinal
resistance R with temperature, indicating a total lack of
dissipation in the limit of zero temperature.

The absolute accuracy of the quantization of Ry has
been established to 2.4 parts in 108 (for one standard
deviation uncertainty), and the relative accuracy to 3.5
partsin 10'° at National Institute of Standards and Tech-
nology (Jeffery et al., 1998) and the Swiss Federal Of-
fice of Metrology (Jeckelman et al., 1995). The quanti-
zation is believed to be exact. The ratio h/e? has been
adopted as the fundamental unit of resistance, called
the von Klitzing constant (R«), with its value given by

Quantum Hall Effect

Rk = 25812.807572(95) Ohms. The combination h/€?
also occurs in the definition of the fine structure constant
o =€?/hc~ 1/137. Because the speed of light is known
extremely precisely, the Hall effect measurementsin dirty
solid-state systems aso provide one of the most accurate
values for .

The appearance of a universal quantization, indepen-
dent of the sample type, geometry, and various materials
parameters (like the band mass of the electron or the di-
electric constant of the semiconductor), caught the com-
munity by surprise. One might expect such physicsin, say,
asimpleatomic system, but it wasentirely unexpectedina
complex, macroscopic, and disordered solid-state system.
Simple behaviors in complex systems have always en-
thralled physicists, and the discovery of QHE predictably
stimulated intense activity in search of the fundamental
principles responsible for it.

Il. INTEGRAL QUANTUM HALL EFFECT

The IQHE, namely, the quantization of the Hall resistance
at Ry =h/ne? where n is an integer, was discovered by
vonKlitzingin 1980. That the phenomenon hasaquantum
mechanical origin (hence the Q in QHE) was obvious by
the appearance of the Planck’s constant in the formula
for the Hall resistance. Our understanding of the IQHE,
discussed later, shows that it is a single particle effect,
that is, it can be understood in an independent electron
model. It is a dramatic consequence of the well-known
guantization of the electron kinetic energy into Landau
levels(LLS).

Ry [h/e?)

MAGNETIC FIELD (Tesla)

FIGURE 2 Overview of the quantum Hall effect. The Hall resis-
tance Ry and the longitudinal resistance R are plotted as a func-
tion of the magnetic field B. (Adapted from Stormer and Tsui,
1996.)
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A. Landau Levels

The Hamiltonian for a single electron moving in two di-
mensions in a perpendicular magnetic field is given by
1 e \?

H_Zmb(p+c ) @
where, A isgivenby V x A =B = B2 and m, isthe band
mass of the electron. The solution of this problem shows
that the electron kinetic energy is quantized into Landau
levels, asshowninFig. 3B,C. Theeigenenergiesaregiven
by E, =hawc(n+ 1/2), where w. = eB/myc isthe cyclo-
tronfrequency,andn=20, 1, . .. isthe Landau level index.
The degeneracy of each Landau level for asingle spinis
given by B/¢o per unit area, where ¢o = hc/eiscalled the
flux quantum.

Now consider many independent el ectrons, with density
o per unit area. The ground state is obtained by filling up
the lowest energy single particle orbitals, with the condi-
tion that no orbital is occupied by more than one electron,
as required by the Pauli principle. The number of filled
Landau bands,

Pdo

v="g ©)

is called the filling factor (defined so that a Landau level

filled with both spins has afilling factor of 2). The plateau
with Ry =h/ne? iscentered at v =n.

The many-particle ground state isinfinitely degenerate
in general, because all arrangements of electrons in the
topmost partialy filled Landau level produce the same
energy. Theexceptionisat anintegral filling factor, v =n.
The ground state here is unique (Fig. 3B), with agap to
excitations. This fact is responsible for the IQHE plateau
with Ry = h/ne?. Thel QHE isaconsequence of the quan-
tization of the electron energy into Landau levels.

B. Disorder and QHE Plateaus

Even though the physics of the IQHE lies in the opening
of agap at integral filling factors, it turns out that a finite
amount of disorder isalso needed for the establishment of
the plateaus. It is easy to seethat no plateaus may resultin
the absence of disorder. Consider the motion of electrons
in crossed el ectric and magnetic fieldsin asystem without
disorder. Taking advantage of the translational invariance
of the problem, we can boost to aframe of reference mov-
ing with velocity v = cE/B in which there is no electric
field, and henceno current. Thisallowsacal culation of the
current in the laboratory frame of reference, which yields
the classical value of the Hall resistance, Eqg. (2), with no
plateaus.

The Landau levels are broadened by disorder as de-
picted schematically in Fig. 4, with extended states at the
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FIGURE 3 Evolution of two-dimensional electron system as the
transverse magnetic field B is increased. For independent elec-
trons, the Fermi sea (A) (filled to Fermi energy £r) at B=0, splits
into Landau levels (B). The lowest Landau level (C) is split by inter-
actions into energy levels of composite fermions. The composite
fermions are shown as electrons with attached vortices, with each
vortex represented by an arrow. These fill a CF-Fermi sea (D) at
n=1/2 (filled to Fermi energy 8‘;) and occupy CF-LLs (E) at other
filling factors. A jump out of such a level (F) creates a CF exciton.
At still higher fields, the scenario (D—F) repeats itself, but now with
composite fermions carrying four or more flux quanta. The parti-
cle spin has been neglected for simplicity of illustration. (Adapted
from Jain, 2000.)



348

Localized
L states

Extended
—-— States
>
O
a4
)
Z.
84

FIGURE4 Schematics of the single particle density of states as a
function of energy in the presence of disorder. The Landau levels
are broadened, with extended states at the centers and localized
states elsewhere.

centers and localized states el sewhere. A somewhat over-
simplified description of the physics of plateausisasfol-
lows. Atintegral filling v = n, theclassical formulaEg. (2)
for the Hall resistance can be recast to give Ry = h/ne?.
Now imagine changing the filling factor away fromv=n
by adding some electrons or holes to the system. So long
as the additional particles go into orbitals that are local-
ized, they do not contribute to transport; as a result, the
Hall resistance retainsits value Ry = h/ne?.

A more general and precise explanation for the Hall
plateau follows from an argument due to R. B. Laughlin
(1981), which showed that the Hall resistance is quan-
tized at Ry = h/ne? whenever the Fermi level liesin the
localized states, with n counting the number of extended
bands below the Fermi level. Consider aHall bar with pe-
riodic boundary conditions, which hasthe topol ogy of the
Corbinodisk, showninFig. 5. Imaginethat ideal, disorder-
free regions have been attached at the inner and the outer
boundaries of the Corbino sample. An azimutha current
I flows when a voltage Wy is applied across the sample.
Thecurrent | isrelated to thevariationin the energy of the
system as afunction of atest flux ¢ through the center by
| =c(dU/d¢), whichisapproximated by | = c(AU /¢o),
where AU is the change in energy during the process
of changing the test flux adiabatically by ¢g=hc/e. Be-
cause a flux quantum through the center can be gauged
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away, thesingle particle energy levelsat ¢ =0and ¢ = ¢
areidentical. The energy U changes because the occupa-
tions of the single particle energy levels are different at
¢ = ¢ than a ¢ = 0. The determination of AU requires
monitoring the evolution of single particle orbitals as the
test flux ¢ is varied from O to ¢g. Each of the extended
states, defined as states that go around the sampl e thereby
encircling the test flux, moves to the next one during this
process. Thelocalized states, which do not enclosethetest
flux, remain unaffected. Let us now consider the situation
when all of the extended states of the lowest n LLs are
occupied, i.e., the Fermi level liesin localized states. As
the extended states evolve under the variation of ¢ they
carry their electrons with them, because there is nowhere
else for the electrons to go. At the end of the adiabatic
process, each extended state has moved into the next one,
carrying its electron with it, with the net effect that pre-
cisely n electrons have been transported from the inner
to the outer edge of the Corbino disk. We therefore have
AU =neVy which gives us the quantized Hall resistance
Ry =V/I =h/ne.

A closely related approach for understanding the IQHE
is based on the Landauer-Buttiker theory of resistance
(Buttiker, 1988). This approach is especially useful for
dealing with deviations from exact quantization. Consider
a sample with trandational invariance in the x direction,
S0 px, themomentum inthex direction, isagood quantum
number. The potential in the y direction is a combination
of the confinement potential at the edges, and the potential

=
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FIGURE 5 Schematic depiction of the single particle states in the
Corbino geometry, with a test flux f piercing through the hole.
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dueto the applied Hall voltage. Let us now consider afull
Landau level, that is, a state in which all single particle
energy levels with momenta p_ < pyx < p, are occupied,
where p_ and p.. arethe momentaat the edges of the sam-
ple. The current in the x direction is obtained by adding
the individual currents:

dpy
| — e/ D ©)

Withw, = (1/mp)( Py + (€/€) Ax) = (9H /dpy) = E /9y,
it follows that | =(e/h)(uy — p_)=(€?/ )iy, where
uy and p_ are the chemical potentials at the edges.
The current is independent of the LL index, so the total
current for n filled Landau levelsis | = (ne?/h)Vy. Now
consider a sample with disorder, but connected to the
current source via ideal, disorder-free leads. So long as
the electrons at the chemical potential, which are at one
edge of the sample, are not back-scattered, the current is
not degraded and the Hall resistance remains quantized at
Ry = h/né€?, independent of disorder. The back-scattering
isstrongly suppressed because the states carrying currents
in opposite directions are localized on opposite edges,
and therefore are exponentially weakly coupled.

lll. FRACTIONAL QUANTUM HALL
EFFECT

A. Phenomenology

In 1982, Tsui, Stormer, and Gossard observed a plateau
quantized at Ry =h/3€?. In the subsequent years, as the
result of a tremendous improvement in the quality of
samples, a host of new fractions were observed. Today,
the number of observed fractions below unity (f <1)
stands at approximately 50 and increasing. The plateau at
Ry =h/ fe? isseen in the vicinity of filling factor v ~ f.
The longitudinal resistance R_ exhibits activated behav-
ior, as in IQHE, indicating the existence of a gap in the
excitation spectrum. The observed fractions appear in se-
guences of the form
n

f=2pnil' 0
Some of the fractions observed to date are:
(__n_ _t23 1
2n+1 3’57721
(__n__234 10
2n—1 3’57 77719
(__n _12 6
4n+1 5977725
n 2 3 6
Tan-1_ 71123
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Thefirst several membersof each sequencearewell estab-
lished, in that quantized plateaus have been observed. The
|ast few are seen only through resi stance minima, but there
islittle doubt that the corresponding Hall plateauswill de-
velop upon further improvement in sample quality. FQHE
at f alsoimpliesFQHE at 1 — f dueto particle-hole sym-
metry inthelowest Landau level. In addition to these frac-
tions, FQHE has also been observed with f =5/2, the
only exception to the “odd-denominator rule” in asingle
layer system.

B. Model Hamiltonian

Becauseonly theintegral QHE ispossiblefor independent
electrons, interactions are clearly responsible for produc-
ing gaps at fractiona filling factors. One therefore must
look for the solutions of the more complete problem of in-
teracting electrons, defined by the Schrodinger equation
HWV = EW with

h 1

1 e 2 e
=T v o] o

j j<k

+ Y U@r)+@B-S )
i

The first term on the right-hand side is the kinetic energy,
the second term is the Coulomb interaction energy, the
third termisaone-body potential incorporating the effects
of the uniform positive background and disorder, and the
last term is the Zeeman energy. The parameter ¢ is the
dielectric constant of the background material.

Insofar as the conceptua foundation of the FQHE is
concerned, it is convenient to neglect disorder, and con-
sider the limit of large B, so both the cyclotron and the
Zeeman energies are large compared to the interaction
energy. The eectrons are then fully polarized and con-
fined to the lowest LL, making the kinetic and Zeeman
energiesirrelevant constants. We thus end up with theide-
alized model of fully polarized electronsin the lowest LL
with the Hamiltonian (suppressing theinteraction with the
background)

Hi = ¢ > : )

€ j<k |r] _rk|

Thisisthe simplest and the cleanest model containing the
essential physicsof the FQHE. Thestrongly coupled, non-
perturbative nature of the problem can already be seen by
noting that there is no small parameter in the problem:
HyLL contains only one energy scale, set by the Coulomb
interaction. All states are degenerate in the absence of in-
teraction, and the FQHE results as soon as the interaction
isturned on, no matter how small itsstrength (or, how large
€). Standard perturbative treatments are not useful here.
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The FQHE is atrue many body phenomenon, in which
strongly interacting electrons behave in a correlated man-
ner to produce rich and nontrivial, yet amazingly sim-
ple behavior. The solution of this Schrodinger eguation
should clarify the physics responsible such behavior. By
analogy to the IQHE, the plateau at Ry =h/fe? with
fractional f originates due to the opening of a gap at
v = f. (For such a gapped state, when the filling factor is
moved away from v = f, some “defects” are created, but
they are pinned by disorder, thus giving rise to a plateau
a Ry =h/fe?) The goal of theory is therefore to ex-
plain the origin of gaps in a partially filled Landau level,
specifically why they appear only at certain sequences of
odd-denominator fractions. A satisfactory explanation of
the odd-denominator rule must necessarily elucidate why
thereis no FQHE at even-denominator fractions (with the
exception of f =5/2). Even though the problem looks
intractable at first, the trail of experimenta clues has led
to asimple, yet extremely accurate solution to the prob-
lem that is also in good agreement with experimental
observations.

C. Laughlin’s Theory

The first observed fraction was f =1/3. Soon there-
after, in 1983, Laughlin noted that the single parti-
cle wave function in lowest Landau level has the form
28 exp[—|z|?/41?], where z= x — iy denotes the position
of the electron as a complex number, and | = ./hc/eB
is the magnetic length. The wave function of a system
containing many electrons must therefore have the form
Fsl{zj}] exp[— X" 1z|?/41?] where Fsisan antisymmet-
ric polynomial of z;. Choosing a Jastrow form for the
polynomial, he wrote the following wave function

1
VYym= jl:{(zj —z)" ap[—m i |Z; |2:|» (10)
which provides an excellent representation of the ground
state at v=1/m, as confirmed by comparison with ex-
act results known for small systems. This wave function
served as aparadigm for the subsequent theoretical devel -
opments. It iseasy to seethat it hasgood correlations built
in it in the presence of repulsive interactions. In atypical
wave function satisfying the Pauli principle, the probabil-
ity of two electrons approaching one another vanishes as
r2,r being thedistance between them. In W1 /m, it vanishes
much faster, asr 2™, which showsthat electronsavoid each
other efficiently.

The exponent in the Jastrow factor, m, must be an odd
integer, due to the fundamental requirement of the anti-
symmetry of the wave function. For m=1, ¥y, gives
thewavefunction of thefully occupied lowest LL (v = 1),
and for m=5 it gives the wave function at v=1/5,

Quantum Hall Effect

which isrelevant to FQHE at f =1/5 observed later on.
However, the exponent is not allowed to take noninteger
or even-integer values, and the observations of numer-
ous fractions other than 1/m subsequent to Laughlin’s
theory pointed to the existence of a more genera
structure.

D. Composite Fermions

A moregeneral theory was put forth by the author in 1989.
Thefundamental building block of thistheory iscalled the
composite fermion, whichisthe bound state of an electron
and an even number of quantum mechanical vortices. Ac-
cording to thistheory, strongly interacting electronsin the
lowest LL capture vorticesto turninto weakly interacting
composite fermions. The ensuing investigations revealed
that the FQHE was only one manifestation of composite
fermions, which describe a superstructure encompassing
other phenomena as well. Experimenters observed their
Fermi sea, their Shubnikov-de Haas oscillations, and their
semiclassical cyclotron orbits; they also measured the par-
ticles’ charge, spin, statistics, mass, and magnetic moment
(Stormer and Tsui, 1996).

The composite fermion (CF) theory proposes the fol-
lowing wave functions at any arbitrary filling factor v:

N
\I’v = va* 1_[ (Zj — Zk)Zp, (11)
j<k=1

where @ . aretheknown wavefunctionsof noninteracting
electrons at an effective filling factor v*, related to v as

V*

T 2pr 1

This equation gives wave functions for ground as well as
low-energy excited states of interacting electrons at arbi-
trary v, derived from the corresponding states of noninter-
acting electrons at v*. W, describe a strongly correlated
state of electrons, because the probability of electrons ap-
proaching one another in W, vanishes rapidly as r4P+2,
In the limit of very strong B, the functions & are to be
projected into the lowest electronic LL.

The wave functions ¥ in Eq. (11), which are accu-
rate representations of the actual eigenstates (see below),
lend themselvesto asimpleinterpretation. They contain a
Jastrow factor [];_,(z — z)?P which attaches 2p vor-
tices to each electron. The bound state of an electron
and 2p vortices behaves as a particle, called the compos-
ite fermion. The electronic wave function ¥ can there-
fore also be interpreted as wave functions of composite
fermions.

The capture of vortices has a profound consequence
for the dynamics of the particles. As composite fermions

v (12)
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move about, the vortices carried by them generate phases
which partly cancel the Aharonov-Bohm phases due to
the external magnetic field, and the compositefermionsin
effect experience amuch weaker magnetic field. Because
a closed path around a vortex produces, by definition, a
phase of 27, a vortex is effectively equivalent to a flux
quantum, which also produces the same Aharonov Bohm
phasefor aclosed path around it. (For thisreason, thecom-
posite fermion is often envisioned as an electron bound to
2p flux quanta.) Therefore, each vortex cancels one flux
quantum of the external magnetic field, giving the effec-
tive magnetic field:

B* = B — 2ppéo. (13)

In effect, each electron absorbs 2p flux quanta of the ex-
ternal field to become a composite fermion (Fig. 6). (It
must be understood here that an external magnetometer
will measure B and not B*. Thereisno real “Meissner ef-
fect” in the FQHE. However, B* isthe real magnetic field
for composite fermions; thisisthe field that would be ob-
tained if the composite fermions themselves are used to
measure the field.) Treating composite fermions as inde-
pendent, their filling factor isv* = p¢o/| B*|, and Eq. (13)
can betranscribed into therelationin Eq. (12). The — sign
in Eqg. (12) corresponds to the situation when B* points
oppositeto B.

Laughlin’s theory of inverse-odd-integer states falls
naturally within the CF theory. The wave function
W1y2pr1) = P1[T; 4 (2) — z)?*P isidentical to Laughlin's
wave function, which can be seen by noting that the wave
function of the fully occupied lowest LL is given by

R ) TR IET B SILT e
i <k i

W1,2p+1) Isinterpreted as one filled Landau level of com-
posite fermions.

A A A4 A

FIGURE 6 Capturing two flux quanta converts each electron into
a composite fermion moving in a reduced effective magnetic field.
(Adapted from Jain, 2000.)
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Theunusual character of compositefermion ought to be
emphasized. It is a collective particle, with the definition
of one composite fermion involving al particles in the
system. A composite fermion may live only inside the CF
liquid. It is an inherently quantum mechanical object, a
“guantum particle,” because it is the product of the union
of an electron and quantum mechanical phases (vortices).
The fluids of composite fermions are quantum fiuids not
only because composite fermionsthemselvesare quantum
particles, but also because they involve a quantization of
the composite fermion orbits into CF Landau levels. The
composite fermion also has a topological character due
to its integrally quantized vorticity (=2p). It is indeed
surprising that the composite fermions behave as ordinary
particlesto alarge degree.

In 1991, A. Lopez and E. Fradkin implemented the
physics of composite fermions in a Chern-Simons field
theoretical framework. It has been further developed by a
number of groups over the years. The Hamiltonian formu-
lation of R. Shankar and G. Murthy (1997) obtains many
essential features at the Hartree-Fock level.

To summarize: The strongly interacting el ectronsin the
lowest Landau level transforms into weakly interacting
composite fermions in a reduced magnetic field B*. The
lowest electronic Landau level thus splitsinto energy lev-
els of composite fermions (Fig. 3).

E. FQHE

Plotting the FQHE data as a function of B* brings out its
striking similarity to the IQHE data plotted as a function
of B, as seen in Fig. 7. The difference between the two
is no more significant than that between the IQHE traces
in different samples demonstrating that the strongly
correlated liquid of interacting electrons at B behaves as
aweakly interacting system of fermions at B*. A similar
correspondenceis obtained for negative values of B*, and
aso at lower electron filling factors, where composite
fermions have four or more vortices bound to them.
There is also a correspondence between the Hall
plateaus at B and B*, but the Hall resistances are not the
sameat v* and v. For example, at v = 1/2, where B* =0,
the Hall resistanceis Ry = h/(3€?), but at B =0 we have
Ry =0. The difference is explained by noting that the
composite fermions respond to a combination of the ex-
ternal Hall voltage and the Hall voltage induced by the
vortex current tied to the charge current in the CF state,
but the latter is not measured by the external voltmeter.
(Just like the effective magnetic field, the induced Hall
electric field isalso fully internal to composite fermions.)
The FQHE of electrons is understood as the IQHE
for composite fermions. The integral fillings v*=n of
composite fermions correspond to electron filling factors
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FIGURE 7 The top panel shows the IQHE of electrons. The bot-
tom panel shows the FQHE of electrons plotted as a function of
B*, starting from B*=0 (n=1/2). A close correspondence be-
tween the prominent features is manifest. (Adapted from Clark,
1986, and Du, 1993.)

v=n/(2pn =+ 1), which are precisely the observed frac-
tions. The composite fermion is to the FQHE what
the electron is to the IQHE. Just as the IQHE is an aob-
servation of the electron Landau levels, the FQHE is an
observation of the composite-fermion Landau levels. The
phenomena of the IQHE and the FQHE, which were at
first thought to be distinct, thus turn out to be intimately
related: They are both integral quantum Hall effects, but
for different particles. This unification of the FQHE and
the IQHE is not surprising in view of the empirical simi-
larity between the two (Fig. 2).

F. Computer Experiments

For afinite number of particles, the Hilbert spaceinlowest
Landau level isfinite, allowing acomplete and exact solu-
tion of the problem through a brute force numerical diag-
onalization of the Coulomb Hamiltonian. Even though the
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systems are finite, they are sufficiently large (10-15 parti-
cles) to provide the opportunity for rigorous, detailed, and
nontrivial tests of the theory. The computer experiments
are aso cleaner than the real experiments, in that the ide-
alized limits of no disorder and large magnetic field can
be explicitly implemented. For these reasons, computer
experiments have played an important role in the theory
of the FQHE. Figure 8 shows a number of exact spectra
for interacting electrons in the lowest Landau level at the
specia filling factors of v=1/3, 2/5, and 3/7. The
spherical geometry (Haldane, 1983) is used in these cal-
culations, which considers electrons moving on the sur-
face of a sphere with a radial magnetic field of appro-
priate strength through the surface of the sphere; the
total orbital angular momentum L is used to label the
eigenstates.

The energy spectrum predicted by the CF theory, ob-
tained without any adjustable parameters, isshown by dots
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FIGURE 8 Energy spectrum for systems with N = 8-12 iteracting
electronatn=1/3, 2/5 and 3/7 moving on the surface of a sphere
in the presence of a radial magnetic field. The dashes show the ex-
act eigenenergies and the dots show the CF predictions obtained
without any adjustable parameters. L is the total orbital angular
momentum. The ground state (encircled) is described as an inte-
ger number of filled CF-LLs, and the branch of low-lying excited
states, decorated with dots, represents the CF-exciton in various
possible configurations. The energy is quoted in units of e2/I,
where | is the magnetic length. (Adapted from Jain and Kamilla,
1998.)
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in Fig. 8. The CF energies agree with the exact eigenen-
ergies to within 0.05-0.1%, and the overlaps between the
exact eigenstates and the corresponding CF wave func-
tionsare close to perfect (typically >99%) for al systems
studied. Numerous such studies have confirmed the de-
scription of the FQHE ground state asthe state containing
n-filled CF-LLs, and the lowest energy branch of excita-
tions as the CF-exciton (a particle-hole pair of composite
fermions).

G. Excitations and CF Mass

The quantitative understanding of real experiments is
less accurate than that of computer experiments, because
the experimental humbers are unavoidably affected by
the nonzero transverse thickness of the wave function
(the dynamics is dtill strictly two dimensiona because
only the lowest transverse subband is occupied), Landau
level mixing, and disorder, al conveniently set to zero in
the computer experiments. As a result, the experimental
resultsthemselvesvary from sampleto sampl e, depending
on various parameters such asthe form of the confinement
potential, electron density, band mass, or mobility. An
incorporation of these sample-specific effects into theory
requires approximations which, even in the best cases,
introduce uncertainties on the order of 20-30% in the
theoretical numbers.

The dispersion of the neutral CF exciton (Fig. 3F) con-
tains, in general, several minima, called rotons. Theroton
atv=1/(2p+ 1) wasfirst obtained by S. M. Girvin, A. H.
MacDonald, and P. M. Platzman in 1985 in asingle-mode
approximation theory. The roton energies have been de-
termined experimentally for severa FQHE states in both
Raman and ballistic phonon scattering experiments, and
arein good agreement (10-20%) with the theoretical cal-
culations of V. W. Scarola and co-workers (2000). The
neutral excitation in the long wavelength limit was ob-
served by A. Pinczuk and co-workers in 1993 in Raman
experiments (Fig. 9).

Thelongitudinal resistance displaysactivated behavior,
RL o exp[—Aa/2kg T], over arange of temperature. The
activation energy A, isidentified with the energy of afar
separated particle-hole pair of composite fermions. The
agreement between theory and experiment is somewhat
worse in this case (~factor of 2), presumably because
the energy of the charged excitation is more strongly af-
fected by disorder, neglected in theory. A, isinterpreted
as the effective cyclotron energy for composite fermions,
heB*/m*c, which defines acomposite fermions mass, m*
(Du, 1993). A reasonably consistent interpretation of the
activation energies for different FQHE states is obtained
in terms of a single mass parameter. For typical parame-
ters, the mass of the composite fermion is comparable to
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FIGURE 9 The long-wavelength collective mode (labeled the
“gap excitation”) at n=1/3 in Raman scattering. The inset shows
a comparison between the experimental data (stars) (Kang et al.,
2001) and the theoretical estimation of two-roton bound state en-
ergy (dashed line). Theoretical estimates (Park and Jain, 2000)
are obtained by considering Landau level mixing as well as finite
thickness effects. (Adapted from Pinczuk, A. et al. 1993.)

the electron mass in vacuum and approximately an order
of magnitude larger than the band mass of the electronin
GaAs, but unrelated to either; it is completely determined
by the interaction between electrons.

H. Fractional Charge

Laughlin showed in 1983 that the charge of the excita-
tion in a FQHE state is fractionally quantized. At v =
n/(2pn+ 1), thevalue of the chargeis|e*| =e/(2pn + 1),
as seen most simply from the following argument. Take
the state at v =n/(2pn =+ 1) and adiabatically insert aflux
through the origin from zero to ¢o. For a nondegener-
ate state, this creates a vortex (or an antivortex depend-
ing on the direction of the flux), the charge of which can
be shown to be of magnitude ve, as follows essentialy
from the definition of the filling factor. The vortex isin
general a collection of an integral number (r1) of “ele-
mentary” excitations, i.e., r1|€*| =[n/(2pn+ 1)]e. Onthe
other hand, because an added electron must decay into
elementary excitations, we must also haver,e* = e, r, be-
ing another integer. The two conditions are compatible
only with fractional values for €*, the largest solution be-
ing |€*| =e/(2pn+1). This derivation clarifies that the
fractional charge is an inescapable, model-independent
consequence of the existence of a nondegenerate ground
statein apartialy filled LL, and its valued is fixed by the
filling factor. In the CF theory, the fractional charge of the
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FIGURE 10 Charge is added on to a quantum antidot S by vari-
ation of magnetic field, and measured by capacitive coupling to a
back gate parallel to the 2DES. Each conductance peak in reso-
nant tunneling through the antidot indicates the addition of one unit
of charge. A factor of three difference between the periods in the
IQHE (lower curve) and the FQHE (n=1/3, upper curve) demon-
strates e* =e/3 for the latter. (Adapted from Goldman, 2000.)

0.0

composite fermion excitation is most simply obtained by
noting that the charge associated with it is given by the
charge of the electron, —e, plus the charge deficiency due
to 2p vortices, 2pev.

The fractional charge was measured in 1995 by V. J.
Goldman and B. Su in resonant tunneling experiments
(Fig. 10), and in 1997 by L. Saminadayar and co-
workers and R. de Picciotto and co-workersin shot noise
experiments.

I. Spin Physics

At sufficiently large B, when the Zeeman splitting
Ez — oo, the low-energy states are maximally polarized,
and the spin of the electron is frozen. However, Ez is
quitesmall for typical experimental parameters(Halperin,
1983). Due to a small band mass (0.07 of the free elec-
tron mass) and asmall g factor (—0.44 as opposed to 2 in
vacuum), the ratio Ez /haw. isonly ~1/70 in GaAs. Ez
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is also much smaller than the typical interaction energy.
This raises the possibility that the ground state may not
always be maximally polarized.

A naive application of the Hund’s rule of atomic
physics would lead to amaximally polarized ground state
even for Ez = 0. However, the application of the Hund’s
rule to composite fermions rather than electrons sug-
gests a completely different picture. The electron state
a v=n/(2pn+1) is mapped into v*=n of compos-
ite fermions as before, but now we have n=n; +ny,
where n; (n,) is the number of spin-up (spin-down)
CF Landau bands occupied. At zero Zeeman energy,
the ground state is a spin singlet when n is an even
integer (with ny =n, =n/2), and partialy spin polar-
ized for odd n (withn, =(n+1)/2and n, =(n—1)/2).
Upon increasing Ez, the ground state spin changes in
discontinuous jumps when the CF-LLs of up and down
spins cross. These qualitative considerations were con-
firmed in the extensive experiments of R. R. Du and
co-workers in 1995, in which they varied Ez by ap-
plication of an additional magnetic field parallel to the
2D layer. The results are well described by an effec-
tive mass model for composite fermions (Fig. 11). These
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FIGURE 11 The positions (dots) of transitions between states
with different spin polarizations as a function of the Zeeman en-
ergy (y-axis) at various fillings (x-axis) around n=3/2 (The fill-
ing factors n=(3n+2)/(2n+ 1) are related to n=n/(2n+ 1) by
particle-hole symmetry, which relates n to 2 — n for spinful elec-
trons). The CF-LL occupation is shown pictorially in each region,
labeled by n; :n;. The solid lines emanating from the origin are
from a model of independent composite fermions with the CF
mass and g factor treated as adjustable parameters. (Adapted
from R. R. Du et al. (1995).)
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observations verify that the spin of the composite fermion
isl/2.

J. Even Denominator Fractions

At v=1/2, the simplest even-denominator fraction,
the effective field vanishes for composite fermions. V.
Kameyer and S. C. Zhang (1992), and B. |. Halperin, P.
A. Lee, and N. Read (1993) formulated the metallic state
hereintermsof aFermi seaof compositefermions. At pre-
cisely v =1/2, compositefermionsmovein straight lines.
Slightly away from v = 1/2, where B* isvery small, they
are expected to execute semiclassical cyclotron orbits.
The radius of the cyclotron orbit of a composite fermion
at the Fermi surface is given by R*=hk{/eB*, with
ki = /4rp, asappropriatefor afully polarized Fermi sea.
R* involves only known parameters, and can be orders of
magnitude of larger than any electronic length scale in
the problem. The cyclotron radius of the charge carriers
was measured in 1993-1994 through magnetic focusing
(Fig. 12), geometrical antidot resonances (Fig. 13), and
surface-acousti c-wave attenuation measurements (Willett
et al., 1993), and was found to be in agreement with R*
of the CF theory. Besides demonstrating the existence of
composite fermions outside of the FQHE (because no
FQHE is seen in the vicinity of v=1/2), these exper-
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FIGURE 12 Direct determination of the effective magnetic field
by magnetic focusing of composite fermions by injecting them into
one constriction and collecting into another, possibly after an in-
teger number of bounces (inset). The lower panel shows the fo-
cusing peaks for electrons at B~ 0, while the upper depicts the
focusing peaks for composite fermions with B*~ 0. The focus-
ing peaks (superimposed over mesoscopic resistance fluctuations
due to disorder) align after scaling B* by a factor of +/2 to account
for the fact that the electron Fermi sea is spin unpolarized whereas
the composite-fermion Fermi sea is spin polarized. (Adapted from
Goldman et al., 1994.)
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FIGURE 13 The upper panel shows the usual magnetoresis-
tances. The lower panel shows geometric resonances in an anti-
dot superlattice (inset) for electrons (lower curve) and composite
fermions (upper curve). The two pairs of peaks for electrons near
the origin correspond to two smallest cyclotron orbits of electrons
commensurate with the antidot lattice, shown in the inset. The
two broad peaks for composite fermions corresponds to the res-
onance due to the smallest CF cyclotron orbit. The x-axis is the
real magnetic field for electrons and the effective magnetic field
for composite fermions. (For comparison, B* has been scaled by
V2 as in Fig. 12.) (Adapted from Kang, W., et al. (1993).)

iments also explicitly confirmed the fermionic nature of
compositefermionsthrough the observation of their Fermi
sea. The Shubnikov-de Haas oscillations, thermoelectric
power, and spin polarization measurements are also con-
sistent with the composite-fermion Fermi sea description.
The absence of FQHE at v = 1/2 isexplained because the
Fermi sea has no gap to excitations.

K. Exactness of Hall Quantization

The principle governing the exactness of the Hall quan-
tization can be traced to the topological feature that the
number of vortices bound to each electron must be exactly
guantized to be an integer, asrequired by the fundamental
principle of single-valuedness of the quantum-mechanical
wave function. Thisresultsin an exactly quantized quasi-
particle charge, which in turn guarantees the exactness
of the Hall quantization, following Laughlin’s 1981 argu-
ment that relates the quasiparticle charge to the value of
the Hall resistance. The odd-denominator ruleis aconse-
guence of the antisymmetry of W, which requires 2p to
be an even integer. The Hall quantization is thus a macro-
scopic manifestation of microscopic postulates of quan-
tum mechanics. (It should be emphasi zed that theaccuracy
of the wave functions & does not by itself imply the ex-
actness of the Hall quantization, but it gives us confidence
that the physics of binding of 2p vorticesto each electron
isexact.)
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IV. MORE PHENOMENA

Many other phenomenahave been investigated in the con-
text of the QHE. In al cases, there has been a healthy in-
teraction between theory and experiment to produce rapid
progress.

A. 2D Localization in Magnetic Field

As discussed earlier, localization of states is crucia for
the establishment of plateaus. This has motivated an
intense investigation into the nature of single particle
states in the QHE regime in the presence of disorder, and
much progress has been made (Das Sarma and Pinczuk,
1996). Numerical solution of the Schrodinger equation
makes a strong case that truly extended states occur at
only one energy (E;) in each Landau band, with the
localization length diverging as & ~|[E — E¢|™" with
y ~2.3. The width of the transition region between two
plateaus is experimentally found to vanish as T 04
with temperature; the value of the exponent is consistent
with the theoretica value 1/yz~0.43, provided the
dynamical exponent is taken to be z= 1, as expected for
guantum phase transitions in Coulomb systems.

B. Wigner Crystal

When the interaction energy dominates over the kinetic
energy, it is believed that electrons form a lattice called
the Wigner crystal (WC). Because the kinetic energy
is effectively suppressed in the lowest LL, one might
a priori have expected a WC here rather than the FQHE.
A variational calculation, reproduced in Fig. 14, shows
that the CF liquid has a significantly lower energy
than the WC for a range of v, but the WC wins at
sufficiently small v. Thereis good experimental evidence
for an insulating behavior at small v(<1/5), interpreted
as a pinned Wigner crystal (Jiang, 1990); observa-
tion of nonlinear 1-V (Goldman, 1990) supports this
view.

C. Skyrmion

The neglect of interactions at integral fillings is valid in
the B — oo limit, but interactions may affect the nature of
excitationssignificantly under typical experimental condi-
tions. In 1993, S. L. Sondhi, A. Karlhede, S. A. Kivelson,
and E. H. Rezayi showed theoretically that the excitation
at v=1istypicaly not a simple spin reversed electron
but has anontrivial spin texture, described in a(nonlinear
sigma-model) field theory as a skyrmion. It was observed
in 1995 by S. E. Barrett and coworkers. The size of the
skyrmion shrinks rapidly with increasing Zeeman energy,
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FIGURE 14 The variational energies per particle of the CF
liquid and the Wigner crystal as a function of the filling fac-
tor. Eq; =—0.782133,/ne?/el is the energy of a classical two-
dimensional Wigner crystal with triangular symmetry. The open
diamond on the right vertical axis is the estimate of the CF Fermi
sea energy at n=1/2, obtained by an extrapolation. The energy
of the CF liquid is shown only at the special n/(2pn+ 1) filling
factors; the full curve will have downward cusps at these points.
(Source: Jain and Kamilla, 1998; Lam and Girvin, 1984.)

but skyrmionswith asmany as 30 reversed spinshave been
observed in systemswhere the g factor was suppressed by
application of hydrostatic pressure.

D. Edge States

Even when there is a gap to excitations in the bulk, gap-
less excitations exist at the edges of the sample. It is
believed that the physics of the edges is effectively one
dimensional, described by the well-developed theory of
Tomanaga-L uttinger liquids. In 1990 X. G. Wen argued
that the quantized value of the Hall resistance fixesthe pa-
rameters of the Luttinger model, leading to definite pre-
dictions for various power laws, say, for the resistance
associated with tunneling into and out of the edges of a
FQHE system through a weak link. Significant progress
toward experimental tests of some aspects of theory has
been made, notably by A. M. Chang and co-workers.

E. Pairing of Composite Fermions

At filling factor v=5/2=2+1/2, the lowest Landau
level is fully occupied and the filling factor is 1/2 in the
second Landau level. Treating the electrons in the low-
est LL asinert, one would naively expect a Fermi sea of
composite fermionsin the second Landau level. However,
a FQHE was observed here aready in 1987 by Willett
and co-workers. Thereisgrowing support to the view that
the FQHE originates here due to a pairing of composite
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fermions, which opens up a gap. Variational and exact
diagonalization studies indicate that the paired CF state
is described by a particle-hole symmetrized version of a
Pfaffian wave function written in 1991 by G. Moore and
N. Read.

F. Stripes

The abundance of FQHE in the lowest LL is in contrast
to its near absence in higher LLs. Very few fractions
are seen in the second LL (2 <v <4) and none what-
ever in third and higher LLs, indicating that some other
physics takes over in higher Landau levels. In a Hartree-
Fock calculation, A. A. Koulakov, M. M. Fogler, and
B. I. Shklovskii showed in 1996 that closetov=n+1/2
in high LLs the system prefers to phase separate into al-
ternating stripes of v =n and v =n + 1. Observation of a
strongly anisotropic R_ atv~n+1/2forn> 4 (M. Lilly
and co-workers, 1999; R. R. Du and co-workers, 1999)
supports this picture.

G. Multilayer Systems

Two far-separated layers are simply two single-layer sys-
tems. However, when thelayersare sufficiently close, new
structure may arise. An interesting example is the FQHE
av=1=1+1 observedby Y. W. Suenetal. and J. P
Eisenstein et al. in 1992. It is well described by a multi-
component wave function of Halperin (1983).

H. Topological Considerations

In 1985, to explain the precision of the Hall quantization,
Niu, Thouless, Wu, and Kohmoto showed that the value
of the quantized Hall resistancein theintegral QHE isre-
lated to atopological invariant called the Chern number.
Thoulesset al. (1982) also considered QHE in periodic ge-
ometries, for which the Landau level splitsinto Hof stadter
bands, and showed that the Hall resistance of each band
isintegrally quantized, with the integer characterizing the
guantization depending sensitively onthe value of flux per
plaquette.
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GLOSSARY

Eigenfunction Wavefunction for a specific stationary
state of a physical system.

Eigenvalue Specific value of a physical quantity corre-
sponding to a specific eigenfunction.

Eigenvalue equation Particular mathematical relation in
which a mathematical form, known as an operator,
acts on an eigenfunction to produce the correspond-
ing eigenvalue multiplied by the eigenfunction.

Excited states States of a system having energies above
the ground state.

Exclusion principle Statement that no two identical par-
ticles of a particular statistical type can simultaneously
occupy the same quantum state.

Ground state Lowest energy state of a system.

Hermitian operator A mathematical operator having
real eigenvalues, which is a necessary condition for

uantum Mechanics

it to be capable of representing a physical observable.

Lifetime Mean time before an excited state sponta-
neously decays to another state, such as the ground
state.

Particlelike Localized and acting in an individual manner
as an entity.

Probability density Relative probability of a particle be-
ing at a specified position in space; alternately, the rel-
ative probability of some other physical quantity, such
as momentum.

Quantization Discrete value or set of values for a phys-
ical quantity, such as energy or angular momentum.
Stationary state Specific state of a physical system char-
acterized by the fixed value of some physical quantity,

such as energy.

Time-dependent Schrodinger equation Equation for
determining the time-dependence and space-
dependence of the eigenfunctions for a system.
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Time-independent Schrddinger eguation Eigenvalue
equation used to obtain energy eigenvalues and energy
eigenfunctions for a system.

Uncertainty relation Mathematical form relating the
maximum precision of measurement of some physical
guantity, such as position or energy, to the precision of
some related quantity, such as momentum or time.

Wavefunction A mathematical form, usually complex,
used to deduce the probability density.

Wavelike Nonlocalized and periodic, with the capability
of interacting constructively or destructively.

Wave-particleduality Coexistence of wavelike and par-
ticlelikeaspectsinaphysical entity, suchasan el ectron.

QUANTUM MECHANICS is atheory that is capable of
predicting the behavior of atomic and subatomic systems.
Infact, itisthe only theory to date that is adequate for the
microscopic domain in nature. Quantum mechanics not
only correctly predictstheresults of physical observations
in the microscopic world where classical physicsis often
quite unsuccessful but also leads to valid predictions in
the macroscopic world experienced by human senses.

. CLASSICAL MODEL OF THE ATOM

A. Structure of the Atom

Ernest Rutherford’s (1871-1937) interpretation of his ex-
tensive scattering experimentsin 1911 gave overpowering
evidence that atoms consist of a dense, positively charged
nucleus surrounded by a cloud of electrons. The elec-
tron had been discovered a few years earlier in 1887 by
Joseph John Thomson (1856-1940), who attributed a def-
inite charge-to-mass ratio to the particle. Before the dis-
covery of the wave-like properties of the electron in 1927
by George Paget Thomson (1892-1975), the son of J. J.
Thomson, it was expected that the mechanical properties
of atoms could readily be explained by applying classi-
cal mechanics in a straightforward way to this model. In
fact, the successful model of planetary maotion around the
more massive sun, under the action of gravitational forces
between the planets and the sun, and the perturbations to
such motion due to the gravitational forces between plan-
ets, provide the closely related classical analog model for
describing the motion of electrons about asingle, massive
nucleus: the electrical forces between charged particles
replace the gravitational forcesin the solar system.

The forces between electrons are repulsive instead of
attractive, and these repulsive forces are of the same order
of magnitude as the attractive forces between an electron
and the nucleus. Therefore these forces between electrons
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are not merely perturbations, as is the case for the gravi-
tational forces between planets orbiting the sun.

However, it was expected that the hydrogen atom, con-
taining only a single electron and thus free of the repul-
sive Coulomb force between electronsin two-electron and
many-electron atoms, should be easily amenable to treat-
ment by classical mechanics. Themodel isasimplepicture
in which the single electron orbits the far more massive
proton nucleus under the action of a centripetal force pro-
vided by the attractive electrical force between electron
and nucleus.

B. Classical-Mechanical Treatment
of the Single-Electron lon

Let us consider the more general case of asingle electron
atom or ion, where the charge of the nucleusis Ze, with
the quantity e representing the magnitude of the electron
charge. For thehydrogen atom, Z = 1. Theelectrical force
between a nucleus of charge Ze separated by adistancer
from an electron of charge —e has magnitude

KZze?
Fe = 2 D
where K isaconstant that for Sl units has the value
1
K= , 2
4 gg @

where ¢ is the electric permittivity of free space having
the value 8.854 x 10~12 farad/meter (F/m). Let us make
the assumption here that the nucleusis stationary and the
electron travels around the nucleus. Although this view
is absolutely correct in classical mechanics only if the
nucleus is infinitely massive, it can be shown to be ap-
proximately correct whenever the nucleus is much more
massive than the electron, and thisis satisfied for all one-
electronions. Thus, we consider the radius of the electron
orbit to be equal to the distance separating the electron and
the nucleus; correctionsfor deviations caused by the finite
nuclear mass can easily beincorporated into the treatment
at alater stage. Theelectrical force providesthe centripetal
forcemv?/r, which causesthe electron to travel in the hy-
pothesized circular orbit, m being the electron mass and v
being the electron speed, so that

muv? . K Ze?

r 2

. )

Thisat once givesthefollowing nonrelativistic expression
for the kinetic energy €k of the electron:

1, Kze

Ek = = = . 4
K 2mv o 4)
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The potential energy ép associated with the Coulomb
forceisgiven by

€p = , ©)

so that
1
€k = —E%p. (6)

The sum of potential and kinetic energies gives the total
energy ér:

€1 =€p+ €k = —28k + €k = —¢ék. (7)

Thekinetic energy isintrinsically positive, as can be noted
from Eq. (4), so that the total energy is negative. This
means that the electron is bound to the nucleus. As the
electron separation from the nucleus increases, the po-
tential energy algebraically increases toward zero. If the
electron cannot separate to an arbitrarily large distance
from the nucleus, we say that it is bound to the nucleus.
The centripetal force relation given by Eq. (3) relates
the electron speed v to the radiusr of the classical orbit,
so that
r: Kze ®)

mv?2

. <Kze2>1/2. ©

mr

or, equivalently

The rotation angular frequency w is given by

we Yo (Kzez)l/z. (10)

r mr3

This development not only allowsthekinetic energy to be
expressed in terms of the radius, as given by Eq. (4), it
also alows the angular momentum L = pr = mwr for an
electron in acircular orbit to be expressed in terms of the
radius,

KZe?\Y?
L=pr=nmur=mr (W) = (KZ&mr)Y2.

11
Equivalently, this gives the radius in terms of the angular
momentum
L2
r=——,
KZeZm
which canthen be substituted into Eq. (9) to givethe speed
in terms of the angular momentum

[ )

(12)
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The kinetic energy in terms of the angular momentum is
then given by
1, mK2z%*

ék = =M
K= 212

Equations (1)-(14) are based entirely on classica
mechanics.

(14)

C. Electromagnetic Fields Produced
by an Orbiting Electron

Let us explore the classical viewpoint a bit further by
means of the planetary model of the one-electron atom,
where a single electronic charge —e is considered in mo-
tion about an equal -magnitude charge of oppositesigndue
to the proton. This constitutes a rotating electric dipole,
although admittedly the center of rotation islocated very
near one end of the dipole. This rotating dipole produces
atime-varying electric field at distant pointsin space. The
electric field so produced is cyclic, being the same as the
rotation frequency of the dipole. An oscillating electric
field is thus produced at the observation point, the fre-
quency of the field v being equal to the frequency of rota-
tion of the dipole. According to classical electrodynamics,
the energy associated with this oscillating electric field
can propagate outward in space or be absorbed at the field
point (e.g., by accelerating the conduction electronsin a
metal).

D. Electromagnetic Radiation Predictions
of Classical Physics

The energy radiated away or absorbed from a rotating
dipole source, as previously described, must come at the
expense of the potential energy of the configuration of
the two chargesiif it is not supplied by some source con-
nected with the rotation of the dipole. For a hydrogen
atom, there is no such source. The consequent decrease
in total energy of the electron in the one-electron atom
would mean that the total energy becomes more negative,
which corresponds to an increase in the kinetic energy of
the electron in accordance with Eq. (7). This corresponds
to adecrease in the radius of the electron orbit and to an
increase in the rotation frequency according to Egs. (4)
and (10). On the basis of this classical model of radiation,
the frequency of the radiated electromagnetic wave would
then increase. The changes which occur would thus be
continuous; that is, since there could be arbitrary values
for the radius of each electron orbit, the electron would be
capable of having any one of a continuous range of values
of kinetic energy. This speed could be changed continu-
ously by adding or extracting arbitrarily small quantities
of energy. Asthe speed and frequency of rotation change,
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corresponding continuous changes occur in the radius of
the orbit. According to classical electrodynamics, an ac-
celerated charge radiates energy, so the potential energy of
the electron would steadily decrease. Thisultimately leads
to a catastrophe: there would be theoretically no limit to
the process, even asthetotal energy of the el ectron—proton
system approached negativeinfinity, with the consequence
that an infinite amount of energy would be radiated away.

E. Logical Failure of Classical Mechanics

Clearly, the results deduced on the basis of the classical
model areunreasonable. In addition, the predictionsdo not
correspond in any way to the experimental observations of
optical spectra, which are not continuous, but instead con-
tain many sharp spectral lines. Hence, this classical model
cannot be used to describe the mechanical properties of
an atom.

The true state of affairsis that all atoms have a low-
est energy state, labeled the ground state by Niels Henrik
Bohr (1885-1962), for which no further energy emission
ispossible. Furthermore, even whilein somegiven higher-
energy configuration, the atom does not emit energy con-
tinuoudly; excited states emit energy only sporadically,
each such event being accompanied by a sudden jump
to a lower-energy configuration. Bohr called the various
discrete energy states of an atom stationary states, since
such states are stable until the time when atransition to a
lower-energy state actually takes place.

Thelogical deductionfromthe previousdiscussiononly
can be that the classical approach, which is so successful
for describing the motion of the planets, fails completely
for the hydrogen atom. So much for arguing by analogy!
Moreover, the failure of classical mechanics for the hy-
drogen atom is manifested not in our lack of ability to see
and follow the electron, because it might be too tiny to be
seen with the eye or even with amicroscope, butinstead in
experimental measurementsyiel ding datasuch asthelight
spectrum emitted by excited gases of atoms. The observed
spectracan in no way be explained without additional as-
sumptions quite foreign to classical mechanics.

Even considered statistically, an attractive, inverse
square force, astypified by Eq. (1) for the Coulomb elec-
tric force, leads to a negative potential energy that varies
inversely with the separation distance between charges
(or of masses, in the case of gravitational forces). The po-
tential energy is conservative, meaning that a decrease in
separation distance yields energy that can be extracted by
an external agency or converted into heat. |f the separation
distance can be imagined to decrease to zero, then the po-
tential energy approaches negative infinity. This implies
that aninfinite amount of energy simultaneously would ei-
ther be extracted or be converted into heat. Conceptually,
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all machinesin theworld could be run for a day, a month,
ayear, or even aslong as one wishes, by allowing an elec-
tron to come closer and closer to a proton in a controlled
manner. Thismeansthat in the original creation of the op-
posite charges, an infiniteamount of energy wasexpended.
Alternately, we could imagine an explosion dwarfing even
that of the most powerful fission or fusion weapon avail-
able today coming about by merely allowing or triggering
the collapse of aconfiguration of two point charges of op-
posite sign. Such incomprehensible conclusions resulting
from pushing the classical model to its logical endpoint
are sufficient in themselvesto force usinto the realization
that nature actually must behave under constraints addi-
tional to those contained within the formalism of classical
mechanics.

To bring in evidence bearing on this matter, electron-
positron pairs can be produced from gammarays, anditis
known from these experiments on pair production that an
infiniteamount of energy isnot required to separatethe op-
positely charged particles so produced. In fact, the y-ray
energy required isonly of the order of the rest mass ener-
giesof theelectron and the positron. Likewise, pair annihi-
lation does not lead to the emission of an infinite quantity
of y-ray energy, so again we must conclude that the nega-
tive Coulomb energy must be restricted by nature to have
afinite magnitude. This end could be accomplished by re-
stricting the separation distance between opposite charges
to some minimum, nonzero val ue corresponding, perhaps,
to the el ectron—proton separation distance in the so-called
ground-state configuration of the hydrogen atom.

F. New Foundations of Mechanics

It isimportant to note that classical mechanics does pro-
videagenerally adequatetheoretical description of motion
for all objectsthat can be seeninanordinary way traveling
at ordinary speeds. By “ordinary,” we mean observable to
the human eye and traveling at speeds low enough to be
able to follow the position of the object with the eye. In
fact, the theory isfound to apply even in the domain of far
smaller particles, such as can be seen only with the aid of
an optical microscope, aslong as the speed iswell below
that of light propagation. However, the extremely versa-
tile framework provided by classical mechanicsyieldsin-
accurate results in two domains, which can be distinctly
different: (i) particlestraveling at speeds approaching the
speed of light and (ii) particles having very tiny masses.
First of al, objects traveling at speeds v of the order
of 0.1c or larger manifest marked departures from |saac
Newton’s (1642-1727) predictions based on a fixed mass.
Thisisdueto therelativistic dependence of massonveloc-
ity. Second, very small mass particles, such asthe smaller
atoms and nuclei (e.g., the hydrogen and helium atoms,
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proton, neutron, and «-particle) and especialy the even
less massive electrons, all exhibit diffraction properties
typical of wavelike phenomena.

In both of these domains—namely, the domain of very
fast particles and the domain of very tiny particles—
entirely new forms of mechanics were erected that had
essentialy different premises than those inherent in clas-
sical mechanics. Thiswas necessary becauseclassical me-
chanics simply fails to describe and correctly predict the
motions and trajectories of objects under such conditions.
Thedomainlistedin (i), very high-speed motion, requires
the use of Albert Einstein’s (1879-1955) theory of special
relativity (1905). The domain listed in (ii), very small-
mass particles, requires the use of the theory of quantum
mechanics, the subject of thisarticle.

Special relativity and quantum mechanics constitute a
pair of theoriesthat enable one to make accurate calcula-
tions in the separate domains listed. The relativistic me-
chanics provided by Einstein’stheory of special relativity
accurately describes and predicts motions of particlesand
bodiesmoving with speeds approaching the speed of light;
quantum mechanics describes and predicts experimental
observations for very tiny particles, atoms, and the prop-
erties of ensembles of atoms. Einstein’s theory of special
relativity alone, however, isunableto account for the prop-
ertiesof atomsand the discretenessof theemitted radiation
that congtitute the optically observed atomic spectra.

For very small-mass particles traveling at relativistic
speeds, more complicated theories (relativistic quantum
mechanics) have been formulated that have had their suc-
cesses, one of the most prominent being Paul Adrien
Maurice Dirac’s (1902-1984) theory predicting the ex-
istence of the positron. Ideally, one would like to have a
very genera framework that not only predicted the motion
of particles correctly for each of these domains but also
gave the correct results under more ordinary conditionsin
which classical mechanics already does acompletely sat-
isfactory job. It must be admitted, however, that the basis
for a perfectly general theory of mechanics, if it iswithin
the province of human beingsto conceive, still remainsto
be developed. Even Einstein’s general theory of relativity
does not contain the power to interpret the microscopic
world but, instead, gives answers to cosmological ques-
tions relating to the macroscopic world. Simply put, no
completely general theory exists today.

Il. SPECIAL RELATIVITY

A. Essential Relations for Quantum Mechanics

Because special relativity iscovered adequately in another
part of this encyclopedia, only the relationships essential
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for the present development are presented here. It is vital
to point out that the profound prediction by Einstein of the
variation of the measured mass of an object with its speed
has immediate implications for motion which are quite
contrary to those predicted by Newton’s second law, ap-
plied in the restricted sense of afixed, unvarying massfor
any given object. Contained within the theory of special
relativity is not only the experimentally observed mass
variation with speed but also the concept of the equiva
lence of mass and energy. The latter concept, which is di-
rectly verified in electron—positron pair production, has of
course far-reaching consequences with regard to present-
day energy production.

Defining thevelocity v asavector with magnitude equal
to the speed and pointing in the direction of motion, the
momentum p isthen simply

p = mv. (15)

Newton considered the mass m to have a fixed value mg.
The acceleration a is defined as the time rate of change of
the velocity

dv

a= @

Newton’ssecond law F = mpathuscan bewritteninterms
of the time rate of change of the momentum

dp

=40 17
Thisformisvalideveninspecial relativity, asareNewton’s
first and third laws. Time t, however, is not absolute in
special relativity asit iswithin the framework of Newton’s

formalism. Also, weknow from special relativity that mass
m depends upon speed in accordance with

(16)

F

m = ymo, (18)

where mg isreferred to asthe rest mass and the parameter
y isdetermined by v/c, theratio of the speed of theparticle
to the speed of light, in accordance with

y = [1— (%)2]1 (19

Energy isrelated to mass min specia relativity:
€ = mc2. (20)

Thisrelation holds true for any speed v. When v =0, this
reduces to the rest mass energy

€o = moCz. (21)

The energy versus momentum relation for a free particle
in special relativity is

€% = €5+ pc?, (22)
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which differs from the energy—momentum relation in
Newtonian mechanics.

Energy—momentum relations are needed to develop the
deBroglierelation, which underliesthe Schrodinger equa-
tion of quantum mechanics.

B. Philosophical Implications

There is unquestionably a great philosophica differ-
ence between Einstein’s special relativity and modern-day
quantum mechanics. Itisunlikely that Einstein could have
foreseen in 1905, the year of publication of hisworks on
special relativity and the photoelectric effect, the great
philosophical differences that eventually would split the
quantum way of thinking from the relativity way of think-
ing. Relativistic mechanics, like classical mechanics, leads
toaworld view of an absolutely predictablefuture, at |east
in principle, based on the specified state of the universe
at any given time. Quantum mechanics, on the contrary,
contains an intrinsic margin of uncertainty regarding the
future evolution of the system, even if the state of the
universe is known as completely as possible at any given
time. For example, descriptions of the motion of an elec-
tron by Newtonian and Einsteinian mechanics are both
quite precise, although not necessarily in agreement with
each other, in predicting a specific position and velocity
at atimet whenever the exact position and velocity at
any other time t’ are specified as well as all forces that
act on the particle in the time interval between t’ and t.
Quantum mechanics, onthe other hand, givesonly relative
probabilities for a broad range of possibilities.

One must be flexible enough to accept experimental
facts and not reject, for example, relativistic mechanics
simply because one didlikes the concept that the masses
of objectsvary with speed. In the same way, experimental
demonstration of the wave properties of matter requires
that theoretical formulationsbebroadenedtoincludethese
properties. This leads in a natural way to the concept of
indeterminism.

The lack of determinism inherent in quantum mechan-
ics was the “Achilles heel” that eventually led Einstein to
the conclusion that quantum mechanics provides, at best,
an incomplete description of the universe. His powerful
intuition, which should not be lightly discounted, led him
to the belief that quantum mechanics more than likely
would be superseded eventually by a more complete the-
ory, completely deterministic in form, which would alow
exact predictionsof the completefuture evolution of asys-
tem, given only theinitial conditionsat someprior pointin
time. This viewpoint, which means that nothing is left to
chance, was hotly disputed by prominent contemporaries
of Einstein. It would seem to belie even the possibility of
freewill in humans. Max Karl Ernst Planck (1858-1947)
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and Dirac, on the contrary, believed that the uncertainty
inherent in quantum mechanicswasin fact anintrinsic re-
ality in nature, never to be overcome by any better theory
purported to be more comprehensive or general. For these
philosophically minded physical theorists, the important
uncertainty principleiselevated fromitsroleasanintegral
part of quantum mechanics theory to an even more lofty
philosophical principle.

Philosophical speculation, of course, isnot physics. One
should ask different questions, such ashow to best describe
and predict experimental observationsin alogical manner
frommodel sdevel oped from acombination of observation
and intuition. To go beyond this end by inquiring why
nature behavesin such afashion can proveinteresting and
stimulating but doesnot, initself, constitute the furthering
of the subject proper of physics.

The best approach is to develop formulations that rep-
resent asynthesisof al experimentally verified properties
of matter, including variation of mass with velocity and
wavelike interference of particles. The roots of the most
fundamental relation (the de Broglie relation, devel oped
by Louis Victor de Broglie) in the wavelike description
of particles are to be found most naturaly in Einstein’s
explanation of the photoelectric effect and in the equa-
tions of special relativity. It is an enigmathat the seeds of
guantum theory liewithin one of Einstein’s creative expla-
nations of a very puzzling experimental observation, the
photoelectric effect. The enigma arises from the fact that
Einstein’s best-known work, the theory of specia relativ-
ity, isan entirely separate and remarkably different theory
philosophically from that of quantum mechanics.

lll. QUANTUM CONCEPTS

A. Early Quantum Theory

Old quantum theory is essentially the patchwork of clas-
sical and quantum ideas that were pieced together to yield
Planck’stheory of black-body radiation, Einstein’s expla-
nation of the photoel ectric effect, and Bohr’stheory of the
one-electron atom. Old quantum theory included the con-
cept of the particle nature of radiation (i.e., the photon)
and the quantization of the radiation energy in elemental
units hv. However, it did not include the concept of the
wave nature of matter.

B. Einstein’s Concept of Light
as an Energy Quantum

The origin of the word “quantum” in quantum mechanics
can be understood from its use in the explanation of some
of the propertiesof light. [t wasEinstein, in hisexplanation
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of the interaction of light with metal surfaces, who gave
impetus to the concept that electromagnetic radiation is
made up of discrete increments of energy. At that time
(1905), light was generally considered to be an electro-
magnetic wave somewhat similar to water waves or sound
waves, with an accompanying energy density that could
lead to energy exchange with another body. A light wave
in free space may be viewed classically as coupled, time-
dependent electric and magnetic fields that are in phase,
each varying periodically in time and space. Thisleadsto
signal propagation through free space and material me-
dia. Theelectric field of thewaveleadsto an electric force
on charged particles; charged particles can thus be accel-
erated and thereby gain kinetic energy at the expense of
the energy density of the electromagnetic wave. This pic-
ture leads to the prediction of electrons in a solid being
accelerated to various energies, depending upon the ac-
celeration time, with no sharp cutoff for the maximum
energy that can be attained and with no indication that
there should be awavel ength- or color-dependence of the
effect. It aso leads naturally to the conclusion that amore
intense light wave of the same wavelength should exert a
larger electric force and hence produce more acceleration
and consequently higher-energy electrons. In addition, it
might be expected that if the light is of extremely low
intensity, there would be a measurable time delay before
the electron could gain sufficient energy to overcome the
surface energy barrier (given by the workfunction) and
thereby escape from the metal.

Theclassical predictionsfor theinteraction of light with
solids were not in accord with the experimental data. No
timedelay wasobserved. Electron emissionfromthemetal
surface was either observed or not observed, depending
upon whether the wavel ength waslessthan or greater than
some critical wavelength characteristic of the metal used
for the experiment. Furthermore, all emitted electrons had
a kinetic energy equal to or less than a given maximum
energy that increased with the wave frequency. (Thewave
frequency v isgiven by ¢/, where c isthe speed of light
and A is the wavelength; it is also the reciprocal of the
time period of the oscillation and thus typically has units
of cycles per second, termed Hz.)

Einstein pointed out that all of these observations could
be explained in a neat way by postulating that the energy
transfer between light wave and electron occurs only in
well-defined, discrete quantities of size hv, with h be-
ing the fundamental constant introduced by Planck in the
year 1900 to resolve the black-body radiation spectrum
problem. According to this postulate, light is quantized in
elemental units of energy that are incapable of further de-
composition. From this viewpoint, the properties of light
are similar to the properties of elementa particles, such
as the electron and the proton, which have basic units of
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FIGURE 1 Photoelectric effect. [Fig. 1.1 in Quantum Mechanics
for Applied Physics and Engineering by Albert Thomas Fromhold,
Jr. (Academic Press, Inc., New York, 1981; Dover Publications,
Inc., New York, 1991); reproduced with the permission of Aca-
demic Press, Dover Publications, and the author.]

mass and charge of specific values that are ordinarily in-
capable of further decomposition. The energy hv of each
light quantum, called a photon, could be transferred to
a conduction electron in the metal to enable it to escape
from the metal with akinetic energy given by

¢k = hv — ¢, (23)

where the workfunction ¢ is the energy step that must
be overcome by the electron at the metal surface in order
to become free. The action of the photon in promoting
electron emission from ametal isillustrated in Fig. 1.
Theideathat light has particlelike propertieswasin one
sense aresurrection of the corpuscular theory of light es-
poused by Newton. Since that theory had long been aban-
doned, in view of the wavelike properties of diffraction
and interference later discovered by Christian Huygens
(1629-1695), the particlelike picture invoked by Einstein
to explain the photoelectric effect was once again revo-
lutionary. Even Planck, who had chanced upon the ex-
planation of the black-body radiation spectrum by intro-
ducing the concept that the radiation in a cavity could
only have discrete values for the energy, did not believe
that the discreteness was associated with light in any fun-
damental way. Instead, Plack believed initidly that the
discreteness proceeded only from constraints on the ab-
sorption and emission of radiation by the cavity walls
themselves. Light itself generally was viewed as a wave
phenomenon, with periodic variations in the electric and
magnetic fields but no sharp discontinuities in space and
time. To postulate, as Einstein did, that the energy could
be localized in space such that it could be exchanged
with the electron in a metal instantaneously and in dis-
crete quantities, when the wave nature of light already had
been experimentally confirmed, was quite revolutionary.
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Indeed, it was nearly akin to postulating that light had dual
properties.

C. Transitions between Atomic
States; Photon Emission

L ookinginto the phenomenon of light productioninalight
source (i.e., the origin of optical spectra), oneisled to the
concept of excited states of the atoms in the source. An
atom becomesexcited whenit absorbsenergy in someway
(e.g., from the heat associated with arisein temperature).
Such an excited atom can give off energy in the form of a
light wave or, more generally speaking, by emitting some
form of electromagnetic radiation. From the viewpoint of
classical mechanics, the atom can have acontinuousrange
of energies in the excited state and therefore can emit a
continuous range of electromagnetic wave energies. [ See,
for example, Egs. (4), (7), and (14).] The optical absorp-
tion and emission spectra, from this classical viewpoint,
would be quite nondescript and, moreover, would vary lit-
tle from element to element in the periodic table. Such
simplicity, however, is belied by the experimental optical
spectra. The optical spectrum obtained from a gas dis-
chargeis usualy very complex, and it is so characteristic
of the atoms making up the gasthat it can serve as a “fin-
gerprint” identifier of theelement making up the gas. From
aclassical view the most unexpected characteristic of the
experimental optical spectrum is the sharpness of peaks
in intensity at certain wavelengths (or frequencies). Such
peaks are difficult or impossible to explain on the basis of
aclassical mechanics picture of the atom.

If Einstein’sview of light ascomposed of discrete quan-
tities of energy isto be sustained, then it is natural, if not
absolutely necessary, to conclude that these entities are
produced by the atoms in the light source. The relation-
ship between light wave frequency and the light quantum
energy existent in the photoelectric effect leads one to
speculate on the reason for the sharp emission spectrum at
certain wavelengthsin optical spectra. The spectra, which
are so characteristic of the atoms comprising the source,
must indicate that the changes in the atom configuration
leading to light emission occur in such away that individ-
ual quanta of energy hv are created and emitted. Figure 2
illustrates the concept of energy absorption and energy
emission. The energy hv of the photon emitted, for exam-
ple, isthedifferencein energy between theinitial state €,
and the energy of the final state €, of the quantum system
given by

hy = €n — €. (24)

The experimentally unconfirmed expectation on the ba-
sisof classical mechanicsthat the optical spectrum should
be rather more or less continuous, with no sudden, sharp
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state n’ €.
hy=£€4-€,
state n €

(a) Energy Absorption

I

N\ =

€€, =hv

(b) Energy Emission

FIGURE 2 Quantum transitions involving photon absorption and
emission. [Fig. 1.5 in Quantum Mechanics for Applied Physics and
Engineering by Albert Thomas Fromhold, Jr. (Academic Press,
Inc., New York, 1981; Dover Publications, Inc., New York, 1991);
reproduced with the permission of Academic Press, Dover Publi-
cations, and the author.]

changesin intensity with wavelenght, therefore had to be
superseded by the view that the changesin the mechanical
configuration are catastrophic and instantaneous. Classi-
cally, a sudden change in the total energy of an inverse-
square force system must be accompanied by a sudden
changein the radius of the orbit and also a corresponding
changeintherotation frequency of the particleintheorbit.
[SeeEgs. (4), (7), and (10).] The accompanying changein
the energy therefore must occur suddenly, the difference
in energy between the two characteristic configurations
determining the energy of the emitted photons. The me-
chanical states of the physical system are thus specific
and characterized by fixed energies, with the transition
between any two such fixed energy states occurring sud-
denly with the emission of afixed quantum of energy. Col-
lapse must occur from one characteristic configuration to
another characteristic configuration of lower energy when
the photoniscreated. Each configuration may individually
be compared to theintricateworkingsof afinewatch, with
the change in configurations occurring as a sudden transi-
tion between two well-defined and self-regulated states.

D. Intensity Peaks in Optical Spectra

The resonance nature of the absorption and emission of
electromagnetic radiation by gases found experimentally
requiresrejection of thesimpleclassical pictureof anatom
derived from a planetary model of one or more electrons
revolving about the nucleus. Oneis led to the viewpoint
that only certain characteristic mechanical configurations
of the electrons in an atom are allowed. This provides a
plausible explanation of why radiation energy can be ab-
stracted only in unitsof quantahv of radiation energy. The
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total energy therefore always changes by discrete photon-
energy increments hv. To the extent that the electron can
be viewed as changing speed in its orbital motion to yield
the emission of energy, that change in speed must occur
in a single-step process. Clearly, an entirely new type of
mechanics is required for the description of atomic sys-
tems having such properties. Due to the discreteness of
the stationary states and the quantum nature of the energy
emitted as photons, this new type of mechanicswas called
quantum mechanics.

E. Ideas of de Broglie, Heisenberg,
and Schrédinger

Matter was discovered in 1927 to have wavelike proper-
ties by means of the electron diffraction experiments of
Clinton Joseph Davisson (1881-1958) and L ester Halbert
Germer (1896-1971), and G. P. Thomson (1892-1975).
Thiswas preceded (1923) by de Broglie’s deduction from
specia relativity considerations that a particle of energy
hv and momentum p had awavelength A associated with
it. In the same way that electromagnetic radiation can be
observed to behave in a wavelike manner under certain
conditions and in a particlelike manner under other con-
ditions (witness radio-wave interference on the one hand
and the photoel ectric effect on the other), de Broglie pos-
tulated that there was a wave—particle duality for all of
nature. Wave-particle duality asserts that nonzero mass
particles, such as electrons, protons, neutrons, and atoms,
can be observed to behave in a wavelike manner under
the proper conditions and in a particlelike manner under
different conditions.

This very important concept of particles possessing
an intrinsic wave character underlies the Schrodinger
equation—that cornerstone of present-day quantum me-
chanics dating from 1926. The birth of quantum me-
chanics, in fact, dates to the developments of Werner
Karl Heisenberg (1901-1976) in 1925 and of Erwin
Schrodinger (1887-1961) in 1926, both of which intrin-
sically contain the wave properties of matter, although
somewhat differently. Whereas Schrodinger directly de-
veloped awave equation to describe the behavior of mat-
ter, Heisenberg incorporated the wave properties into a
theory in asomewhat different way, setting up a noncom-
muting matrix operator formulation. Heisenberg was able
to show that certain pairs of physical observables repre-
sented by noncommuting operators, in principle, could not
be measured to arbitrary precision; rather, the more pre-
cise the measurement of one member of the pair was, the
less precise the knowledge of the other would be. Thus
was born the Heisenberg uncertainty principle. Thistype
of uncertainty follows naturally from a wavelike descrip-
tion of matter such asthat represented by the Schrodinger
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equation. The Schrodinger formulation can be used to de-
duce a matrix formulation of guantum mechanics analo-
gousto Heisenberg’s formulation, so in this sense the two
theories are equivalent.

F. Bohr Quantized Energy Levels
for Hydrogen Atom

It is remarkable that Bohr was able to put together a suc-
cessful theory of the hydrogen atom, sinceitsformulation
in 1913 predated by more than two decades the discov-
ery of the wave diffraction of particles and even predated
by a decade the postulate of wave-particle duality by de
Broglie and his deduction that a particle of momentum
p has awavelength A associated with it. Fundamentally,
Bohr utilized the data given by experimental optical spec-
tratogether with heuristic argumentsbased ontheclassical
limit. A somewhat different line of reasoning, based onthe
experimentally confirmed de Broglierelation, isfollowed
here in deducing the quantized energy levels of Bohr.

Asapreliminary to the development of the Schrodinger
equation utilizing the experimentally verified de Broglie
relation

A= h (25)
p

between the wavelength A associated with a particle and
the momentum p of that particle, where h is Planck’s
constant having the value 6.6262 x 10~ Joule-second
(J9), let us use that same relation as a selection device
for choosing a series of discrete orbits for an electron
imagined to circle a proton from the continuous range of
orbits allowed in the purely classical planetary model of
the one-electron atom. Thekey addition istherequirement
that a wave associated with a trajectory must be asingle-
valued function of position on thetrajectory. For acircular
orbit, this requires that the wavelength be commensurate
with the circumference of the orbit, namely

2rr
—_— = n, 26
- (26)

wherer isthe radius of the circular orbit, X is the wave-
length, and n is any integer >1. Note that no attempt is
made to interpret the meaning of the wave, which is as-
sumed to exist around the circumference of the orbit; in-
stead, only one of the most general properties of waves
(i.e., single-valuedness) isrelied on when writing the con-
dition given by Eg. (26). The logic of this approach is
merely that if the properties of matter arewavelikeandif a
planetary orbit exists, then the condition given by Eq. (26)
should be met. Later inthetreatment of the hydrogen atom
by means of the Schrodinger equation, the concept of a
well-defined planetary orbit will be found to betoo naive,
except in what is designated the classical limit. This is
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dueto the fact that a wave does not usually have a precise

localization. Nevertheless, there do exist well-defined val -

ues of the most likely separation distance of the electron

relative to the nucleus of the one-electron atom.
Substituting Eqg. (25) into (26) gives

2rpr/h=n (27)
which, in terms of the new constant h defined as
h
h=—, 28
o (29)
takes the form
pr = nh. (29)

Because for acircular orbit, the product pr isthe mag-
nitude of the vector angular momentum L, Eq. (29) consti-
tutesarestrictive condition onthe angular momentum; that
is, the values of the angular momentum L arerestricted to
the discrete set of values L, given by

Ln=nh (n=1,23..). (30)

Thisisastatement of the quantization of angular momen-
tum. Thus, one arrives at the startling conclusion that not
only isangular momentum conserved for the one-electron
atom, as can bereadily deduced from classical mechanics,
but also that the new quantum condition establishes that
the angular momentum must be quantized. The elemental
unit for the mechanical angular momentumisthush. Be-
cause angular momentum quantization proceeds entirely
from the wave description, it is a direct consequence of
the wave nature of particles.

Now let us show that the quantization of the angular
momentum leads to the quantization of the energy values
for the one-electron atom. Introducing the quantum con-
dition given by Eq. (30) into Egs. (12), (7), and (14) gives
discrete values for the radius

(nh)?
= KZeZm (31)
and leads to the following quantized values for the total
energy of the Bohr atom

—-mK?Zz2%
2n2h2
Using 1/(4r &) for K, thisexpression for the total energy

can be written as

Er = —¢éx = (n =123,.. ) (32)

_ —mZ%*
B 32712£gn2h2
_ —mZz%*

B 883n2h2

én

(n=123,..) (33

Thus, the average value of the orbit radius is predicted
to increase with an increase in the integer n while the
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energy increases algebraically from negative valuesto ap-
proach the asymptotic limit of zero corresponding to an
unbound state. At the other extreme of small valuesfor n,
the negative total energy becomes algebraically smaller,
corresponding to tighter binding of the electron and more
localization of the electron in the neighborhood of the nu-
cleus. The lowest energy state is given by n=1, so this
isthe ground state of the one electron atom. Denoting the
total energy in this state by €, gives

_ —mZ2e* _ —mz2e*
© 3272%3h2 8edh2

Substituting the values m=9.1096 x 10~ kg, e=
1.6022 x 10~ Coulombs (C), h=h/27 = 1.0546 x
10-%* Js, and g9 = 8.854 x 10~ F/m gives

€o=—22%x2180x 10718)
= —Z7? x 13.60eV (35)

€o

(34)

as the ground-state energy in electron volts (eV) for the
one-electron atom. For hydrogen, Z =1, so the ground-
state energy of the hydrogen atom is predicted to be
—13.6 €V. The corresponding Bohr radius, as deduced
from Eq. (31), is 0.529 x 10~%° m. As will be deduced
shortly by using these results to examine the predictions
for optical spectra, thetheory yieldsresultsthat areingood
agreement with experiment. Thus, thisamalgam of classi-
cal mechanics and the assumption of awavelike character
for theelectroninorbit, asgiven by thedeBroglierel ation,
leads to a new picture for electronsin atoms.

Needlessto say, the electron istoo small to be observed
directly initsorbit, evenif such apictureweretenablefrom
afundamenta standpoint, so the theory cannot be proved
or disproved inthisway. On the other hand, optical spectra
can be measured, so optical measurements can serve as a
point of contact between microscopic mechanical models
of the atom and the world of observation. The predictions
of the model therefore can be tested in this manner. In
Section I11.H, the Bohr theory will be shown to lead to a
reasonably accurate explanation for the optical spectrafor
the one-electron atom.

Despite the success of the Bohr theory for one-electron
atoms, it is incapable of giving realistic predictions for
atoms having two or more electronsand, afortiori, failsto
giveageneral explanation of the periodictablefor thegreat
variety of elementsto befoundin nature. Therefore, it can
be concluded that a stronger wave theory is needed for
understanding and predicting nature. The planetary model,
as modified in the simplest possible way by the concept
of the wave nature of matter, is sufficiently successful to
indicate a promising way to proceed, since it gives some
insight into the types of thought processes and concepts
required to begin a better treatment.
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G. The Heisenberg Uncertainty Relations

There is a still more fundamental problem with the Bohr
theory as deduced on the basis of the wave properties of
matter inherent in the de Broglie relation. This problem
has to do with the basic meaning of the position of an
electron on one of the Bohr orbits in the hydrogen atom.
The philosophical question is whether or not a physical
quantity is actually meaningful if it cannot be measured.
The Heisenberg uncertainty principle actually impliesthat
the position of an el ectron on the smaller orbitsin the Bohr
model cannot be measured without serious disruption of
the electron trgjectory itself, as we shall prove later. First
of al, let us examine one approach that can be used to
rationalize the uncertainty relation.

Let us consider the experimental aspects of a position
measurement of the location of a point mass by means
of a microscope utilizing electromagnetic waves of
wavel ength )hphoton and frequency Vphoton = C/ )\photon- It
is a well-known fact that the resolution of a microscope
is limited by the wavelength of the light utilized for the
measurement such that the uncertainty AXmass Of the
position measurement will be of the order of (or greater
than) the wavelength:

AXmass > )Lphoton~ (36)

However, as already discussed, photons have momentum
p=h/A, and the conservation of momentum when the
measuring photon scatters off the point mass will cause
an uncertainty in the final momentum of the point mass
of this order—namely, Apmass™ N/Aphoon. Therefore,
it must be concluded that, following the measurement,
AXmassA Pmass = (Aphoton)(N/Aphoton) =h. Thus, there is
some lower limit to the precision with which the two
physical variables of momentum and position of aparticle
can be measured. This conclusion is consistent with
a rigorous version of what is known as the position—
momentum form of the Heisenberg uncertainty relation,
which statesthat the minimumvalue of (Ax)(Ap) isof the
order of %h. Thereis no particular limit to the maximum
vaue. Therefore,

AXApP > %h. (37)

Two variables for which the uncertainty relation holds
are known as complementary variables.

An aternate pair of complementary variables is given
by the energy of a particle in a quantum state and the
lifetime of the particle in the state. This means that there
is aso alower limit to the product A€At, where A€ is
the uncertainty of the energy of the particle and At isthe
uncertainty inthetimetheparticlewill remaininthat state.
Thus, in analogy with Eq. (37), A€ At > Zh.
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For a meaningful electron orbit, the uncertainty in po-
sition of the electron must be less than the radius of the
orbit. Applying Eq. (37) to this situation yields

h
A R
Pn > o, (38)
for a Bohr orbit of radius r,. The radius ry, is given by
Eq. (31), sothat for Z =1, r, = 4w eon®h?/me?. Thus

Ap (39

"~ reon?h
The corresponding total energy €+ given by Eq. (32) is
€n = —me*/327262n?h2. The momentum p;, for state n
obtained by means of the general relation p = (2méy)Y/?
is given by p,=(2m|é,|)Y/?, since éx = —ét accord-
ing to Eq. (32). Substituting the expression for €,, then
gives pn,=me?/4meonh. Now let us establish the re-
quirement on A€, provided by Ap, evaluated above.
Againusing €y = —€r, with€x = p?/2m, itisfound that
A€k =(p/m)Ap, so that A€, =(pn/M)Ap,. Substitut-
ing the above expressions for p, and Ap, then gives

4

327‘[283n3h2

When n = 1, the ground-state Bohr orbit having radiusr,
is denoted by a and the ground-state energy € isdenoted
by €o. For this case, A€o > |€o|. This surprising result
indicates that the uncertainty introduced into the energy
by an attempted measurement of the position of the elec-
tron on its ground-state orbit exceeds the binding energy
itself, so the stable configuration will be serioudly dis-
rupted by the measurement, if not totally destroyed. Thus,
if one subscribes to the debatable tenet that a quantity is
not physically meaningful unlessit can be experimentally
measured, then the very meaning of an electron orbit as-
sociated with the ground-state energy of the Bohr model
is brought into serious question. In any event, an electron
cannot be observed directly in orbit about a proton, so it
isimpossible to say exactly what the separation distance
is between electron and proton at any given instant. How-
ever, theenergy absorption and emission dueto transitions
of the hydrogen atom between various states of excitation
can be measured. This is indeed an experimental point
of contact with the theory. Therefore, et us examine the
predictions of the Bohr theory for the optical spectrum of
hydrogen.

H. Optical Spectrum of Hydrogen

If the electron in the hydrogen atom with energy corre-
sponding to the integer n suddenly undergoes a transi-
tion to an energy corresponding to a different integer n’,
with the energy difference being positive so asto create a
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photon of energy hv, then energy conservation gives the
relation

hy =€, — €y = —%{(%)2 - (%)2} (41)

where €, is given by Eq. (34), with Z =1. Since for the
photon

hw = M 2n © 42)
A A

the relation given by Eq. (41) can be used to write

1 hv —% | /1\? [1)\?
fznhc:m[(ﬁ) _<H> } “43)

Thisisusually written in the form
2 2
1_ R[(E) _ (E) } (44)
A n’ n

R —%o me*
~ 2rhc  6473h3edc
is known as the Rydberg constant. Thus, transitions from
the various excited states (n > 1) to the ground state (n' =
1) leads to a series of spectral lines with frequencies
v =_C/A given by

2
Vot = cR|:1 - (%) } (n=234..). (46)

This series of lines is known as the Lyman series, which
isin the ultraviolet region of the spectrum. Yet a second
series of spectral frequencies can be generated by transi-
tionsfrom excited stateswithn > 2tothestaten’ = 2. It
can be noted that these frequencies are given by

Vnosz = cR[(%)Z - (%)2] (n=3,4,5,..). (47)

The spectral linesin this series, known as the Bamer se-
ries, have wavelengths in the near ultraviolet and visible
region of the spectrum. Similar series of lines determined
fromn’ =3, 4, and 5 can be written using the above pre-
scription; these three series, labeled Paschen, Brackett,
and Pfund, respectively, have spectra lines with wave-
lengths in the infrared region of the spectrum.

These various series of spectral lines were known from
experimental observation long before the invention of the
Bohr model of the atom and indeed constituted some of the
major evidence that classical mechanics was inadequate
for the treatment of atomic systems. The frequency rela
tionships deduced from the Bohr theory agree quite well
with the experimental spectra. Even better agreement is
obtained when the finite mass of the nucleus is included
in the theory; the correction comes about because elec-
tron and proton revolve about the center of mass, giving a

where

(45)
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dightly smaller orbit radius than the one obtained above
(assuming the radius is the same as the separation dis-
tance between electron and proton). Thisis the so-called
reduced mass effect, which is purely classical in nature.

I. The Laser

The absorption and emission of light dueto electron tran-
sitions between quantized energy levels provide the basis
for one of themaost powerful research toolsdevel oped over
the past 50 years—namely, the laser. The key property of
alaser beam isits phase coherence. The phase coherence
of the beam is to be contrasted with the random phase
relationships between the light emitted from various re-
gionsof an ordinary light source, such as an incandescent
filament. The phase-coherent beam in alaser is produced
by reflecting the emitted light back and forth between par-
allel mirror surfaces bounding the emitting medium, so
that any light already emitted triggers additional emission
and influences the phase of such additional light emission
from the excited atoms of the medium. The phase of the
newly emitted light turns out to be the same as that of the
already emitted light. It is not intuitive from a quantum
mechanical viewpoint that this should occur, but it is as
one might expect on the basis of classical physics, since
the electric field provides the accelerating force for the
atomic electrons. That phase coherence does occur is, in
fact, basic to the nature of the processreferred to as stimu-
lated emission. Stimulated emission isto be distinguished
from spontaneous emission, which prevails in ordinary
light sources which lack phase coherence.

The emission of light in alaser can initiate due to prior
electronic transitions in atoms in a gas (e.g., a helium—
neon mixture) or in a solid (e.g., ruby) that have been
preexcited by some process, such as the flash of an ordi-
nary discharge lamp. As the phase-coherent beam builds
in intensity within the laser, a portion of it is alowed to
emerge continuously from the active lasing medium by a
partia transmission through one of the mirrored surfaces.

The intense phase-coherent beams produced by lasers
allow many enhanced experiments involving light inter-
ference to be carried out. The laser has enabled the speed
of light to be measured to much greater precision than
ever before, such that the wavelength of alaser beam can
be used as an accurate standard for the measurement of
length. The angular divergence of a laser beam can be
held to quite small values, so that reflectance of ameasur-
able signal from very great distances (e.g., from earth to
moon and return) becomes possible. By measuring the
time for round-trip light travel, large distances can be
measured more accurately than was posible previously.
The Michaelson-Morley experiment for determining the
speed of light in different directionsrelative to the earth’s
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instantaneous vel ocity vector initsorbit about the sun also
can be performed with greater precision with theaid of the
|aser.

IV. WAVE MOTION

A. Development of the Wave Equation
for Transverse Vibrations

The essentia equations for classical wave motion consti-
tutethefoundation for developingintuitiveinsightintothe
fundamental s of quantum mechanical wave eguations for
particles. It iswell known that wave motion can describe
as varied phenomena as the transverse displacement of
awire in tension, the propagation of sound in gases, the
motion of electromagnetic radiation in free space, and the
longitudinal displacements associated with elastic waves
inasolid. All of these classical phenomena can be treated
theoretically by means of the same differential equation
technique, which moreover proves to be adequate for de-
scribing the wave properties of particles.

Consider, for example, the basic classical problem of
the time and position dependence of the transverse dis-
placement of avibrating wire, string, or rope, asindicated
in Fig. 3. The transverse displacement y(x, t) of a thin
wire under tension T, with mass per unit length along
the x-direction given by p, is determined as a function of
timet by adifferential equation that can be obtained from
a straightforward application of Newton’s second law of
motion, F =ma, where F is the force and a is the ac-
celeration. A net force Fy acting in the y-direction on a
length Ax produces an acceleration ay that is inversely
proportional to the mass p AX,

d2
Fy = (pAX)ay = (pr)(de). (48)

FIGURE 3 Transverse wave.
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The net force Fy is given by the difference between the
y-directed components of the uniform axial tension force
T at the two ends of the element Ax. Considering 6 to
measure the angle in radians between the wire and the
horizontal line representing the wire when it has no trans-
verse displacement, & can be visualized as varying with
position x along the wire and with time t as the wire vi-
brates. Thetensileforce T is considered to have aline of
action that is always parallel to the wire. This leads to a
projected component in the y-direction given by (T sin6).
At the ends of the segment Ax thetensileforce T actsin
oppositedirections, asisrequired of atensileforce. If the
segment is not to be accelerated in the x-direction, then
the x-components of these end forces must essentially
cancel each other. The component of T projected in the
x-direction is given at any point by (T cos#), so this can-
cellation condition ismet adequately if 6 issmall enough.
Inthe small 6 limit, the net force in the y-direction on the
segment AX, namely,

Fy = T SinOx;ax — T Sin6x (49)
reduces to the approximation
Fy = Thrax — T (50)
which, in turn, can be approximated by
Fy = T tan6fyyax — T tanoy. (51

Because tan6 is the slope dy/dx, this last equation is
equivalent to

). ()] e

Equating this expression for Fy to the partialderivative
equivalent of Eq. (48) gives

3%y ay ay
o0 ( G ) = T[(a—ka - (a—x)x} )

Dividing through by Ax andtakingthelimit Ax — Ogives

8%y 3%y
127 54
Potz = ox2 (54)

The unit of tension T in Sl unitsis Nt and the units of p
arekg/m, so T/ p hasthe dimensions of m?/s?, the square
of aspeed. Denoting the sgquare root of this quantity by

() e

where v, has the units of velocity, the equation for a vi-
brating wire takes the form

%y 1 (82y> (56)

e e\ o
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Thisisthe well-known classical wave equation. Itisalin-
ear, second-order differential equation that governs, inthe
present example, the transverse displacement y(x, t) asa
function of position a ong the wire astime proceeds. Both
standing-wave modes and running-wave modes are possi-
ble, depending upon the boundary conditionsimposed on
the wire.

The classical wave eguation given by Eq. (56) also has
athree-dimensiona form to describe motion in arbitrary
directions in space. There are various ways to generalize
Eqg. (56), but it is simplest first of all to think of wave
motion along the z-axis, in contrast to the x-axis. The
simple change in dependent variable from x to z naturally
yields the relevant equation. It is clear that to include the
three independent directions in space will require three
terms involving spatial derivatives in place of the sin-
gletermin Eqg. (56). If these three Cartesian coordinates
are denoted by X, y, and z, then it is necessary to use
some alternate notation for the wave displacement. De-
noting the wave displacement by (X, y, z, t), the classi-
cal three-dimensiona wave equation then can be written

as
1\?/ 0%y
Viy=(—=) (= ). 57
=) (&)
where V2 symbolizesthe differential operator (92/9x?) +
(02/8y?) + (92/82).

B. Solutions to the Classical Wave Equation
Let us attempt atrial solution for Eq. (56) of the form
y = C expl[i (kx — wt)], (58)

where, at the moment, C, k, and « are unspecified
constants, perhaps even complex numbers. Substituting
Eq. (58) into Eq. (56) gives a condition on the constants
w andk intermsof vp:
k?=—. (59)
Up
The complex form of the trial solution is troublesome
for those who are more concerned with physical phenom-
enathan with mathematics, sincethedisplacementisareal
guantity. In point of fact, the mathematical solution, in it-
self, does not have any physical interpretation associated
withit. To be ableto clothethe mathematical solutionwith
physical content, it isoften necessary to restrict somewhat
the range of solutions that can be accepted.
The physically meaningful solutions for the present
problem of avibrating wire are thus given by
[v] phyg_ca”yl = Re{C exp[i (kx — wt)]}. (60)

meaningfu
subject
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where e means “take the real part of.” It is expedient
at this point to restrict the constants k and w to real val-
ues. However, it proves very useful, as will be shown,
to maintain the constant C in its most general complex
form,

C = Dexp(i®), (61)

where D and ® arereal numbers. Thetrial solution there-
fore can be written in the form

y = D expl[i (kx — wt + ©)], (62)
thus giving real solutions of the form
y = D cos(kx — wt + ©). (63)

The right-hand side of Eq. (63) has the sort of space de-
pendence and time dependence seen for vibrating wiresin
the laboratory. Larger values of w yield shorter repetition
periodsin time, and larger values of k yield shorter repe-
tition periods in space. Considering that a cosine function
repeats itself when its phase isincreased by 27, it can be
concluded that kx = 27 and wr = 27 givethebasic spatial
unit A and temporal unit = for repetition. These parame-
ters are called wavelength and period, respectively. Note
that

27
k=% (64)
and
W= ﬁ (65)

The temporal frequency v is the reciprocal of the period
7,0r

, (66)
o that
w = 2mv. (67)

Here, the explicit assumption was made that the constants
w and k are real. For wave motion, thisis consistent with
the physical interpretations relating these parameters to
the temporal frequency and the reciprocal of the spatial
periodicity.

C. Phase Velocity of Waves

It isauniversal property of wave motion that

w 2v A

— = = Av=-— 68

K 270 VT T ©8)
and thisratio givesthe speed vphase Of the sinusoidal wave,
where t is the period for one temporal oscillation. This
is readily understood by visualizing a moving sinusoidal
spatial wave pass by a given point in space, the length A
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passing in time . The speed of an individua sinusoidal
waveis called phase velocity. and is denoted by

+ow

Therefore, Eq. (55) states that the quantity vy = (T/ )2
is the speed with which the sinusoidal wave moves along
the wire. The phase velocity may depend upon frequency
or wavelength in some instances. Note that in the present
example, however, the phase velocity depends directly
upon the sguare root of the tension in the wire and in-
versely upon the square root of the mass per unit length of
the wire, independent of the frequency or the wavelength
of the wave.

D. Development of the Wave Equation
for Electromagnetic Waves

It can bereadily shown that el ectromagnetic wavesin free
space also satisfy a wave eguation analogous to Eq. (57)
for transverse waves along awire and thus have solutions
that are mathematically the same. To develop this wave
equation, consider Maxwell’s equations of electromag-
netic theory

V.-D=p (70)
V.-B=0 (71)
B
VXE:—a— (72)
at
oD
VxH=g+-= (73)

where D isthe electric displacement vector, B isthe mag-
netic induction vector, E is the electric field vector, H is
the magnetic field vector, $ isthe electric current density
vector, and p is the electric charge density. In free space,
the linear relations

D = gF (74)
B = uoH (75)

are applicable, where g isthe electric permittivity of free
space and 1 is the magnetic permeability of free space.
In the absence of free charge and with no electric current
density, the following relations are obtained:

V.E=0 (76)
V-H=0 (7
oH
VXE=—uy— 78
X Mo (78)
JoE
VxH:soﬁ. (79
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Taking the vector curl of Egs. (78) and (79) yields

9
VxVxE= —/,L()a(v x H) (80)

VXxVxH= sog(v x E). (8D
Applying the vector identity
VxVxV=VV-V)-V3, (82)

which is valid for any vector V, to the left-hand sides
and simultaneoudly utilizing the relations V - E=0 and
V -H =0given by Egs. (76) and (77) yields the following
relations:

B]
V2E = Moﬁ(v x H) (83)

V2H = —so%(v x E). (84)

Substituting the expressions for V x E and V x H then
reduces Egs. (83) and (84)

3’E
2E _
V°E = 1ogo 2 (85)
9°H
V2H = —. 86
Moo (86)

These are vector equations; each represents three scalar
equations, one for each of the three vector components.
By considering any one component of these fields (e.g.,
Ex. Ey, Ez, Hx, Hy, or H;) and calling the particular com-
ponent r, Egs. (85) and (86) lead to the three-dimensional

wave equation
2y - (L (2¥
(@G e

where, in the present problem, the phase velocity c is de-
termined from the physical constants pg and g in ac-
cordance with ¢ = (oeo)~Y/2. This is the propagation
velocity for electromagnetic waves in free space. Sub-
stituting the values £9g=28.854 x 107* F/m and o=
47 x 10~ henry/m (H/m) gives the speed of light in free
space as ¢ = 2.998 x 108 m/s.

Equation (87) has particularly simple solutions depend-
ing on position r and time t. For example, plane waves
represented by Acos(k - r — wt + «) satisfy the equation,
where A, k, w, and « are constants. The magnitude of the
vector k determines the wavelength 1, so that

= % =21 /(K2 + K2+ K2) "2, (88)
Thewaveistraveling at phasevelocity c = w/|k| inthedi-
rection of k. Theamplitude A of thewaveisthe maximum
value of the transverse field component represented by .
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E. Dispersion Relations for Waves

The w versusk relation for any wave is called the disper-
sionrelation for that wave. The dispersion relation always
givesthe magnitude of the phasevel ocity vpnase Of thewave
in accordance with vphase = w/ K. With this generalization,
Eq. (57) can be viewed as a more general eguation for
one-dimensional classical wave motion. The sameform of
the equation holds for electromagnetic wave propagation
in free space, according to Eq. (87). The phase velocity
is then the speed of light, and the appropriate dispersion
relationis

® = ck. (89)

Light propagates in a dielectric medium according to es-
sentially the same wave equation asthat for free space. In
that case, however, the phase velocity depends upon the
refractive index n of the medium, so that

C
Uphase = ﬁ > (90)

wheren usually varieswiththewavelength. Theaction of a
prismindispersing thecolorsfromincident whitelight, for
example, isprimarily dueto thefact that the phase vel ocity
is color dependent. Red light travels approximately 0.5%
faster than bluelight in fused quartz. Both colorstravel in
fused quartz at approximately two-thirdsthe speed of light
in free space, but since the speed of bluelight is decreased
slightly more than the speed of red light as the white light
enters the quartz from the vacuum, the blue light is bent
more toward the normal direction than the red light. The
colors thus become dispersed as the white light enters the
prism at an angle with respect to the normal to the sur-
face of the prism. The dispersion relation for thissituation
is

ok
n(k)’
where n explicitly depends on k, denoting a wavelength-
dependence since A =2 /k. This example also will be

useful inunderstanding group vel ocity in the devel opment
that follows.

(91)

w = Uphawk =

F. Boundary Conditions

The next consideration isthe type of boundary conditions
that areimposed by the physical situation. If the endpoints
of awireof length L arefixed at positionsx =0andx =L,
then the fact that the displacements must be zero at these
points leads to the requirement that the wave must have
stationary nodes at these points. A similar type of bound-
ary condition holdsfor electromagnetic wavestrappedina
highly conducting metal box, since the metal walls cannot
support an electric field. Equation (63) cannot satisfy such
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boundary conditions as time progresses, but two such so-
lutions having the same magnitude k but differing in sign
of k, with properly chosen phases, can be superimposed
to yield a solution that can satisfy the condition. For ex-
ample, the superposition solution y = D[sin(kx — wt) +
sin(kx + wt)] = 2D sin(kx) cos(wt) satisfies the bound-
ary condition at x =0; the boundary condition at x =L
is satisfied if the wavelength is chosen to have any value
A=L/n, where n can be any positive integer. The am-
plitude of this wave is 2D. The nodes (y=0) and ex-
tremum values (y = +2D) of the wave do not change po-
sition x in time t, so this solution is called a standing
wave.

On the other hand, for an infinitely long wire (or an
unbounded medium for electromagnetic wave propaga-
tion), there may be no constraints on the displacement
at any particular position, so the solution described by
Eqg. (63) may be quite acceptable. The particular values of
position x for which the wave has nodes and extremum
values change with time t. This wave is not stationary
and thus is called a running wave. For positive values
of w and k, Eq. (63) shows that a given value of the
phase is maintained as time increases if one focuses on
an observation point x’ that moves along the x-axis lin-
early with t. Thus, the phase velocity w/k is said to be
constant and the wave moves in the positive x-direction.
If k is negative but w is again chosen to be positive, as
is conventional, then the phase velocity is negative and
the wave moves in the negative x-direction. The stand-
ing wave constructed to satisfy the fixed-boundary condi-
tions situation can be viewed simply as the superposition
of two equal-amplitude running waves having the same
frequency and wavelength but moving in opposite direc-
tions. Considerations of more complicated superpositions
follow.

G. Superposition Solutions

An arbitrary superposition of solutionsto thelinear, time-
dependent wave equation considered above also satisfies
the same equation. There is no way for the terms to mix
as productsiif the equation is linear, so the terms for each
solution can individually add to zero. The superposition
could bewritten asasum of termshaving different weight-
ing coefficients D, so that

y(x.t) = > Djcoskjx —wjt + ©;),  (92)
j

whereeachratio w; / k; hasthe appropriate value of vphase.
The superposition could yield a shape for y(x) at agiven
time t that differs markedly from any of the sinusoidal
components. If each component moves in the same di-
rection at the same speed, corresponding to avalue of vp,
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whichisafixed constant, then motion woul d beanticipated
but not distortion of shape. In wave packets considered
below, it may happen that different component waveshave
different phase velocities. That is, the phase velocity may
be afunction of the frequency (or wavelength). Variations
in the phase velocity can lead to a change in shape, since
phase relationships among the individual components
continually change if they are traveling at different
Speeds.

H. Group Velocity of Waves

It is known from the theory of Fourier series and Fourier
integrals that the superposition of sinusoidal waves can
yield almost any physically reasonabl e periodic or nonpe-
riodic function. Thus, by superposing solutions of differ-
ent wavelengths, nearly any function shape can be gen-
erated at any given time. The superposition of waves
bearing a harmonic relationship to one another yields a
spatialy periodic function, whereas the superposition of
waves having amplitudes over a continuous narrow band
of frequencies yields a spatialy localized function. The
waves in the superposition may or may not have the same
phase velocity. Consider, for example, the case of electro-
magnetic wave motion in dielectrics, where the physical
properties of the medium determining the wave speed are
frequency- or wavel ength-dependent. Whether or not the
shape changesover time, it will generally move. The prob-
lem to addressnow isthe eval uation of the speed of motion
of the shape.

To simplify the problem, let us confine our attention to
anarrow band of wavelengths, corresponding to a narrow
range of k values centered about some central value ko.
For example, apulse of light having a certain shape could
have a range of wavelengths closely centered about the
green 5461 A line of mercury. If the amplitudeisacontin-
uous function of the wavelength over the band, in contrast
to the superposition of a finite number of discrete wave-
length components, then an amplitude function x (k) can
be defined that peaks at ko and has very low values outside
the narrow band of interest. It isknown from the theory of
Fourier integrals that the shape of x (k) as afunction of k
dependsdirectly upon the position-dependent shape of the
pulse. If ¥ (X, 0) denotes the pulsein space at timet =0,
then a Fourier inversion directly yields x (k). It can be
shown that the widths of the two functions are related in-
versely: the broader x (k) is, the more narrow v (x, 0) will
be, and viceversa. Thisisamanifestation of arelationship
between the spread (or uncertainty) in wavelength versus
the spread (or uncertainty) in position of the wave packet.
Thispoint iscrucial for the Heisenberg uncertainty princi-
ple but is not directly relevant to the present devel opment
for pulse velocity.
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Considering any reasonable shape for yx (k), the super-
position can be written

WX, t) = [ TR epli(kx— ot dk. (93)

o]

Thisform has the character of acomplex Fourier integral.
Alternately, the same problem could be treated in terms
of integrals involving the rea functions, sine and cosine,
with the real argument (kx — wt) replacing the imaginary
argument [i (kx — wt)] of the exponential form. To obtain
general properties of the superposition, no specific choice
ismade regarding the functional form of x (k), except that
it be chosen to be moderate in functional behavior and
smooth. In general, it is complex, with the roles of the
real and imaginary parts being exactly the same as the
roles of the real and imaginary parts of C = D exp(i ®)
utilized in Section B—namely, to supply both amplitude
and phase information. In this situation, both are supplied
asafunction of k. Let us assume that the dispersion rela-
tion w versus k is known for the wave in question in the
neighborhood of kg, where the components are presumed
to have larger amplitudes. These conditions are then suf-
ficient to use a Taylor series expansion of yx (k) on k about
the value ko:

~ deo(K)
o = otk + | 0] K-t
1 [ d?w(K) 2
5| Lko(k_k") b (99

Substituting the first two terms of thisexpansionyieldsthe
following result for the wave packet under consideration:

(1) = / M exp[i (kx - {w(ko)

o0

de(K)
+[_dk }kaO(k—ko)}t>i|dk. (95)

In terms of the defined quantities
[ deo(k)
Ugroup = [W}kzko (96)
Bo = w(ko) — I<ngroup (97)
Eqg. (95) becomes
w0 = [ 0 @Plilk(x — vgougt) — fot]) d

(98)
To find out where v is peaked in space at any givent, one
can consider thereal andimaginary partsof thisexpression
individually. Writing

x(K) = x: (K) + i xi (k). (99)
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then thereal part of Eq. (98) is

0Ot = [ 00 couk(x — vyupt) — fot]cl

_ f " 209 SNTK(X — vgroupt) — fiot] dk.

o]

(100)

The imaginary part can be obtained similarly. Focusing
first on the cosine integral, the coefficient of k (namely,
X — vgroupt), Will determine how rapidly the cosine func-
tion oscillates as k is varied during the integration over
k. Rapid oscillations lead to much cancellation between
positive and negative contributions to the integral, with
the consequence that the integral will not be large. On
the other hand, very small values of the coefficient mean
far fewer oscillations over the band of wavelengthswhere
xr (K) issignificant, and the smaller amount of cancellation
meansthat theintegral will belarger. The same arguments
can be employed for the sine function integral. Thus, for
a given t, the maximum value of v occurs at the posi-
tion where the coefficient is zero—namely, at X = vgroupt.
Since this position of the peak moves with the velocity
vgroup, the reason for calling this quantity the group ve-
locity is apparent. The identical state of affairs holds for
the imaginary part of v. Thus, a very genera expres-
sion for the one-dimensional group velocity is given by
Eqg. (96).

The additional term Bt in Eqg. (100) can be written
as a phase factor ®(t)—namely, ©(t) = Bot—which in-
creases linearly with the time. Because it does not de-
pend upon the variable k of integration or the position
X, it is not a very important quantity for determining
how relatively large i will be as a function of x. Its
primary effect is to shift the phase of all superimposed
waves by the same constant factor ® at any given time
t, which leads to a modulation of the spatial function
over time.

More effects come into play if the third term in the
Taylor seriesexpansion of w(k) givenin Eq. (94) isbrought
into the wave-packet integral. The packet can then spread
and possibly change shape as time evolves.

Let us now apply our results for the group velocity to
thesituation of el ectromagnetic wave propagation through
a dielectric. Presuming wavelengths in a narrow band to
be superimposed to form the packet, the group velocity
can be obtained in terms of the refractive index n(k) of
the dielectric. Consider a narrow band of wavelengths of
green light centered about the 5461 A line of mercury as
those waves travel in fused quartz. The phase velocity
being c/n(k), the dispersion relation is w(k) = ck/n(k),
so the group velocity is
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sgom = | %G

N {%[1_ %¥“k=%. (oD

Since k =27 /2, it follows that

dn dn/dr  (2%\/dn
dk — dk/dx _<Z><ﬁ)' (102

dw(k)]
k=ko

Thus, an dternate form of the group velocity for this
situation is

v = { o] 14+ o S | }k:k; (109)

Consider n(k) in this expression in terms of its A-
dependence. Thephasevel ocity vphase iSthat for thecentral
component wave in the packet—namely, at wavelength
5461 A. Note from this result that for situations in which
therefractiveindex isindependent of A, the group velocity
is equa to the phase velocity. Estimates for fused quartz,
however, give n=1.46 and dn/di =—4x 1076 A1 a
A1 =5461A. Using these numbers in Eq. (103) gives
Vgroup/ Vphase = 1 — 0.015 = 0.985. Thus, the group veloc-
ity for the wave packet of green light in fused quartz is
~1.5% less than the phase velocity. This may seem to be
an unimpressive figure until it isrealized that the similarly
small difference in phase velocities between 4500 A and
6500 A yields the dispersion in a fused-quartz prism that
enables the splitting of incident white light into its spec-
trum of colors.

Although it isinteresting to consider that the group and
phase velocities can differ, as shown here, thereisactualy
nothing so mysterious about it. The individual sinusoidal
waves extend throughout space and, in this sense, are non-
localized. Any given point onany oneof thewaves, suchas
oneof theextremum pointsor oneof thenodes, moveswith
the phase velocity. The superposition of a group of such
wavesto form alocalized packet occurs by a subtle phase
interference that is, on the whole, constructive only over
alocalized region in space and destructive throughout the
remainder of space. The phase interference changes with
time if the component waves move at different speeds, so
the spatial peak in thelocalized shape can move over time,
even relative to a given point on the moving component
wave that has a k-value exactly equal to that of the center
of the band of superimposed waves.

If apacket is moving in some direction in space that is
not parallel to the x-axis of our coordinate system, then
the group velocity will have components along the three
axes of the coordinate system. The dispersion relation will
take the form w = w(Kk), where k is avector pointing in a
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given direction. Since w is a scalar quantity, w(k) maps
out atypeof three-dimensional surfacefor the dependence
of frequency on direction and magnitude of the k-vector.
Thek-vector representsthedirection of propagation of one
component wave of the packet, and the magnitude of the
k-vector still has the interpretation of being 27 /A, where
A isthe wavel ength of the component wavein its propaga:
tion direction. The group velocity componentsinthex, v,
and z directionsin space can be obtained by generalizing
Eq. (96), which was derived on the assumption that there
was only x-motion. A proper way to carry out the deriva-
tion isto use the Taylor series expansion of w(k) in three
dimensions. Three first-derivative terms can be obtained
in place of one, and the multipliers of ky, ky, and k; are,
respectively, [x — v§,t], [y — v§fupt], and [z— v 1],

where
W = (8;°lff)>k=ko (104)
ohp = (%ﬂf?)kzko (105)
oo = (), (106)

The conclusion to be reached is that the group velocity
is a vector with components given by Egs. (104)—(106).
These results can be abbreviated by writing

Vgroup = Vi (K)| k=ko (107)

as the general expression for the group velocity for wave
motion in three-dimensional space.

V. WAVE-PARTICLE DUALITY

A. Ideas of de Broglie

Thediscovery that particlesdiffract like waves was one of
the most important in physics, since the entire discipline
of quantum mechanics is based on a wave description of
matter. Preceding that discovery, de Broglie carried out
an analysis of the hypothetical wave properties of matter
by employing special relativity theory, with an insight-
ful hunch that matter is not all that different in its funda
mental wave behavior from electromagnetic radiation. His
ideawas that since radiation had been shown to have both
wavelike and particlelike properties, perhaps nonzero rest
mass “particles” aso could manifest both wavelike and
particlelike properties. However, different experimental
conditions might be required for matter to manifest one
property or the other. De Broglie called his idea wave-
particle duality.

377

In 1926 Walter Maurice Elsasser suggested that the de
Broglie hypothesis could be tested by aiming an elec-
tron beam at the surface of a crystalline solid to see if
diffraction spots were obtained in the same way as ob-
served in X-ray diffraction. Experiments were carried out
shortly thereafter by Davisson and Germer and also by
G. P. Thomson, so that by 1927, the de Broglie hypoth-
esis had been experimentally verified. Thus, the electron
discovered by J. J. Thomson in 1987 enjoyed its status
as a classical particle for a period of less than 30 years
before its schizophrenic nature surfaced. Amazingly, it
was later confirmed not only that electrons had this dual
nature but also that other particles, including neutrons
and atoms, could be diffracted. Particles somehow have
the inherent property of being able to experience mutual
interference even while maintaining such an extremely
high degree of localization in space that they would not
appear to have any physical overlap. What boggles the
mind even more, single particlesthemselvesbehave statis-
tically in accordance with the same diffraction probability
distribution.

Because electromagnetic radiation can manifest dis-
creteness properties, with the photon energy € related to
frequency according to

€=hv=ho (108)

de Broglie reasoned that, in analogy, any wave proper-
ties of particles would also have some associated fre-
quency. Moreover, in accordance with the concept of
wave-particle duality and the similarity of particle and
electromagnetic radiation in nature, he assumed that the
energy—frequency relation for particleswould bethe same
as the energy—frequency relation for photons given by
Eqg. (108).

The term particle generaly is utilized to refer to those
fundamental entitiesfor whichtherest massmgisnonzero.
Exactly what the frequency of a particle refers to is not
known, but it can be imagined that there is some internal
mode of oscillation.

B. Development of the de Broglie Relation

If aparticle can ever belocalized to any extent in space, as
thereiscertainly every right to expect, and simultaneously
is to have its experimentaly observed wavelike charac-
ter described in some fashion by waves, then it is quite
logical to consider a wave packet of the sort treated in
Section I1V.H. The waves forming the packet necessarily
would be matter waves, but the diffraction results lead to
the belief that these waves have the same linear superpo-
sition properties of all other familiar types of waves. The
waves must be associated with the presence of the par-
ticle in some way, S0 it is reasonable to expect that the
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group velocity Vgroup Of the wave packet will be equal to
the particle velocity Vpatige, O

Vgroup = Vparticle = %7 (109)

where p is the momentum of the particle of mass m.
Let us for the moment confine our attention to a single
direction in space. The discussion will be generalized
to three dimensions later, whenever there are important
implications.

Thegroup velocity expression vgqoup = dw/dk given by
Eqg. (96), whichwasderived in Section IV.H, together with
the derivative of the energy—frequency relation given by
Eqg. (108), postulated by de Broglie, can be utilized to
obtain

dé = h do = hvgeydk. (110)
Next, the energy—momentum relation
€ = (€2 + p?cd)™? (111)

given by Eq. (22) is differentiated and the mass-energy
relation given by Eq. (20) in Section 1l on the special
theory of relativity isused to obtain a second independent
expression for d€,

c’pdp  c’pdp
= (%(2) n p2C2)1/2 - mcz
— % dp = vparice dP. (112)

Equating the two independent expressions given for dé
by Egs. (110) and (112) gives

Uparticle dp = Ugrouph dk. (113)

Identifying the group velocity with the particle velocity,
according to Eq. (109), and dividing Eq. (113) by this
guantity gives

dp = hdk. (114)

Thisremarkable result relates the changein the reciprocal
of the wavelength of a particle matter—-wave component
to a change in the momentum of the particle. Since by
definition k = 27/, the relation given by Eq. (114) also
can be written in the physically more meaningful form,

h 2 h
= — — | =——dAx. 11
dp 271d<k> kzd (115)

Integrating Egs. (114) and (115) from any arbitrary refer-
ence point, denoted by subscript O, gives

1 1
p—pozhk—hko=h<x—k—o). (116)
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Thus

h
p=hk= T (117)
which derives the de Broglie relation, a relationship be-
tween the momentum of a particle and the wavelength of
the matter wave associated with a particle having this pre-
cisely defined momentum. Built into this development is
the fundamental hypothesis of de Broglie that matter has
associated with it a frequency that is related to the total
energy in the same way that the frequency of electromag-
netic radiation is related to the individual photon energy.
If the photon is considered to be a quantum particle in
every respect, except for being a limiting case from the
standpoint of having zero rest mass, then
pphoton = hkphoton = L (118)
)Lphoton
As an dternative, applying the energy—momentum re-
lation given by Eq. (22) to the case of photons, which
have zero rest mass and, hence, zero rest-mass energy in
accordance with €y = moc?, gives

%photon = ipphotonQ (119)

The sign of the root is chosen to give a positive value for
the photon energy, sincethereisno physical interpretation
for negative photon energy at the present moment.

Next, let us use the energy—frequency relation given by
Eq. (108) to obtain an independent relation for the photon
energy:

%photon = h(Uphoton = h(2r Vphoton)
hc
)Lphoton

= thhoton = (120)
Equating the two independent results of Egs. (119) and
(120) for the photon energy and dividing through by the
light velocity ¢ gives

h

Pphoton = ——

. 121
)\photon ( )

This relation is consistent with Eq. (118) and the exper-
imentally proven hypothesis that light has a momentum
associated with it. Thisfact isalso apart of classical elec-
tromagnetic theory, but the form is somewhat different
from the quantum result given here.

As is evident from the development of Eq. (117), the
relation is valid for particles of any rest mass, including
thelimiting case of zerorest mass, anditisvalid at any ve-
locity, including the limits of low velocity and relativistic
velocity. This relation has been confirmed experimentally
by accelerating electrons to different vel ocities, including
relativistic velocities.



Quantum Mechanics

It seemsabit strangethat such afundamental relation of
quantum mechanicsis deduced from the theory of special
relativity, considering the discussionin Section 11.B of the
difference in philosophical bases for the two theories. To
be specific, the fundamental equations of a deterministic
theory have been used here to deduce a wavelength rela
tionship for particles, the preciseness of this wavelength
determining to a large extent the inherent uncertainty in
the specification of thelocation of the particle. One should
not be misled, however, into believing that relativity the-
ory has predicted the wave nature of particle. Instead, the
wave nature of particles is the initial hypothesis that, in
itself, is supported by experimental observation that par-
ticles diffract from crystal lattices in awavelike manner.

C. Phase Velocity for Free Particles

Therelationsw=%¢/h and k= p/h can be used to eval-
uate the phase velocity vphase Of matter waves:

o hw _ <€ _ mc?
e T K T DT Mupartice
R
= . (122)
Uparticle

The phase velocity of matter waves thus depends upon the
particlevel ocity. Asthe particle speed increases, the phase
velocity decreases.

Although the phase velocity takesits most natural form
when expressed in term of the particle velocity, it also can
be expressed in terms of the particle momentum:

w ¢

Ve = o = o = P (€6 + P°C°)

1/2

_ c[1+ (p—r‘:)z}w, (123)

where pc = mgc. This also can be expressed as

Uphase = c[1+ <%>2} 1/2
1/2
- c[1+ <%C> } , (124)

where kc = pc/h=mpc/h and Ac=2m/kc=h/mgc.
Theparameter A¢ iscalled the Compton wavel ength when-
ever mg isthe electron rest mass. It is not the wavelength
of an electron at rest, of course, since the de Broglie re-
lation yields infinity as the wavelength of a particle with
Zero momentum.

For the special case of photons and other particles that
have zero rest mass, the phase velocity is given by
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€ 20212

1 2
Uphase = B[moc + p“c

mo=0 mop=0

P
pc
- _c (125)

p

Matter waves have phase velocities ranging upward
from c, with the phase velocity approaching infinity as
the particle speed approaches zero. The phase velocity
represents the speed of motion of a single, isolated and
completely extended component wave having no position
modulation of its shape and, by itself, can carry no infor-
mation. Thus, thereis no conflict with the tenet of special
relativity that a signal cannot travel with a velocity ex-
ceeding the speed of light.

To summarizefor matter waves, thegroup velocity must
be equal to the particle velocity and the phase velocity
varies inversely with the particle velocity. The critical
quantity for evaluating the wavelength is the momentum,
wheresas the critical quantity for evaluating the phase ve-
locity is the particle velocity. Particles having different
rest-mass values have the same wavelength whenever the
velocitiesdiffer such asto givethe samevaluesfor themo-
mentum. Particles having different rest-mass values have
the same phase vel ocity, however, whenever they havethe
same value for the particle velocity.

D. Dispersion Relation for Free Particles

It has been shown in Section |V that the dispersion rela-
tion for light is w = ck. Thisimmediately gives the phase
velocity w/k = ¢ and the group velocity dw/dk = c.

The dispersion relation for free particles is deduced by
utilizing the energy—momentum relation from special rel-
ativity and substituting ¢ = hw and p = hk, so that

hw = (€2 + h%k3c?)"2. (126)
This free-particle dispersion relation also can be written

intheform
h \2 1/2
o= w0|:l + (m—oc> k2:| , (127)

where wp = myc?/ h, the frequency corresponding to the
rest mass mp. In terms of parameters Ac =h/mgyc and
kc = 27 /)¢, EQ. (127) becomes

K\ 2 1/2
w = cke [1+ (k_c> ] . (128)

Binomial expansion illustrates a quadratic dependence of
o on k with a cutoff in frequency below the rest-mass

frequency wo:

k2
w=w0|:1+%+-~-]. (129)
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For low values of the particle momentum, k is small and
the frequency does not depart very much from the rest-
mass frequency. Thisis merely areflection of the fact that
€ =mc? = ymyc? = hw predicts that

. (130)

o
where y isthe parameter defined by Eq. (19) in Section |1
on specia relativity. This might be described by consid-
ering the particle as initially created in a zero potential
energy region with aproper frequency, whichit then main-
tains always during its lifetime. Any perceived difference
in frequency due to motion is then merely dueto the rel-
ativistic shift in energy with Galilean reference frame.
This is analogous to the increase in mass with the par-
ticle speed; that is, m= ymg, s0€ = mc? = ymyc?. Thus,
€ =hw=yhawg, thereby giving w =ywq in Eq. (130).
This does maintain the de Broglie premise that a particle
has a frequency associated with it even when it is station-
ary, that frequency being dependent upon the rest massmg
in accordance with the relation € = mpc2 = hawy.

E. Energy—-Momentum Relations for
Particles with Potential Energy

It may be appreciated that developing the dispersion rela-
tion w(K) versus k can be sufficient preparation for eval-
uating the phase velocity vphase = w(K)/k, according to
Eq. (69). Because most applications of quantum mechan-
icsinvolve particleswith sometype of potential energy, it
is necessary to consider this situation.

A force F changes the momentum p of afree particlein
accordance with F =dp/dt, or, equivalently, the change
dp in particle momentumisgiven by F dt. Sincethework
done by aforcein moving a particle through a vector dis-
tancedr isdW = F-dr, thepower input P = dW/dt from
thesourceisF-dr/dt =F-v.Inonedimension, % = Fu.
In our case, the power to change the motion energy of
the particle comes from the internal potential energy. For
a conservative system, the potential energy change with
position leads to an internal force on the particle

F=-vVU(r) (132)
which, for one dimension, is simply
—du(r)
F= . 132
dr (132)
Thus
dp —du(r)
— =F = 133
dt dr (133)
or, equivalently
du(r) = _d—‘?) ar. (134)

Quantum Mechanics

But vpatice =dr /dt, SO dr = vpatige dt, and theresult is

_dp

vaarticle dt = —vpatice dp

du(r)

This relation cannot be integrated directly because m de-
pends upon particlevel ocity and, hence, upon p. However,
substituting m = € /c?, with € given by the usual energy—
momentum relation of special relativity in Eq. (22), leads
to a perfect differential:

du(r) = —(c®pdp) (€5 + pzcz)fl/2

= —d(€2+ p*c?)*2 (136)

Integrating from a classical turining point, defined as a
position where p =0 so the potential energy at the point
is the total energy €% in classical Newtonian physics,
we obtain

U(r) — €™ = moc? — (€2 + p?cd) ™. (137)

The classical total energy is conserved as long as no rest
massis created or annihilated. A new constant %(T‘”’M) thus
can be defined as

€9 = €4 4 moc? (138)
and Eq. (137) can be written as
0 _u(r) = (€2 + p2d)V2 (139)

Thisisthe energy—momentum relation for a particle hav-
ing a potential energy. Note from this relation that when
the potential energy is zero, %(Tg'”) becomes the total rel-
ativistic energy € of afree particle. The constant %‘T‘%““),
in lieu of €, is the conserved quantity when a potential
energy isincluded. Let us aso define a quantity %(ngg)

) =€t —u(r) (140)

or, aternatively, €% =<9 L U(r). By employing
Eqg. (138), Eq. (140) can be written in the form

€D = [€0 — moc?] — U (r)
_ [(gglf]?.@f) _ U (r )] o mOC2 (141)

and, by employing Eq. (139), this expression can then be
written in the form

%(k@]io,é) — (%(2) + p2c2)1/2 _ m()CZ. (142)
Equation (141), in the form
0 = €9 + U (r) + moc? (143)
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seemsintuitive from ascalar-energy viewpoint. Thisform
hasits primary usefulnessin the low-velocity limit. In the
relativistic limit, the best form for ¢{*%) is that obtained
from Eq. (139):

%(?le@) (%2 + p2C2)1/2+ U(I’) (144)

since thisform isintuitive from afree-particle viewpoint.
Squaring Eq. (139) and solving for p? gives
1 o 2
p* = S{[EF ) —uOF -€).  (45)

Substituting Eq. (141) then gives

, 1

p? = ?{[%(ng) + mocz]2 - (mocz)z}, (146)

which relates the momentum to the quantity %(7* 9. Rear-
ranging Eq. (146) to obtain %(‘M) explicitly in terms of p

gives
2\ 1/2
<1+ pe ) .
mac*

Employing the binomial expansion then gives the series
approximation

€0t = _myc? 4+ moc?

(247)

@el) p? p?

g0~ = (1- ). 148

~ 2mg < 4mac? + ) (148)
Inthelow-velocity limit defined by 2 ~ 1, which requires
(v/€)% < 1[seeEq. (19)], p~ Mov, andthequantity €4
thus reduces in lowest order to the Newtonian expression
for the kinetic energy

o 1
et = Emovz. (149)

F. Dispersion Relations for Particles
with Potential Energy

To develop awave dispersion relation applicable to parti-
cles having a potential energy, the wavelength is again
associated with the particle momentum by means of
the de Broglierelation » = h/ p. Equivalently, p=h/A» =
(h/27) (2 /1) = hk, in accordance with Eq. (117).

According to the de Broglie hypothesis, a frequency
must be associated with the particle energy. Although the
nature of the frequency of aparticleisnot yet understood,
a guideline can be the familiar results from the particu-
lar limiting case of a zero rest-mass quantum particle—
namely, the photon. One must remain alert, however, to
avoid introducing subtle errorsin using the analogy.

The photon has a wavelength A and afrequency v. As
the photon travels in free space, it has a speed c=Av.
When the photon enters a dielectric material medium of
refractive index n, its speed decreases to ¢/n but its fre-
quency v doesnot change. The photon energy ¢ = hv thus
does not change. The wavel ength decreasesin accordance
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with )tpho = Apno/ Ny Where )tpho is the wavelength in the
medium and A‘F’, is the wavelength in free space. The
photon velocity is still given by the product of photon fre-
quency and the appropriate photon wavelenght, whether
the medium be a dielectric or free space. The momen-
tum ppho h /)tph0 of the photon in free space changes to
pgpw h/x as it enters the dielectric medium. Thus,
the constant of motion for the photon is the frequency
v =w/2r, with wavelength A and momentum p being
medium-dependent. It is an interesting observation that,
from the viewpoint of Eq. (142), all energy of the photon
iskinetic.

One might be tempted to assume, in analogy with the
photon, that the frequency of a particle located in apurely
conservative potential energy region is a constant of mo-
tion. Thiswould giveriseto the picture of aparticle enter-
ing a region of varying potential energy, where it could
be accelerated. Its speed would change with its accel-
eration. I1ts momentum would change, so its wavelength
would change also. However, the total energy of the par-
ticle would not change. Both remaining unchanged, the
frequency would then maintain adirect relationship to the
total energy. The analogy with the behavior of aphoton as
it entersaregion of varying refractive index would, inthis
way, be exploited to the full est. However, this might seem
to do great violence to the earlier conclusion that the fre-
guency of thewave associated with afree particle depends
upon the speed of the particle. In the present case, one
would be considering the particle changing speed due to
thechangeininternal potential energy asit movesthrough
the potential energy region, yet onewould be proposing to
hold its frequency w to be a constant. Moreover, the con-
stant frequency would not be equal to the proper frequency
wo for the particle in the relativistic sense but would have
someval uethat would necessarily berelatedtoU (r), since
eventhechoiceof the zero point for measuring U (r ) would
affect the value of w.

This strange state of affairs might be viewed as unac-
ceptable. The seeming enigma can be resolved, however,
in the following way. The total energy of a particle in
a potential energy U (r) can be viewed, apart from some
constant reference energy, asthe energy of aquantum sys-
tem consisting of the particle in question plus the source
medium responsible for the potential energy. As the par-
ticle moves about in the potential-energy region, its ki-
netic and potential energy changes in such away that the
total energy remains invariant. Thus, an increase in the
kinetic energy of the particle comes at the expense of its
potential energy, so the chemical binding energy of the
systemisincreased. Similarly, adecreasein thekinetic en-
ergy of the particle meansthat its potential energy isalge-
braically increased, which correspondsto adecreasein the
chemical binding energy of the system. The relationship
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between energy and frequency for the particle in the sys-
tem can be postulated to involve the kinetic energy of the
particle and the attendant local modification in the bind-
ing energy of the system. Thisis consistent with choosing
ho =€ instead of € — U (r), so that

~ %%{mz)
~ h

where €% is defined by Eq. (144).

w (150)

G. Phase Velocity of Particles
with Potential Energy

Taking the frequency of the particle wave from Eqg. (150)
and using the de Broglie relation k= p/h given by
Eqg. (117) leads to an evaluation of the phase velocity

o ho %(Tg{d)
‘Uphase = E = m = p

(151)

VI. WAVE EQUATIONS FOR PARTICLES

A. Master Equations for Particles
with Potential Energy

In this section, it is assumed at the outset that the reader
already has studied carefully the material presented ear-
lier, especially the fundamentals of classical wave motion
in Section IV and the ideas of wave-particle duality in
Section V. This section relies heavily on the concepts of
dispersion relations and phase velocity in wave motion
covered in those sections.

Utilizing thethree-dimensional classical wave equation
[Eq. (57)] and substituting Eq. (151) for the phase vel ocity
gives the wave equation for particles

vzxy:[ P ]z<azw)=%82—w (152)

%_(F’Reﬁ) at2 ot2
or, equivalently
1 RV
V= — 153
R ot2 (153)

with % = [ p/€%*9]2. 1t should be noted from Eq. (145)
for p that % will depend upon position r, but it does not
depend explicitly uponthetimet. Therefore, the variables
can be separated in Eq. (152), so a solution can be carried
out by the separation-of -variabl es technique. Substituting
the product trial solution

W(r, t) = o(r)T(t) (154)
into Eq. (153) and dividing through by v yields
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-G o

The usual argument for the separation of variables holds.
Theright-hand side is afunction (at most) of the variable
t, the left-hand side is a function (at most) of the variable
r. Sincethetwo sidesarerequired to be equal, then neither
can vary with t or r. Setting the right-hand side equal to
the constant I and employing the trial solution

T(t) = Toexp(—iQt) (156)
yields a solution, provided that
r=-Q2 (157)

Since Ty is unspecified, it can be conveniently chosen to
be unity. The right-hand side of Eq. (155) equals I, so
theleft-hand side must equal T also. Thus, the differential
equation for &(r) is

<%) (é)VZCD =—-Q? (158)

or, equivalently
V2d(r) + QR(r) = 0. (159)

There still remains the task of evaluating the constant €2.
The approach used is to consider the limiting case of a
constant potential energy U (r) = Uy, so that the momen-
tum p isaconstant. Thereisthen no position-dependence
of &. The quantity 2 isalwaysaconstant [cf. Eq. (157)],
so that the product 2% is then a constant. As a conse-
guence, Eq. (159) has particularly simple solutions. The
trial solution

® = dgexp(ik - r)
= Do expli (ke + kyy + k;2)] (160)

satisfies the equation, with k being avector constant. This
solution represents awave having wavelength 27/ k, with
k = (kf + k7 +k2)'/2, which is traveling in the direction
of the fixed vector k. In one dimension (e.g., a particle
moving along the x-direction), the exponential function
reduces simply to exp(ikx). The k-vector involves the
wavelength for the particle wave and therefore is asso-
ciated with the particle momentum p in accordance with
the de Broglie relation p =hk. The momentum in this
case of a constant potential energy is a constant of mo-
tion. Substituting this solution into Eq. (159) gives

—K2® = Q*°Rd =0 (161)
so that
k2 k2 (Re)2
Q2= 5= <F)[%TR I°. (162)
Since p = hk, thisleads to the conclusion that
%(CJR@@)
Q= TT (163)
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It can be noted from comparison of this result with
Eq. (150) that the separation constant I' = —Q? is equal
to — w?. Since, for a conservative system, %(T%” isacon-
stant, independent of whether or not U (r) is afunction of
r, it may be concluded that Eq. (163) provides a reason-
ableresult for 2 for any arbitrary form of U (r). Thisform
converts EQ. (159) to the form
(Ret) 72

V2d>(r)+[ Th ]%@(r):O (164)

or, equivalently, by using the definition of %

V2d(r) + E—id)(r) =0. (165)

An alternate form of this equation involving the potential
energy U(r) is obtained by utilizing Eq. (145) for p?,
which leads to what is referred to herein as the “master
equation”

2
V20(r) + (hic> [[€99 —un)]’ —€2lo(r) = 0.

(166)
B. Approximation to the Master Equation
in the Nonrelativistic Limit
In the nonrelativistic limit
p? = 2mo[€4" —u ()], (167)

where ¢ is the Newtonian total energy discussed in
Section V.E. Thus, Eq. (165) reducesin the nonrelativistic
limit to the form

v+ ([0 - uolsm =0, (169

where ¢ isused instead of ® toindicatethe nonrelativistic
result. Thisrepresentsthe general nonrelativistic equation
for the motion of aparticlein aregion of variable potential
energy.

C. The Schrddinger Equation

Equation (168), known as the time-independent
Schrodinger equation, is usualy written in the form

h2

where the subscript denotes a set of possible solutions
¢ with attendant discrete values for the Newtonian total
energy ‘é ). The ¢; solutions are called the Schrodinger
tlmelndependent energy eigenfunctions. Equation (169)
is an energy eigenvalue eguation, since it can be written
in the form

M0, = €195 (170)
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with the total energy operator %(TW) defined by

P —h—2V2+U(r) (171)
T 2mg ’
Usualy, € is denoted by 9¢ and is called the Hamilto-
nian operator. It is of the nature of an eigenvalue equation
that an operator representing some physical quantity op-
erates on a functions known as the eigenfunction [in this
case, ¢j(r)] to produce the product of a constant with the
eigenfunction. Theconstant isthe eigenvalue. It represents
the constant of motion associated with the physical state
represented by the eigenfunction.
Let us define an oscillatory, time-dependent function
involving the Newtonian total energy €'Y = ¢; = ho;
for the particle

0j(t) = 6o exp(—%%,t) = Goexp(—iwjt). (172)

Multiplying Eq. (169) through by this factor leads to the
equation

h2
_z—movzw,» + Uy =€y, (173)

where

vi = ¢i(r)o; (0). (174)

It can be noted from Eq. (154) and the subsequent de-
velopment that with To =1, for a selected energy solu-
tion denoted by the subscript i, ¥ = ®;(r) exp[—i/h)

(‘%“)t] In Eqg. (174), with the choice 6o =1, the corre-
sponding nonrelat|V|st|c solution is given by ¥ = ¢;(r)
exp[— (|/h)%T t] The ratio of the two wavefunctionsis

W, _ d; i

where € is the rest mass energy moc?. The Y arecalled
the Schrodinger time-dependent eigenfunctions. Notethat

0
h=tVi =€V (176)
so that Eq. (173) can be written in the form

2
—h—v%p, +U()y; =ih—2 ‘”’

(177)
Thisis alinear equation, so a general solution ¢ can be
constructed by superposition of al individual linearly in-
dependent solutions

EDI:NE (178)
j
wherethea; arearbitrary complex constants. Thisiscalled

the Schrodinger wavefunction. The equation analogousto
Eq. (177) representing the most general solution isthus
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h2 _, oy
~ome VA U0 =ih T (179)

Thisis called the time-dependent Schrodinger equation.

D. Interpretation of Schrédinger
Equation Results

The idea underlying the Schrodinger equation is that the
wavelike behavior of matter, as postulated by de Broglie
in 1923 and confirmed by the electron diffraction exper-
iments of Davisson and Germer and by G. P. Thomson
in 1927, should be capable of being described within the
mathematical framework of awave equation. The concept
of wave equations, of course, underlies all of the present
work, but Schrodinger was the first to apply this idea to
a theory for describing particles, from which he devel-
oped that ubiquitous workhorse of present-day quantum
mechanics known as the Schrodinger equation.

Now it should be pointed out straightway that the
Schrodinger equation wasnot in any strict sense “derived”
by Schrodinger. In fact, it cannot be rigorously derived. It
only can berationalized initsform and then shown to pre-
dict results that agree with experiment. The conventional
approach to this rationalization process can be found in
nearly any standard quantum mechanics textbook. In the
present work, a more novel approach has been developed
based on the more general concept of dispersion relations.
In many respects, this represents an intuitively satisfy-
ing approach. Bethat asit may, the time-independent and
time-dependent Schrodinger equations are usually written
in the forms given by Egs. (169) and (179), respectively.
The complexity of the differential equations given by the
time-dependent and time-independent Schrodinger equa-
tionsisrelated directly to the complexity of the potential
energy U (r) for the problem in question.

Solutoin of the Schrodinger equation gives functions
Y74 that are usually complex. The square of the magni-
tude of ") evaluated at position r has been interpreted
by Born (1882-1970) as the relative probability that the
particle is located at that position. By judicious choice
of values for the otherwise unspecified constants, such as
To and 6 in Egs. (156) and (172), respectively, the inte-
gral of the probability over all space can be set equal to
unity, a process called normalization. This is physicaly
meaningful because the particle is presumed to be some-
where but not to be at more than one place at agiventime.
The normalization process requires that the wavefunction
decrease sufficiently rapidly with distance away from the
general location of the particleto give abounded valuefor
the integral of the square of the function. This restriction
severely limitsthe physical set of solutions from the great
number of mathematical solutionsthat formally satisfy the
Schrodinger equation.
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For the hydrogen atom, for example, wherethe rel evant
potential energy for the time-independent Schrodinger
equation [Eq. (169)] is given as U (r) = —€?/4msor by
Egs. (2) and (5), with Z =1, the various functions ¢; sat-
isfying the equation and meeting thephysically reasonable
boundary conditions constitute a discrete set. The atten-
dant energies €; are essentially those given by Eq. (33),
which are deduced by the simpler Bohr theory. A logi-
cal extension of the potential energy to include the en-
ergy of the electron-spin magnetic moment in an external
magnetic field leads to a close correlation of the quantum
mechanical predictions for the energy levels of the one-
electron atom with detail ed, experimental, optical spectral
data

Other standard problems can be attacked with the
knowledge devel oped to the present point. One such prob-
lem isthat of the one-dimensional, simple harmonic oscil-
lator, characterized by the potential energy U (x) = % K x2,
where K isaconstant. This problem has applicationsin a
number of fields; e.g., the harmonic oscillator isimportant
for quantized lattice vibrations (phonons) in solids.

Other revealing problems are those of aparticle trapped
in one-dimensional and three-dimensional boxes. The
“particle in abox” model is quite important for the free-
electron theory of metals as well as for the consideration
of present-day quantum-well semiconductor devices. The
general problem is actually quite analogous to the anal-
ysis of electromagnetic radiation at thermal equilibrium
with the conducting walls of a cavity. The density of a-
lowed modes is computed essentially the same way for
both problems.

Later, several standard one-electron problems will be
examined. However, let us first develop the concept of
quantum mechanical current density and apply it to prob-
lems involving constant potentials for which plane-wave
solutions to the Schrodinger equation are appropriate.

VII. QUANTUM MECHANICAL CURRENT
DENSITY AND PARTICLE BEAMS

A. Probability Current Density

The probability density p = |y (r, t)|? represents a con-
venient starting point for the consideration of particle and
charge currentsas computed in quantum mechanics. If this
is considered to be a statistical quantity that is a continu-
ousfunction of position, then the time derivative givesthe
rate of change of the particle density with time

o _ 0 2_ Oy

ot =t v OF = SV )y (. O]
oy oy
=Vt v (180)
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However, atime rate of change of the probability density
at any given point in space requires a difference between
the particle currents flowing into and out of the differential
volume surrounding the point in question. The mathemat-
ical statement of this fact is the well-known microscopic
equation of continuity

ap

—=-V.J 181
P (181)

where V - J is the divergence of the particle current J at
the point in question.
Equating Egs. (180) and (181) for 9p/dt gives the

relation
(0 Yy
V.J= (w T + T w) (182)

that must be obeyed by the quantum mechanical anal og of
the particle current density J. For further development of
this expression, the time-dependent Schrodinger equation
(179) and its complex conjugate can be employed:

oy _ h?

i 2
ih=t = —o_ VA + UMY (183)
oyt h2_, .

—ih= = VAT Uy, (1849

Taking the complex conjugate utilizestherelationsr* =r,
t*=t, and U(r)* = U (r) due to the fact that the concern
iswith real positions, real times, and real potential ener-
gies. Multiplying the Schrodinger equation by * and its
complex conjugate by i gives

L | "

ihy T ——%1// Ve + U (r)y (185)
LA | NP .
—ihy P _—ﬁwvw +yuU@r)y* (186)

Subtracting Eq. (186) from Eq. (185) gives

Y™
ot

h2 2.1 % *v72
) = 5 WV =YV,
(187)
where, in equating ¥ *U (r)y with U (r)y*, the property
of U(r) isutilized merely as a multiplicative operator, so
that the factors in the product ¥*U (r)y» commute. The
right-hand side of Eq. (187) involves the Laplacian oper-
ator, so that it is reasonable to expect that perhaps it can
be expressed as the divergence of some vector quantity.
Taking the divergence of ¢*V yields

V. (W V) = VYt - Vi 4+ V2, (188)
whereas taking the divergence of v Vi* gives
V(Y VY) = V- VY* +y VA, (189)

Recognizing that the dot product of two vectors such
as Vy - Vyr* iscommutative, so that Vi - Viy* = V.

. d
|h<w*a—ltp+1ﬁ

385

Vi, these two quantities can be subtracted to give the
relation

V(Y — Y VYT) = YtV — g VR (190)
Theright-hand side of Eq. (190) can beidentified with the
factor in the right-hand side of Eq. (187), so that

) 9 Y+ h?
.h(w*a—‘fw id )=—EV-(w*w—ww*).

at
(191)
Substituting into Eq. (182) for V - J gives
h * *
V'J:MV-“& Vi — ¢ Vyr). (192)
Within an arbitrary constant, then
h
J=—W*Vy — ¢y Vy). 1
oo (VY = VYY) (193)

The arbitrary constant is zero if J=0 whenever ¢ =0,
as one would expect. Knowledge of the wavefunction
Y therefore alows one to calculate the particle current
density J in quantum mechanics. For the case of electrons,
the charge per particle is —e, so that the charge density ¢
follows immediately from

$ = —el. (194)

Itisilluminating to apply therelation given by Eq. (193)
to the specific case of plane waves exp(ik - r), which can
be shown to be eigenfunctions of the so-called momen-
tum operator P°¥ = —ihV. Thus, Vi = (i/h)py. Also
V= (=i/h)py*, so that

_h ol (=),
= om \V {PY — ¥V PY
_ £ * * ok
= oWV + YY) = YTV (195)

Thisissimply the product of the particle probability den-
sity ¥ *y and the particle velocity v, which is readily in-
terpreted as the particle current density on the basis of
physical considerations.

B. Piecewise Constant Potential
Energy Problems

It is worthwhile to work through the details of an illus-
trative example that typifies the quantum treatment of a
particle-beam incident on potential energy steps, rectan-
gular potential barriers and wells, and arrays of config-
urations that may be useful in understanding currents in
modern solid-state devices. Figure 4 illustrates the three
regions defined by the potential energy function chosen
for this example:

0 x <0
U(x) =14 Uo (0O<x<L). (196)
w (X >1L)
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FIGURE 4 Piecewise constant potential energy regions.
[Fig. 1.34 in Quantum Mechanics for Applied Physics and En-
gineering by Albert Thomas Fromhold, Jr. (Academic Press, Inc.,
New York, 1981; Dover Publications, Inc., New York, 1991); repro-
duced with the permission of Academic Press, Dover Publications,
and the author.]

The figure is drawn with Ug > 0 and W < 0, but actu-
ally either signispossible for either parameter. Whenever
W — Uy, the limit isa single potential step; it constitutes
a step up for Ug > 0 but a step down for Ug < 0. When-
ever W — 0, the limit is a rectangular barrier if Ug>0
but a rectangular potential well if Ug < 0. The rectangu-
lar potential barrier is a common example used to illus-
trate quantum tunneling, which is a penetration of the bar-
rier for particle energies € below the barrier height U,
even though such penetration would be disallowed from
the standpoint of classical physics. The results are imme-
diately applicable to the tunneling of electrons between
metals separated by athin insulator.

Before considering the several possible casesindividu-
ally, let usfirst clarify the predictions of classical physics
for thisexampl e to sharpen our understanding of the prob-
lem and to highlight the differences in the predictions of
the quantum mechanics and classical mechanicstheories.
Classicaly, if € > Ug and € > W, thereistotal transmis-
sion, since the momentum of the particles does not change
sign and isnot decreased to zero asthe particle crossesthe
barriers. On the other hand, the classical picture statesthat
whenever € < Uy, al particleswill bereflected by the bar-
rier, so there should be no transmission through the barrier.

As will now be shown, the quantum mechanics pre-
dictions are somewhat different. The classical mechan-
ics result is more straightforward in a sense, because the
reflection or transmission, as the case may be, is total.
The quantum mechanics results, on the other hand, are a
bit more mysterious, there being cases of partial transmis-
sionand partial reflection of aparticle beam. The quantum
mechanics predictions, however, are found to agree with
the experimental resullts.

C. Incident Beam with Particle Energy
Exceeding Both Steps

This is the case for € > Uy and € > W, agebraically
speaking. All wavefunctions will be of the plane-wave
type. The momentum isreal, and propagation of the par-
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ticleis possible, even in the classical sense. The problem
will be developed in terms of the Schrodinger picture,
using ¥ and ¢, although the problem can be developed
equally well within the framework of a relativistic mas-
ter equation given by Eq. (166), using W and ®. Let the
incident wave be given by

Yine = Ag et (197)
where, in the Schrodinger picture
k = h~l(2meg)Y/? (198)

with € representing the total Newtonian energy ¢4 and
with
é

W= (199)

for this picture, in contrast to the w given by Eq. (150) in
the relativistic picture. The corresponding reflected wave
can be written as

Y = BT (200)
Then for region | in Fig. 4
i = Vino + Y = (A€ + Be et (201)
The transmitted wave is the propagating wave in region
[11. Let us denote the transmitted wave by
Yirans = CE XD, (202)
where
£ = h~2m(€ — w)]¥2. (203)
In the absence of sourcesand other variationsinregion I11
that could lead to areflected wave there, then
Vil = Yirans = Ce*Xe (204)

Region |1 must now be considered. Dueto the finite thick-
ness of the region (0<x <L) and the discontinuity at
x =L, itispossible to have areversetraveling (reflected)
wave in this region in addition to a forward propagating
wave. Denote the forward wave by [Fe/(#*-“)] and the
reverse wave by [Ge (-#*—D] where

B = h~1[2m(& — Ug)]Y/2 (205)
then
Y = (FEPX + Ge Pryeiet, (206)

The boundary condition at x=0 of wavefunction
continuity

¥1(0) = ¥ (0) (207)
issufficient to ensure continuity of theparticledensity. The
boundary condition of continuity of the first derivative of
the wavefunction

dyy
dx

_dw

— (208)
x=0 dx

x=0
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is sufficient to ensure continuity of the current density, as
can be noted from Eq. (193). These two conditions lead
directly to the following two relations:

A+B=F+G (209)
ikA—ikB =iBF —iBG. (210)

Rewriting this pair of equationsin the form
A+B=F+G (211)
A—B:(é){F—G} (212)

makes it easy to obtain expressions for A and B in terms
of F and G. Adding the two equations gives

1 B B
A:E[F<1+E)+G<1—E>] (213)

and subtracting the two equations gives

B=%[F(l—§>+6(l+§)}. (214)

Let us next apply boundary conditions at the barrier
discontinuity at x=L. Continuity of the wavefunction
Y (L) =y (L) and continuity of the first derivative of
the wavefunction

dyu | _ dym
dx |, dX |,
lead directly to two additional relations:
Fefl + Ge P = cétt (215)
iBFefl —igGe Pt = ikCd*t. (216)
Rewriting this pair of equationsin the form
FePl + Ge'fL = ce*t (217)
. _ g
Fefl — Ge Pt = —cédtt (218)
B

leads to expressions for F and G in terms of C. Adding
the two equations gives

1 A
_ TaiBL =~ EL
F = 2e (1+ ﬁ)Ce‘

2
and subtracting the two equations gives

G= EéﬁL<1— %>Cei“
2 B

_ %(1 - %)cé@ﬂ“)k (220)

Substituting thetwo expressionsjust obtained for F and
G into the expressions previously obtained for A and B
gives Aand B intermsof C:

= 3(1 + %)cé‘“ﬂ. (219)
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Thus, the relationship between A and C and the relation-
ship between B and C are obtained.

The product [(A/C)*(A/C)], which is useful for the
transmission coefficient, can now be evaluated:
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+ 2(cos28L) [1 — <%>2
B

,3 2 2} 2
—| = — . 223
() + (&) ” (229)
The transmission coefficient 9 follows from the ratio

of the transmitted intensity lyans tO the incident-beam

g — ltrans _ 1ptTansWtrans(h‘g’/ m)
Iinc l//iTml/finc(i‘] k/ m)

c*C\ [k £/k
= (ﬂ) <E> =TAav A P
c c
Substituting the evaluation for the denominator given in
Eq. (223) then yields the transmission coefficient.
The reflection coefficient %@ can be obtained from

the ratio of the reflected intensity to the incident-beam
intensity:
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It can be shown that ® = (1 — J), which meansthat what-
ever current density is not transmitted is reflected.

Now let us consider the limit W — 0O, in which case
£ > kand

(&) (@)= ol -]
e
raemanfa- 5] -

B[
¥ zmwu[z_ (5 - (

il (6]
ROREIEE!

x| x|
N——" N——"
N N
| 1
— P

| let| | B*B(=hk/m)
h= Tine A+ A(hk/m) (229)
B\*/B Thus, the following limit is obtained:
= (—) (—) (225) g —
A A 8
Already B in terms of C and A in terms of C have [64(B/K)2+ (k/B)2]+[2— (B/K)2— (k/B)?] cos2BL "
been obtained. The ratio of these two expressions then (230)
gives
B [1—(8/KI[L+ (k/B)1e " +[1+ (/KL - (/) (226)

A (14 B/ + R/B)e it +[1— (B/K)IL— (B/B)€FL

or, equivalently

(227)

g = (1= B/K) + ®/8) — R/KN+ [1+ (B/K) — (€/B) — (€/K)]* + 2({cos2BLY[1 — (B/K)? — (&/B)* + (*/K)])
{[1—(B/K) + ®/B) + R /K2 +[1 = (B/K) — (&/B) + (R/K)]? + 2{cos2BL}[1 - (B/ k)2 — (k/B)? + (R /K)])
(228)
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This rectangular barrier solution contrasts markedly with
theclassical result I = 1. The cosinefactor in the denom-
inator leads to a decided oscillatory dependence of the
transmission coefficient on energy of the incident parti-
cles, aswill be demonstrated later in agraphical example.
If, in addition, the barrier height Uy is taken to be zero,
then 8 =k and J = 1, as expected. Thislimit isaso well
approximated for € > Uy, sincethen g ~ k.

In the alternate limit, W — Uy, so that £ — g, and
Eq. (224) yields
ARk

(k +£)2
Thisisthe transmission coefficient for a step potential of

height Uq for the case€ > Up. Inthissamelimit W — Uy,
Eq. (228) for the reflection coefficient reducesto

B (k — £)2
C(k+Ry2

«Q

(231)

(232)

D. Incident Beam with Particle Energy
below First Step Only

Let us how consider a case for which W <€ < Ug alge-
braically. For € < Uy, the wavefunction in region 11 (see
Fig. 4) cannot be of the plane-wave type, because the ki-
netic energy would be negative and the momentum con-
sequently would be imaginary. It is easy to show that the
wavefunction

Y1 = (De™* + EeX)e™'! (233)
satisfies the Schrodinger equation

( 2m>(axl/2{>+uo’=”—'h Vo (3

appropriate for thisregion, where « is obtained by substi-
tuting v, into the equation

h2 . .
—%azlﬂn + Uoy = ih(=iw)yn, (235)
which gives
h2

or, sincehw = ¢é

o= [i—T(UO - %)T/z. (237)

The positive sign is conventionally chosen for «; the
choice of a negative sign would simply interchange co-
efficients D and E.

Since € > W, the solution in region Il (see Fig. 4) is
again of the propagating type:

1plll = 1ptrans = Cel&x o — =Ce ik _th (238)
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As before, the wavefunction v, for region | is
Iﬂl = 1/finc: + 1ﬂref
— (Aeikx + Be‘ikx)e‘i‘“‘, (239)

where the constants£ and k have their previously defined
values

£ = h~1[2m(& — w)]Y/2 (240)
k = h~}(2m¢)Y2, (241)

The boundary conditions at x = 0 of continuity of the
wavefunction ,(0) = v;(0) and continuity of the first
derivative of the wavefunction

dvi| _ duu
dx |,  dX |,_o

lead directly to the following two relations:
A+B=D+E (242)
ikA—ikB = —aD 4+ «E. (243)

Rewriting this pair of equationsin the form
A+B=D+E (244)
A—B:i_—If(D—E) (245)

makes it easy to obtain expressionsfor A and B in terms
of D and E. Adding the two equations gives

A=%[D<l—%)+E(l+%>} (246)

and subtracting the two equations gives

o=olo(e i) e} e

Next, let us apply boundary conditions at the barrier
discontinuity at x = L. The conditions of continuity of the
wavefunction (L) = ¥ (L) and continuity of the first
derivative of the wavefunction

dun| _ dvm

dx |,_,  dx

x=L
lead directly to the two additional relations:
Det + Ee’t = céft (248)
—aDe " + gEet = ikCe*t, (249)
Rewriting this pair of equationsin the form
De“l + Ee’t = céft (250)

£
Det — Eet — bt (251)
o
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leads to expressions for D and E in terms of C. Adding
the two equations gives

1 —ik .
D= —e”L<1+ —')Ce“’°L
2 o
1 ik .
=3 (1 - ;)Ce('“")L (252)
and subtracting the two eguations gives
1 13 :
E=Zet <1+ I—)Ce‘“
2 o

1/ iRy .
_ E<1+ %)c:e('@-aﬂ. (253)

Substituting these two expressionsfor D and E into the
expressions abtained in Egs. (246) and (247) for Aand B
gives Aand B intermsof C:

e e
o e
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(1 + %)e‘“L}Ce‘“. (255)

Thus, the relationships between A and C and between B
and C have been obtained. The ratio of B to A now is
easily obtained:

B [1+(e/iKI[1— (i€ /a)]et +[1+4 (a/iK)][1+ (iB/a)]e ot

AT 1 (a/iK)[L — (&/a)let + [L+ (/iR + (iR /a)eot
_ [1—(iR/a) + (a/iK) = R/K)le™ + [1+ (iR /o) — (@/iK) — (R/K)]e ™"

1= (R /0) — (/1K) + R/K)]et + [1+ (R /a) + (/1K) + (R/K)]eet
L= R/K)] iR /e) + @/ K)et + {[1 = R/K)] +i[(R/e) + (@/K)])e ™"

L+ @R = iR /e) — (@/Rlet +([1— ®/K)] +il#/0) — (/K]
_ 1 ®/KIE +eh) —i[(R/a) + (/K —e )

[+ ®/RIE +et) — iR /o) — (/K] —et)

_ [1—(®/K)] cosh(eL) —i[(R/a) + (@/K)] sinh(aL)

(256)

[+ (£ /K)] cosh(aL) — i[(B/a) — (a/K)] Snh(aL)’

The reflection coefficient 9 can be obtained from the ratio of the reflected intensity | to the incident-beam intensity I,

R = |ref

Iinc:

Therefore

P (R/K)? cosh®(aL) + [(K/a) + (o/K)]*sinh?(aL)

[1+ (R/K)]12 cosh?(eL) + [(k/a) — (@/K)]?sinh?(aL)

B*B(~hk/m)| (B\"/B
= | mAmm) |~ (‘) (‘)' (25)

A A

_ [1-2®]/K) + (/K] cosh®(aL) + [(K/@)* + 2(R/K) + (o/k)’] inh*(aL)

(142 /K) + (B/K)? coshP(@L) + [(/@)? — 2(B/K) + (a/K)?] Sinh(aL)
[[cosh?(arL) + (& /ar)? sinh?(@L)] — 28 /K)[cosh(erL) — sinh®(arL)] + (& /K)? cosh(aL) + (er/K)? sinh?(acL)]

" [[cosh(aL) + (B /a)2 sinh?(aL)] + 2 /K)[cosh®(aL) — sinh?(aL)] + (/K)2 cosh®(a L) + (a/K)2sinh?(aL)]

(258)
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Since, for arbitrary 6, cosh() = 3(¢/ +e~?) and sinh(9) = (¢’ —e™?), it follows that cosh?(9) =1+ sinh?(9) and

cosh?(9) + sinh?(9) = cosh(20). Thus

g — LT[+ (R/a)? sinh®(@L) — 2(k/K) + (R/K)* + [(k/K)* + (@/K)?] sinh’(aL)

141+ R/ sinh(al) + 20 /K) + € /K)2 4+ [(R/K)? + (a/K)?] sinh(aL)
(=20 /K) + @K+ [1+ R /a)? + R /K) + (a/K)?] sinh?(arL)

[1+2(R/K) + (/K] + [1+ (K/2)2 + (R /K)? + (¢/K)?] sinh?(aL)

_ 1= R/KP + [1+ (B/a)[1 + (¢/K)] sinhP(aL)

L+ R/R12 + [1+ R /@)L + (/K2 sinh(aL)

(259)

The transmission coefficient 7 is readily evaluated from this expression for the reflection coefficient:

TF=1-%R

_ [+ ®/K1P+ 1+ R/)?)[L + (@/K? sinh*(eL) — [1 - (/K] — [1+ (®/@)?][1 + (¢/ k)] sinhP(aL)

[14 E/K)12 +[1+ */a)?][1 + («/K)?] sinh?(aL)

4k / k)

N [1+E®/K12+[1+ E /)1 + (e/k)2] sinh2(al)

If the limit W — 0, then £ — k and the transmission
coefficient reduces to that for arectangular barrier:

4
7= 441+ (K/a)? + (a/K)? + 1] sinh?(a L)
_ 1
14 (/A)[(k/a) + (a/K)]2 sSinh?(al)’
This is the transmission coefficient for particles having
energy € < Ug through arectangular barrier of height Uo.

If the further limit oL > 1, then sinh(a'L) ~ £ e*- and
the approximate formis

o 1
T I WAK/a) + @/ KA/t
_ leet _[ 4a/K)
= (e + @R L1+ (/K2

If the barrier thickness L approaches infinity, then the po-
tential energy becomes a step potential and the transmis-
sion coefficient can be noted from Eqg. (262) to approach
zero for the presently considered case of € < Uy.

Torecapitul ate, theremarkabl e quantum mechanical re-
sult hasbeen derived that particlescan, in some cases, pen-
etrate potential energy barriers that are even higher than
the particle energy. This result, which contrasts markedly
with the classical result that I = 0, has the greatest rele-
vancefor quantum electronic devices. It likewise provides
the explanation for the decay of radioactive nuclel by a-
particle emission.

An exampl e calculation spanning the domains for € <
Ug and € > Ug, with W =0 for both cases, has been
carried out. Theva ueof theelectronic massisutilized, and

(261)

2
] e 2L (262)

(260)

the rectangular barrier is chosen to have a thickness of
10A andaheight of 10eV. Figure5illustratesthevariation
of the transmission coefficient with incident electron en-
ergy. The remarkable oscillatory behavior is due to the
wavelike nature of the particle; the peaks coincide with
certain relationships between the de Broglie wavelength
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FIGURE 5 Transmission coefficient versus incident-particle en-
ergy for a rectangular potential energy barrier. [Fig. 1.35 in
Quantum Mechanics for Applied Physics and Engineering by
Albert Thomas Fromhold, Jr. (Academic Press, Inc., New York,
1981; Dover Publications, Inc., New York, 1991); reproduced with
the permission of Academic Press, Dover Publications, and the
author.]
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and the barrier thickness, which can be deduced from
Eq. (230). Note that J approaches unity whenever
cos(28L) =1, which occurs when 28L =2mmr (m=
1,2, 3,...). Since 8 =2 /Ay, the condition is met when
m(A;1/2) = L (i.e., whenever there are an integer number
of half wavelengths over the barrier distance L). On the
other hand, for (2m+ 1)(A;,/4) =L, which corresponds
to an odd-quarter wavelength over the barrier distance L,
then cos(28L) = —1 and the transmission coefficient goes
through the value 4/[(8/ k) + (k/8)]?. In this odd-quarter
wavelength condition, for 8 < k corresponding to particle
energiesnot far abovethebarrier maximum, 7 ~ 4(8/k)?,
whichisvery small in value. Thus, there are transmission
resonances as the particle energy continuously increases
above the barrier height Ug. For the odd-quarter wave-
length condition with the particle energy far exceeding
the barrier height, however, g is not too different from k
and so I is not much less than unity. In short, the depth
of the transmission resonances decreases as € increases.

It should be pointed out that although the odd-quarter
wavelength condition usualy provides a very good
approximation for minimum &, it does not provide
the exact minimum. A quantitative evaluation based on
dJ /d€ =0 for fixed Uy, utilizing Eq. (230), leads to the
condition

_BL
1+ (B/k)?

and the roots of this equation yield the distinct values of
€ for minimum 7. This transcendental equation can be
solved graphically. The problem is simplified in the limit
where (8/Kk)? < 1, since then the roots depend only on
the energy difference above the barrier, thereby leading to
pure wavelength conditions in the barrier region itself for
the transmission minima. Further, in the large gL limit,
the equation requirestan(g L) to belarge, so that the roots
approach values that are approximately the same as the
values leading to the odd-quarter wavelength condition
just discussed.

Finally, care must be taken not to draw the erroneous
conclusion from a casual inspection of Eq. (230) that
J is unity when 8 =0, which corresponds to the par-
ticle energy being equal to the barrier height. A sim-
ilar erroneous conclusion aso could be reached from
Eqg. (261) in the same limit, since then « is zero. Care-
ful inspection of these two equations reveals indetermi-
nate forms in the denominators of the equations for this
limit. In Eq. (230), for example, thetwo termsinthegroup
[(k/B)*— (k/B)? cos(2L)] approach co — co as p — O,
but by noting the equivalenceto 2(k/8)? sin?(L), thein-
determinateformyields2(kL)? asg — 0.Asgivenby Eq.
(230), 7 therefore approaches[1 + (kL /2)?]tasp — 0.
In asimilar manner, Eq. (261) can be shown to approach

tan(BL) =
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thissamelimit. The continuity in J at the limiting energy
of 10 eV can be noted in Fig. 5.

E. Incident Beam with Particle
Energy Below Both Steps

As a fina consideration, let us examine the situation in
whichtheparticleenergy € islessthanthepotential energy
inregionll andinregionlll. Algebraicaly, thisisthe case
when € < Ug and € < W. At thelimit W — Uy, this case
reduces to the single step potential. In any event, since
region Ill extends to x = oo, the probability density in
region |11 can be expected to approach zero as X — oc.
The wavefunction for region 111 thus may be chosen to be

Y = He 7Xe ', (263)
where
y = h712m(W — €)]*/2. (264)

Matching the wavefunctions and the first derivatives at
x = 0yields the sameresults for the relationships among
A, B, D, E asgiven by Egs. (242)-(247), since the wave-
functions in regions | and Il are exactly the same as for
thecase W < € < Ug. However, the matching of thewave-
functions and their first derivatives at x = L is different,
since ¥y is now different. The result obtained from this
matching is

De*t + Ee*t = He "t (265)
—aDet 4 oEe*t = —yHe 7t (266)
Writing this pair of equationsin the form
De*t + Ee*t = He 't (267)
De ! — Eeot = gHe*V'- (269)

facilitates the algebra. Adding these two equations leads
to

1
D= —(1+ Z)HeyL (269)
2 o
and subtracting these two equations leads to
1
E=—<1—Z>Heﬂ. (270)
2 o

Substituting these two expressions for D and E into the
previously derived expressionsfor A and B—namely,

A= %[D(l— %) + E(l—i— %)} (271)
B = %[D<l+ %) + E(l— %)} 272)
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yields

+ <1+ 3) (1 - Z)] He’t.  (273)
ik o

+ (1— %) (1— g)]He—yL. (274)

Theratio of these two expressions gives

A L= (@/IKIL+ (r/e)] + 1+ (/iR — (/)]
B~ [+ (/IR + (y/)] + [1— (/iK1 — (r/a)]
_ [+ (/) + 1 (/o] — (/iK1 + (v/e) — 1+ (/)]
[1+ (/) + 1= (y/e)] + (@/ IR+ (/o) — 1+ (v/a)]
C 2+i(e/K)@y/e) | [1+i(y/K)]
T 2SRy /) T A=i(/K)] (275)

The reflection coefficient for thiscaseis

R = <E> <E) (276)
A A
Substituting yields

R — [1—i(y/k)][1+i(y/k)}
1+i(y/kILL—i(r/K)
_ 1+ 0K
Itk T

which is to be expected on physica grounds for this
situation. These results have practical significance for
modern quantum well devices based on multilayered
semiconductors.

This completes the consideration of particle currents
incident on stepfunction-type barriers. The basic ap-
proach also has some relevance for the simplest bound-
state problem—namely, the problem of a particle trapped
in a rectangular potential well—which is considered in
Section VIII.

(277)
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VIIl. BOUND-STATE PROBLEMS

A. Introduction

A particle may be confined to a certain region of space
by potential energy barriers surrounding it; e.g., the step
potentials treated in Section VII could be placed on
both sides of a particle having a lesser energy. Figure 6
illustrates an arbitrary potential energy function in one
dimension. At positions x; and Xy, the potential energy
U (x) equals the total energy € of the particle, so that the
kinetic energy €y, at these points given by [€ — U (X)],
is necessarily zero. These positions are called classical
turning points, because according to classical physics,
the particle would simply be reflected from the barrier
at these positions. The momentum becomes reversed
upon reflection. In three dimensions, the situation is
similar, except that it is the perpendicular component
of the momentum that is reversed (comparable to the
elastic rebound of a rubber ball from a concrete wall).
The motion of the particle continues back and forth over
the region x; < X < X, in the potential well delineated
by the surrounding energy barries, provided the potential
energy everywhere outside this region exceeds the total
particle energy. The total energy € is conserved, with a
continuous interchange of kinetic and potential energies.

The detailed time-dependence of the motion of a parti-
cleinapotential energy well depends upon the exact func-
tional form of thepotential energy U (x). Thecharacteristic

U(x)

FIGURE 6 Potential energy well of arbitrary shape. [Fig. 1.38
in Quantum Mechanics for Applied Physics and Engineering by
Albert Thomas Fromhold, Jr. (Academic Press, Inc., New York,
1981; Dover Publications, Inc., New York, 1991); reproduced with
the permission of Academic Press, Dover Publications, and the
author.]
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feature of bound-state problemsin quantum mechanicsis
the fact that the application of realistic boundary condi-
tionsto thetime-independent Schrodinger equation, given
by Eqg. (169), forces a restriction on the energy values, so
that the eigenvalues for the total energy are confined to a
discrete set. This feature is independent of the particular
functional form of the potential energy, although the de-
tails of the energy-level spectrum are dependent upon the
form of U (x). In the following discussion, three different
bound-state problems, for which the potential is given by
squarewell, harmonic oscillator, and Coulomb potentials,
are considered individualy.

B. Three-Dimensional Potential Energy
Square-Well Problem

Let us consider a particle of mass m confined to a re-
gion of space having the shape of a rectangular paral-
lelepiped. The particle confinement is due to infinite po-
tential energy barriers at the faces of the parallelepiped
box. This is sometimes referred to as a square-well po-
tential because the potential energy rises so sharply (with
infinite slope) at the boundaries of the parallelepiped. If
the potential energy inside the parallelepiped is taken to
be zero, then the Hamiltonian 7€ for the time-independent
and time-dependent Schrodinger equations[#¢ = €¢ and
¥y =ih 9yr/0t, given by Egs. (169) and (179)] takesthe
form 9¢ = —(h?/2m)V? within the box but is undefined
outside the box, where the potential energy is considered
infinite. Thus, awavefunction i existsfor the interior but
is zero for the exterior, where the particle cannot pene-
trate. The time-independent Schrodinger equation for the
interior of the box is formally the same as that for afree
particle, namely,

h2<32 92 92

o (352 + a2 * 3 ) = (). @79

which has solutions given by the normalized plane-wave
spatial functions

1\ Y2
w0=(y) el @

where V isthevolume of the box. These spatial functions,
when combined with thetimefactor exp[—(i / h)éxt], rep-
resent running waves

Yi(r. t) = ¢ (r) exp[(—i/h)ét]. (280)

which congtitute the stati onary-state wavefunctionsfor the
particlethat satisfy the time-dependent Schrodinger equa-
tion. These traveling-wave eigenfunctions of the Hamil-
tonian having the form exp[(i /h)(p - r — ¢ét)] are simul-
taneous eigenfunctions of the linear momentum operator
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P = —ihV, sinceit can be noted by direct substitution
that

PYi(r.t) = (=Th)[V(ik - N)]yx(r) = hkyk(r). (281)

Even though such plane-wave solutions formally do sat-
isfy the Schrodinger equation for this problem, they do
not satisfy the constraint that the probability density be
continuous at the walls of the box, since continuity of the
wavefunction reguires the wavefunction to be zero inside
the box at the walls in order to equal the zero wavefunc-
tion exterior to the box. This underscores the vital role
of boundary conditionsin quantum mechanical solutions.
Asdescribedin Section I V.F, however, oppositely directed
but equal-amplitude plane waves can be superimposed to
give standing-wave solutions that may setisfy the desired
boundary conditions. L et usconsider thesix infinitely high
potential energy barriers delimiting the rectangular paral-
| el epiped box to be perpendicular tothex, y, and zaxesand
tobelocatedatx =0,x =Ly, y=0,y=Ly,z=0,z=L..
The box confining the particle thus has edges of length
Lx, Ly, and L, inthex, y, and z directions, respectively.
One form of the three-dimensional, normalized standing
waves providing solutionsto the Schrodinger equation for
this problem is given by

8\Y2 . [nax\ . [(nymy\ . [Nz
r=(—) sn sn sn ,

¢n (V> ( LX ) < Ly ) < LZ )
(282)

where ny, ny, and n, are atriplet of positive integers rep-
resented by the symbol n. This product of sine functions
satisfies the fixed boundary condition that the wavefunc-
tion vanish on six faces of a rectangular parallelepiped,
and direct substitution shows that it satisfies the three-
dimensional Schrodinger equation givenby Eq. (278). The
corresponding quantized energy eigenvalues €,, thereby
obtained are

h?7? o\ g\ [/nz)\?
%n_( x )[(L) +(Ly) *(L) (289
Only the positive integers are chosen for the triplet ny,
ny, N in the wavefunction given by Eq. (282), since the
corresponding negative values yield the same wavefunc-
tion to within afactor of —1. Thiswould represent exactly
the same state for all practical quantum mechanical cal-
culation purposes, because the particle probability den-
sity ¢*y» would be the same. It is a very general aspect
of quantum mechanicsthat linearly dependent eigenfunc-
tions are redundant wheresas linearly independent eigen-
functions are not.
The standing-wave solutions of the Schrodinger equa-
tion given by Eq. (282) do not represent states having
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definite momentum values, but instead are linear com-
binations of plane-wave states having oppositely directed
momenta. Because the particle undergoesreversalsin mo-
mentum associated with reflection in the neighborhood of
the classical turning points, it is not surprising that the
most appropriate solutions to the problem are not those
states that represent definite momentum values.

Because the standing-wave solutions can be viewed as
the superposition of traveling-wave solutions of equal am-
plitude traveling in opposite directions, plane-wave solu-
tions can be utilized for the present problem by means of
aconstruct known as periodic boundary conditions:

¢(X + LX» yﬂ Z) = d’(xa y’ Z)
¢(Xv y + Lys Z) = ¢(Xv y’ Z) (284)
d)(X, y,zZ+ LZ) = ¢(X’ Y, Z)°

This represents a subgtitute for the fixed boundary con-
ditions previoudly invoked to determine the alowable k
values. Thisisthe approach generally used in the develop-
ment of the free-electron theory of metals. It hasthe utility
of simplifying the mathematics a bit while retaining the
essentia property of the correct number of quantum states
per unit energy range required for quantum statistical
calculations.

C. The Harmonic Oscillator Potential

Another very important bound-state potential energy func-
tion is the harmonic oscillator potential

U(x) = %KXZ (285)

illustrated in Fig. 7. For a one-dimensional harmonic
oscillator consisting of a mass M attached to a fixed
spring (with force constant K), which is set into mo-
tion on a horizontal; frictionless planar surface, the clas-

FIGURE 7 Harmonic oscillator potential. [Fig. 1.39 in Quantum
Mechanics for Applied Physics and Engineering by Albert Thomas
Fromhold, Jr. (Academic Press, Inc., New York, 1981; Dover Pub-
lications, Inc., New York, 1991); reproduced with the permission
of Academic Press, Dover Publications, and the author.]
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sical frequency given by the reciproca of the period is
vo=wo/21 = (27)~1(K /M)¥2. Other examples of clas-
sical harmonic oscillators also are characterized by some
specific frequency (with corresponding angular frequency
wo = 21 vp) determined by the physical parameters of the
system in question. The analogous quantum problem has
solutions that can be expressed in terms of this classical
frequency vg.

The Hamiltonian for the harmonic oscillator problemis

h2\/d?\ 1

and the time-independent Schrodinger equation given by
Eqg. (169) for this problem is

( h_2>|:d2¢"(x):|+%KX2¢n(X)=%n¢n(X)- (287)

T 2m dx2

The complete time-dependent solutions ¥, (X, t) then are
given as usual, by taking the product of the spatia func-
tions with the corresponding time-dependent function
On(t) = exp[(—i/h)ént], so that

Un(X, t) = ¢n(X) exp[—(%)‘ént]. (288)

In the present case

Pn(X) = Nn& ¥ /2Hy(a/?x) (289)
with
o= % (290)

The functions H,(y) appearing in Eq. (289), with y=
aY/?x, are the Hermite polynomials. These polynomials
are readily generated by means of the differential relation

Ha(y) = (~1)" exp(yz)dd—w[exp(—yz)l. (201)

Some examples of the lower-order Hermite polynomials
are

Ho(y) =1
Hi(y) = 2y
Ha(y) = 4y — 2

Ha(y) = 8y° — 12y

Ha(y) = 16y* — 48y? + 12

Hs(y) = 32y° — 160y° + 120y

He(y) = 64y® — 480y* 4 720y? — 120

H-(y) = 128y’ — 1344y° + 3360y° — 1680y. (292)

The normalization factors N, for the eigenfunctions, as
found from the normalization integral
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| viwmax=1 (299)
are given by
o 1/2
Ny = [72%!”1/2} ) (294)

The various eigenfunctions ¢, (x) are orthogonal, this be-
ing acommon occurrence in al quantum solutions repre-
senting different energies. Plotsthat illustrate these lower-
order harmonic oscillator eigenfunctions can be found
in various textbooks. The average amplitude for the vi-
brational motion increases with increasing-energy eigen-
values, in qualitative agreement with the predictions of
the classical treatment. Beyond this point, there is little
apparent similarity unless one examines the solutions in
the so-called correspondence limit of very large quantum
numbers.

Therequirement that acceptabl ewavefunctionsordinar-
ily must be capable of normalizationiswhat actually leads
to the Hermite polynomial solutions. Thisrequirement si-
multaneously leads to the discrete spectrum of quantized
energy eigenvalues

1
%n = (n + E)hwo

- (n—i—%)hvo (h=0,1,2,...,00), (295)

where wyq is the angular frequency for the classical me-
chanics solution. The integer n is the quantum number
for this problem. An interesting feature of the quantum
solution is the fact that the ground-state energy (n=0) is
nonzero. Furthermore, theenergy level sareevenly spaced.
The dashed lines in Fig.7 indicate this energy-level
spectrum.

Thetopic of |l atticevibrationsin solidsisone exampl e of
animportant physical problem that can betreated interms
of the harmonic oscillator. The fact that the ground-state
energy isnonzero meansthat even at atemperature of zero
Kelvin, therewill be somevibrational motion of thelattice.
Such motions are the so-called zero-point vibrations.

Another interesting feature of the quantum solution is
the dependence of the energy upon the frequency of os-
cillation. The increase in amplitude (see Fig. 7) that ac-
companies larger values of the energy €, for the classical
solution seems almost incidental to the quantum solution,
whereas in the classical solution, the dependence of en-
ergy upon amplitude appears as a central feature in the
analysis.

The energy A€(n— n’) required to excite a quantum
oscillator of frequency w from a state of quantum number
n to the state of quantum number n’ can be noted from
Eq. (295) to be
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Aé(n — n') = <n’ + %)ha) - <n + %)ha)
= (" — n)ho. (296)

Thus, energy absorption occurs in integer multi-
ples of a basic unit of energy hw, which is characteris-
tic of the oscillator frequency. Anaogously, the energy
emission due to the deexcitation of an oscillator of fre-
guency o from a state of quantum number n’ to the state
of quantum number n is the converse of the absorption
process. If the energy is emitted in the form of a pho-
ton of energy €photon = Nvphoton, then the frequency of
the photon will be vphoton = (N —N) /27 = (N — N)ves
and the wavelength of the emitted photon will be A photon =
C/Vphoton = C/[(N" — N)veg]. This leads to the quantum
transition picture indicated in Fig. 2.

D. Use of the Schrédinger Equation for the
Hydrogen Atom and One-Electron lons

Thefirst difficulty encountered in the use of classical me-
chanics was in the area of radiation absorption and emis-
sion by atoms in gases. Instead of the continuous spec-
tra predicted by the classical mechanics approach (see
Section |.D), discrete optical spectra were obtained (as
described in Section 111.D). Although the 1913 semiclas-
sical approach of Bohr (see Section I11.F) was successful
in explaining such discrete spectra for hydrogen and also
for one-electronions, there was no way to extend the Bohr
theory to the two-electron atom (helium) or similar two-
electronions, much lessto even higher electron atoms and
ions. An approach that could explain only such alimited
region of theperiodictable(i.e., oneelement—namely, hy-
drogen) obviously wasinadequate and ultimately hadto be
replaced by a more general theory. In 1926, Schrodinger
developed what was to be the genesis of such amore gen-
eral approach [see Section I11.E].

Let us now devote some attention to the solution of
the Schrodinger equation for the hydrogen atom and the
closely related problem of the one-electron ion, the poten-
tial energy for both being given by

—Z¢€?

4 eor ’

u() = (297)
where Zeistheelectrical charge of thenucleusandr = |r|
is the separation distance between the centers of the two
charges. This potential energy as afunction of separation
distance appears as solid curvesin Fig. 8. Although this
is formally a two-body problem, it can be reduced to a
one-body problem by transforming to the center-of-mass
coordinate system. The so-called “reduced” mass of the
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u(r)

Vacuum Level

FIGURE 8 Coulomb potential. [Fig. 1.40 in Quantum Mechanics
for Applied Physics and Engineering by Albert Thomas Fromhold,
Jr. (Academic Press, Inc., New York, 1981; Dover Publications,
Inc., New York, 1991); reproduced with the permission of Aca-
demic Press, Dover Publications, and the author.]

electron given by
_ _MeMp (298)
me + mp

where m, is the actual electron rest mass and m;, is the
proton rest mass. The Hamiltonian

9 — —h—2V2+ 0102

2m A eqr

(299)

withnuclear chargeq; = Z;eandelectronchargeq, = —e,
isto beusedinthetime-independent Schrodinger equation
¥ = €nddn. The key to solving this so-called hydrogen-
atom problem is the recognition that the Coulomb poten-
tial energy of interaction between the electron in question
and the nucleus depends only upon the separation distance
r = |r| and isindependent of the spatial orientation of the
line of centers between electron and nucleus. Therefore,
in spherical polar coordinates (r, 6, ¢), the Schrodinger
equation can be separated (in the usual way variables are
separated in partial differential equations) into three equa:
tions, each involving afunction of one of these three vari-
ables. In spherical polar coordinates, the Laplacian V2 of
any arbitrary scalar function / of the vector r is given by

= () ) (750) + (am0) (5)

ol 1 92/
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The variables separation technique then leadsto three sep-
arated equations for the factors R(r), ®(0), and A(¢)
appearing in the product form of the spatial portion of
the wavefunction ¢(r) = R(r)®(0)A(¢), with the corre-
sponding wavefunction being

Y(r,t) = R(Ir)OO)A(¢) exp(%i%t). (301)

Only theeguationfor R(r) containsthe Coulomb potential
energy of interaction between electron and nucleus.

Single-valuedness of the wavefunction is necessary be-
cause the probability density * is a physical quantity
that must have only one value at a given point in space.
The separation constant in the equation for A(¢) isfound
to lead to a wavefunction v (r, t) oc exp(ime), which is
single-valued whenever the angle ¢ isincreased by multi-
plesof 27 only if misequal toaninteger. Them constitutes
one quantum number characterizing the electronic state.
It is called the magnetic quantum number, sinceits value
determines the energy change whentheionisplacedina
magnetic field. It is conceivable that m has allowable val-
uesof 0, £1, +2, ..., athough an upper bound on |m| is
dictated by another consideration (to bediscussed shortly).
The resulting wavefunction factor A(¢) isfound to be an
eigenfunction of the Hermitian operator &£, which rep-
resents the z-component of the electron orbital angular
momentum, with the eigenvalue being mh:

£y Ap = mhA(p) (m=0,+£1,+2,..)). (302

The differential equation for ®(0) representing the 9-
component of the wavefunction v (r, t) contains m? as
well as a second separation constant A. Whenever m = 0,
the equation can be cast into aform known as Legendre’s
differential equation. The solutions diverge unless A =
£(¢ + 1), where ¢ represents a non-negative integer. The
physically meaningful probability densities obtained for
this choice of the second separation constant are repre-
sented by the solutions P,(cos6), known as the Legendre
polynomials. These polynomial sturn out to be eigenfunc-
tions of the Hermitian operator [#*™]2representing the
square of the orbital angular momentum of the electron,
with eigenvalues £(¢ 4 1)h?:

[2°P]?0(0) = (£ + )h?0()
(t=0,1,23,..). (303)

Therefore, ¢ iscalled the orbital angular momentum quan-
tum number.

Whenever m=#£ 0, the corresponding solutions to the
®(0) equation are the associated Legendre functions
P/"(cos6), where m? < ¢2. The restriction on mis thus a
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mathematical one, althoughittiesinvery well withthecor-
responding physics since the square of the z-component
of the orbital angular momentum—namely, m?h2—
cannot exceed the square of the total orbital angular
momentum—namely, £(¢ + 1)h?—which, inturn requires
Im| < ¢.

The differential equation for R(r) representing the r-
component of thewavefunction v (r, t) containsthe quan-
tum number ¢ as well as a third separation constant. The
solutions can be expressed in terms of the associated
Laguerre polynomials. The requirement that the solu-
tions not diverge in order to have a physically meaningful
probability density ¥ *yr once again places severe restric-
tions on the separation constant. This, in turn, requires
an integer quantum number n, known as the principal
guantum number, together with the condition n> £. In
a straightforward way, this leads to the quantized energy
eigenvalues

1 Zz2%?

G-z
4 2 4 gpagh?

(h=1,23..), (304

where ag is the parameter known as the Bohr radius

_ 47T80h2

me?

sinceit equalsthe radius of the ground-state Bohr circular
orbit previously deduced from Eqg. (31) for n=1. The
energy levels for the lower-energy states are indicated by
dashed linesin Fig. 8.

From adifferent perspective, the hydrogenic eigenfunc-
tionsresulting from themathematical solution to thisprob-
lem can be written in terms of the product

(305)

VUnlm = RE(r)Yem(0, ¢)
n=123,...; 0<¢=<n-1, (306)
m=0,+1 £2,..., +¢),

where R,¢(r)is the radial portion of the eigenfunc-
tion (which is correlated directly with the func-
tional form of the Coulomb potential energy) and
Yim(0, ¢) = OLn(0) Am(¢p) is one of the spherical har-
monics. The normalized spherical harmonics Y ¢,, can be
written in terms of the associated L egendre polynomials
P;"(cosb):

(26 +1)(—m)
r (£ 4+ m)!

1/2 )
Ym0, ¢) = [ } P/"(cosh)e™.

(307)

Several of the lower-order associated Legendre polyno-
miasare
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P(cosh) = 1

=1 PY(cos) = cosé
Pl(cos®) = sing

¢=2  P(cost) = 3(3cos?6 — 1)
P}(cosf) = 3sin6 cosf
P2(cosf) = 3sin?6

¢=3  PJ(cosh) = i(cosd)(5cos*0 — 3)
Pi(cosd) = 3(sing)(5cos?0 —1)  (308)
P2(cosf) = 15sin?§ cosh
P3(cosh) = 15sin®6

¢=4  PY(cosh) = £(35c0s*6 — 30c0s? 6 + 3)

Pi(cosd) = 3(sind)(7cos® & — 3cosh)
P2(cos) = 2(sin?0)(7cos?6 — 1)
P3(cosf) = 105sin®6 cosé

P (cosf) = 105sin*6.

To aobtain the corresponding polynomials for the negative
m values, the relation

(¢ — m)!
(¢ +m)!
can be utilized. The complete set of these polynomialscan
be generated in a straightforward manner.

The spherical harmonicsactually are appropriatefor al
spherically symmetric potential energy problems. For this
reason, they are used as the angular portion of the wave-
function in many approximate treatments of the many-
electron atom. Furthermore, the use of spherical harmon-
icsis by no means restricted to quantum mechanics; e.g.,
they are utilized extensively in treating boundary-value
problemsin el ectrostatics. Theusefulnessderivesfromthe
fact that they constitute acomplete set of functions, so that
any arbitrary function g(0, ¢) of 6 and ¢ can be expanded
as alinear combination of the spherical harmonics:

P, M(cosp) = (—-1)™

P/"(cos0) (309)

00 4
90.9)=>_ > amYem(®.4).  (310)
£=0 m=—¢
The coefficients a;y in the linear combination are
determined from

Bem = f f Yo 0. 0)90.4)dF  (31D)

with the differential d¥ denoting the differential surface
area on a unit sphere d¥ = sin6 déd d¢, with the limits
of integration being 0 to = for 6 and 0 to 2x for ¢.

The normalized radial portion of the energy eigenfunc-
tions for hydrogenlike atoms can be written in the form
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3 L 12
Ruc(r) = [(%) (M)} &2pt L2 ),

(312)

o 1/2
o= 2<Tm%> r. (313)

The parameter ag is the Bohr radius given by Eq. (31)
withn = 1, and L2* represents the associated Laguerre
polynomials, which can be generated from the differential
relation
20+1 d26+1 dn+[ n+€ —p

L0 = o [ e >] (314)
Thelower-order Laguerre polynomials are therfore easily
obtained, thereby yielding the radial portions of the one-
electron energy elgenfunctions. Several of thelower-order
radial function are
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(1) <a0>
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To summarize the situation for the one-electronion, the
application of appropriate boundary conditions of single-
val uedness and boundedness on the wavefunction leading
to the preceding solutions yields the three quantum num-
bers n, £, and m, which are referred to, respectively, as
the principal quantum number, the orbital (or azimuthal)
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guantum number, and the magnetic quantum number. The
alowed values of the three integer quantum numbers
(n, £, m) required to characterize a given energy eigen-
function ¥ (r, t) = Yymém(r, t) for the hydrogen atom or
one-electron ion have the following allowed values:

n=123,...
O0<¢<n-1 (316)
£ <m<{.

It can be seen from these results that for a given n-value,
therearen allowable ¢ valuesandfor agiven ¢-value, there
are 2¢ + 1 possiblemvalues. Sincethe energy eigenvalues
én given by Eq. (304) depend only on the value of the
principal quantum number n and are independent of the
valuesof £ and m, it can be seen that there are many eigen-
functions for a given energy eigenvalue. The solutions
for the hydrogen atom are therefore highly degenerate,
except for the ground state (n=1, £ =0, m=0). When
thefourth quantum number m, representing electron spin,
istaken into account (ms = 4 1/2), corresponding to spin
angular momentum values of +mgh, two electrons can be
accommodated in the ground state without violating the
Pauli exclusion principle, developed by Wolfgang Pauli
(1900-1958). That is, no two electrons have exactly the
same set of quantum numbers.

Due to the degeneracy of the eigenfunctions, it is pos-
sible to construct new linear combinations for a given
value of the principal quantum number n (i.e., for agiven
shell). Such alternative sets become extremely important
where there are additional contributionsto the energy that
can be treated as perturbations. The appropriate choice
of the basis set is often dictated by the symmetry of the
perturbation.

The series of energy levelsis modified in the presence
of a magnetic field. There are two factors to consider—
namely, the electron orbital angular momentum L for mo-
tion around the nucleus, and theintrinsic spin of the elec-
tron. A charged particle in orbit constitutes a circulating
current, which, inturn, producesamagnetic moment. This
so-called orbital magnetic moment p, = —(e/2m)L in-
teracts with an applied magnetic field B to give an addi-
tional energy term

Uorb = — o * B, (317)

which must be added to the Hamiltonian. With the mag-
netic field B = B,2 oriented along the z-axis, theenergy is
mh B, where theinteger m isthe magnetic quantum num-
ber. Likewise, theintrinsic spin angular momentum of the
electron with respect to an axis through its center of mass
gives rise to a spin magnetic moment ug, which interacts
with an applied magnetic field B to give the energy term

Usin = — s - B, (318)
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which must be added to the Hamiltonian. Other energy
terms also can arise, such as the energy of the interaction
between the two magnetic moments iy, and p that is
designated the spin—orbit interaction energy.

E. Many-Electron Atoms and lons

Firstof al, itisimportant to recognizethat the potential en-
ergy in amulti-electron atom depends upon the electron-
electron Coulomb energies as well as on the Coulomb
energy of interaction of each electron with the nucleus.
Although the el ectron-€el ectron interaction can be viewed
asaperturbation for purposesof very crudeestimates, it, in
fact, is much too large to be treated within the framework
of perturbation theory. In the helium atom, for example,
the potential energy involves the Coulomb potential en-
ergy of interaction of the attractive force between each
electron and the nucleus plus the Coulomb energy of in-
teraction of the repulsive force between the two el ectrons.
Thewavefunction v then must betaken at minimum asthe
product of the wavefunctions for each individual electron
intheatom. The problem becomes enormously morecom-
plicated to solve, requiring a numerical solution because
an exact analytical solution cannot befound. Nevertheless,
the Schrodinger equation yields numerical results for the
two-€electron atom problem that agree with experimental
optical spectra. In thisway, the Schrodinger equation pro-
vides the more genera theory required to supplant the
more limited Bohr theory.

The complexity of an exact numerical solution of the
Schrodinger equation naturally increases greatly as the
number of electrons increases from two three. If only a
few electrons are involved, as in the case for the lighter
atoms, avariational treatment often can be used to obtain
approximate solutions to the many-electron Schrodinger
equation.

For the heavier atoms, wherein alarger number of ele-
crons areinvolved, the starting point for the most calcula-
tions is the approximation that the total potential energy
of interaction of a given electron with the nucleus and
the other electrons can be represented by a spherically
symmetric potential U (r), referred to as the central-field
approximation. In practice, then, one of the most difficult
parts of the problem is to estimate or calculate the poten-
tial. The details are beyond the scope of the present treat-
ment; however, the results justify utilizing one-electron
eigenvalues and eigenfunctions as a semantic framework
for describing the multi-electron atom or ion. Thus, the
product wavefunction

w(r. 1) = RI)OO)A () ap(%‘%t) (319)

is chosen to have the same form asthat given by Eqg. (301)
for the one-electron atom. Once again, a set of four quan-
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tum numbers (n, £, m,, and mg) is required to specify an
€lectronic state. The wavefunction specified by agiven set
of quantum numbers is called an orbital or, more specif-
ically, an atomic orbital, in analogy with the older Bohr
theory inwhich electronswereconsideredtotravel inplan-
etary orbitsin accordance with classical mechanics.

The Pauli exclusion principle requires that no two elec-
trons have the same set of quantum numbers [viz., the
principal quantum number n characteristic of thetotal en-
ergy of the electron, the angular momentum (azimuthal)
quantum number ¢ characteristic of the total orbital an-
gular momentum of the electron, the magnetic quantum
number m, characteristic of the orientation of themagnetic
moment with respect to the z-azis, and the spin quantum
number mg characteristic of the orientation of the el ectron-
spin magnetic moment]. The orbital angular momentum
and magnetic quantum numbers ¢ and m, for the multi-
€lectron atom or ion are the same as the quantum numbers
¢ and m in the hydrogen atom, since the variables sepa-
ration with the more general central potential U(r) pro-
ceedsin exactly thesameway asfor the one-electron atom,
forwhichU (r) = — Ze?/4m eor , thereby yielding the same
equations for the ®(9) and A(¢) factorsin ¢ (r,t). The
electron-spin quantum number mg = +1/2 islikewise the
same as in the hydrogen atom. The radial equation, con-
taining asit doesthe generalized central potential U (r) in-
stead of simply the electron—nucleus Coulomb potential,
requires ageneralized total quantum number n analogous
totheprincipal quantum number n for the hydrogen atom.

One very important difference between the results for
the general central potential problem, in which the po-
tential no longer varies as 1/r, and the hydrogen atom
problem, in which the potential varies strictly as 1/r, is
the fact that electronic states characterized by different
values of the orbital angular momentum quantum num-
ber ¢ with the same total quantum number n generaly
correspond to different energy eigenvalues, whereas in
the hydrogen-atom problem, the energy eigenfunctions
for a given n but different £ values are degenerate. In
multi-electron atoms, states of lower ¢-value consistent
with afixed n-value lie at a lower energy. The combined
values of ¢ and n for a given eigenfunction determine
the radial nodes, these being n—¢ —1 in number. As
in the hydrogen atom, n must be a positive integer, and
the magnitude of the integer ¢ cannot exceed n — 1. An
atomic shell is specified by a given value for n, and an
atomic subshell is specified by a given set of values for
both n and ¢. Taking into account the two possible spin
quantum numbers ms = +1/2 and the (2¢ + 1) values for
my[m,=—¢,—¢+1,...0,1,...£], one deduces the re-
sult that a given subshell contains 2(2¢ + 1) degenerate
electronic states. In standard spectroscopic notation, the
series of shellsaredenoted by K, L, M, N, ....
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The ground state of a many-electron atom is the one
in which a sufficient number of electrons populates the
orbitals of lowest energy consistent with the Pauli exclu-
sion principle to give a neutral entity. The ground-state
configuration of the electrons in an atom is specified by
the number of electronsin each shell. The chemical prop-
erties of the different atoms (or elements) are determined
principally by the uppermost filled energy levels, since
these higher-energy electrons, being lesstightly bound to
the atomic core, most easily share themselves with adja
cent atomic cores for the formation of chemical bondsin
molecules and solids. If the uppermost occupied shell is
full, thereis generally an appreciable differencein energy
between the occupied and next-higher unoccupied state,
and the atom then tends to be chemically inert.

It is standard in spectroscopic notation to give the n-
value of a shall as a number and the ¢-value as a low-
ercase letter, with =0, 1, 2, 3, 4, ... being denoted, re-
spectively, by the letters s, p,d, f, g,.... The periodic
filling of successive shellsas Z increases explains the use
of aperiodic table for listing the chemical elements. The
number of electronsin a given shell generally is denoted
by asuperscript. For example, sodium hastwo electronsin
the 1s shell, two electrons in the 2s shell, six electronsin
the 2p shell, and one el ectron in the 3s shell; this ground-
state configuration for sodium (Z = 11) would be denoted
by Na: 1s22s22p®3s. The rule that the maximum number
of electronsin ashell be2(2¢ + 1), with2 < n—1, canbe
consulted in conjunction with this configuration to illus-
trate that atomic sodium consists of two filled shells (or
threefilled subshells) containing the core electronsand an
outermost partly filled shell containing the single valence
electron.

The use of one-electron states to characterize the elec-
tronic states of the multi-electron atom isagood illustra-
tion of how physical models for complicated systems are
constructed. In this section, a simple framework, supple-
mented by the additional regquirements of the problem in
question, has enabled an understanding of a much more
complex problem to be devel oped. In the present case, the
simplifying assumption isthat of a spherically symmetric
potential and the additional condition is that of the Pauli
exclusion principle. The overall approach permits a rudi-
mentary understanding of the entire periodic table for the
chemical elements.

Section I X examinesthe predictions of the Schrodinger
equation for an electron in the presence of a periodic po-
tential energy. The periodic potential represents another
example of asimpleframework used asthe basisfor mod-
elsof avery complicated physical system. Thiscaserelies
on the fact that periodicity in the potential is a common
attribute of the atom array in acrystalline solid. The prob-
lem of electronsin asolid involvesthe population of many
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energy levels at one time, so the quantum statistics gov-
erning the behavior of many electrons in the same sys-
tem again plays an important role. The treatment of the
periodic-potential problem leadsto energy band theory—
an interesting and important topic, sinceit is so successful
in explaining the difference between metal s, semiconduc-
tors, and insulators.

IX. ELECTRON TRANSPORT IN SOLIDS

A. Failure of Classical Physics for
Electrical Currents in Solids

Another important difficulty encountered in classical me-
chanicsisintheareaof electrontransport in solids. View-
ing condensed matter as merely an agglomeration of hard-
sphere atoms packed so closely together that they are in
contact, it seems intuitively clear that any particle, how-
ever small, while moving through the agglomerate in a
straight-line motion, would rebound from one or another
of the atoms before traveling very far. Even alowing for
the fact that the atoms in the solid usually order into a
lattice configuration, there still will be very few direc-
tions through the ordered array in which a particle could
travel unimpeded on the basis of this purely classical pic-
ture. Despite this, it can be deduced from experimental
measurements that under conditions of very low strain,
very high purity, and quite low temperatures, the con-
duction electrons can travel distances involving hundreds
of atoms without being scattered. Devising an accept-
able explanation for such easy flow of electrons in met-
als thus constituted a problem that could not be resolved
by means of a mechanics based on a purely classica
viewpoint.

Before delving into the quantum mechanical explana-
tion of easy electron transport in metals, let us first ask
how it is known that atomsin a solid are actually in con-
tact. Next, let us ask how it is known that electrons have
such long, mean-free paths in metals for which the atoms
are in contact. Classical radii for atoms may be deduced
in avariety of ways. Scattering experiments initiated by
Rutherford in the early 1900s provided direct evidence
that an atom has a tiny, dense nucleus surrounded by a
cloud of electrons extending for distances of the order of
angstroms(1A = 10-1°m). Theviscosity of fluidsand the
molecular flow of gases also provide some data on atom
and molecule sizes. X-ray diffraction by crystalline solids
yields lattice distances that are of the same order as the
atom sizes. Compressibility data for solids lend credence
to the view that forces between atoms increase as a high
power of the separation distance, as might be expected
from a hard-sphere picture of atomsin contact. Thesein-
dications, together with a variety of other types of data,
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lead usto picture asolid as an array of hard-sphere atoms
in contact.

The second point—namely, the existence of the long,
mean-free path of electrons in metals—can be deduced
from the simple picture that resistance is due to elec-
tron scattering, coupled with experimental data on the
temperature-dependence of the resistivity of metals and
the dependence of the resistivity on purity and crystal-
preparation techniques. Perhaps the most salient point is
that the resistivity decreases by many orders of magnitude
when the purity of the metal isincreased and the metal is
grown as a strain-free single crystal.

The limiting factor on the electron mean free path in
metals thus actually appears to depend upon residual im-
perfections, impurities, and grain boundariesinthe sample
instead of on atom density. Thereishardly any way aclas-
sical picture can explain the fact that the ordinary atoms
that make up the ordered solid themselves provide so lit-
tle resistance to electron flow. The classical picture of a
pointlike electron scattering in abilliard-ball manner from
a hardsphere atom fails completely.

B. Quantum Mechanics Approach

Quantum mechanics permits arationalization of the clas-
sically unexplainable observations just described. Even
neglecting the ordinary Coulomb repulsion between elec-
trons, there remains a quantum mechanical tendency for
electronsto remain separated. Thistendency can betreated
within the framework of what is called the Pauli exclusion
principle, which states that no two electrons in a system
can have the same set of quantum numbers. Practically
speaking, this requires higher and higher average kinetic
energiesfor theelectronsasthe electron density increases.
This explains why adjacent atoms resist electron-cloud
overlap, even though the electron cloud otherwise would
be expected to be rather soft and easily deformed under
compression, and so accounts for the hard-sphere view of
atomsin acrystal lattice.

The unimpeded motion of electrons moving through a
lattice of such hard-sphere atomsin asolid can be under-
stood from the wavelike properties of the electron. Even
classicaly, it can be shown that the collective scattering
of waves from a periodic array of scattering centers dif-
fers quite dramatically from the scattering of waves from
arandom array of scattering centers. The difference be-
tween these two situations is that arandom array leads to
random phases between the scattered wavefronts whereas
phase coherence between the scattered wavefrontsis pos-
sibleif thescattering centersarelocated inaperiodic array.
(Indeed, X-ray diffraction by crystalline solids hinges on
phase coherence.) In the random-array case, movement
of an incident wave through the array is grossly impeded
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due to the partia cancellation of wavefronts having ran-
dom phase with respect to one another; in the periodic
array case, propagation of the wavefront becomes quite
possible.

Even in the periodic case, however, there are situations
inwhich propagation is retarded, as when a portion of the
wavefront reflected from one plane of the crystalline array
is superimposed upon and has a 180° phase difference
with respect to another portion of the wavefront reflected
from a different plane of the array. Such waves interfere
destructively. Propagation, on the other hand, is enabled
by aconstructiveinterference of the scattered wavesin the
direction of propagation.

These facts of classical wave propagation are applica
ble immediately to electron propagation in solids once
it is admitted that electrons have a wavelike character.
Thus, it can be stated that due to the wavelike properties
of electrons, the perfectly periodic array of atomsinasolid
may not scatter electrons out of their straight-line path. In
this sense, the periodic array may be considered to of-
fer no resistance whatsoever to electron motion, thereby
rationalizing the long, mean free paths for electrons in
single, strain-free crystals of high purity held at low
temperatures.

The emergent pictureisthat electrical resistanceis not
due to the scattering of electrons by the atoms of the
periodic array per se but by the departures from period-
icity in the crystalline array. Such departures from peri-
odicity are provided by impurities, vacancies, strained re-
gions, dislocations, and grain boundaries and also by ther-
mal fluctuations of the atom array. Increased scattering at
higher temperatures due to temperature-dependent ther-
mal fluctuationsin the lattice can be shown to lead to the
linear temperature-dependence of the resistivity of met-
als. Theresidual resistance at extremely low temperatures
is due to scattering from the impurity atoms and struc-
tural defects. A quantum mechanical approach involving
the Schrodinger equation, based as it is on the wavelike
behavior of particles, provides a suitable framework for
rationalizing and treating these varied contributionsto the
electron resistivity of metals.

C. Periodic Potential for Crystalline Solids

The Schrodinger equation can be applied to describe con-
duction electrons in metals, each conduction electron be-
ing considered to be under the influence of a potentia
energy function that has the same periodicity as the lat-
tice. An illustration of a periodic potential in one di-
mension is given in Fig. 9. If the lattice positions in a
three-dimensiona array are

Rj = jid1 + j2d2 + jada, (320)
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FIGURE 9 Periodic potential. [Fig. 7.8 in Quantum Mechanics for
Applied Physics and Engineering by Albert Thomas Fromhold, Jr.
(Academic Press, Inc., New York, 1981; Dover Publications, Inc.,
New York, 1991); reproduced with the permission of Academic
Press, Dover Publications, and the author.]

where ji1, jo,and j3 areintegersand dy, d,, and d; areele-
mental vectorsdenoting the basic three unitsof periodicity
inathree-dimensional crystallinesolid, then asatisfactory
potential energy U (r), denoted by V (r) inthisspecial case,
has the periodicity regquirement

V(I +R) = V(). (321)

The time-independent Schrodinger equation given in
Eqg. (169) then takes the form

2

TV VO = Eh (322)
The next step isto utilize some mathematical function for
V(r). This can be assumed to be a simple form, such as
a one-dimensional, periodic step function (the Kronig-
Penney model), or it may be quite complex, as when one
attempts to simulate mathematically the actual potential
energy that would be sensed by an electron that probes
different positions within each atom and between atoms
in the periodic array. One very general method that lends
great insight into the general problem of the motion of
an electron in a periodic solid is to express the potential
energy as atype of Fourier series

V()= Vad® (323)

with the amplitudes V, for the various harmonics chosen
so that the function V (r) reproduces any periodic poten-
tial energy of interest. For a lattice in which the basic
spatial periodicity vectors di, d, and d3 are orthogonal,
thevectors G, turn out to be especially simplein form. For
the more general case of anonorthogonal triad d, d,, ds,
however, it greatly facilitates the problem to define atriad
by, by, bs, called the reciprocal lattice vectors

b1 = (Vear) tdp x ds
by = (Vear) td3 x dy (324)
by = (Vear) *d1x, d2
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where
Vet = dy - (d2 x dg) (325)

is the volume of a unit cell in thereal lattice. In terms of
these vectors, the vectors Gy, appearing in Eq. (324) are
given by

G = 21 (n1by + nzby + n3bs) (326)

where n1, ny, and n3 are integers. The symbol n is used
to represent the integer triplet ny, ny, n3. The set G, maps
out a lattice of points in the same manner that the set R;
maps out a lattice, but the two lattices are generally quite
different. The vectors R; are said to map out a real or
direct lattice, whereas the vectors G,, are said to map out
the reciprocal lattice. The vectors G,, are referred to as
reciprocal lattice vectors. The functions exp(i G, - r) can
be shownto havethe propertiesrequired of basisfunctions
for a Fourier series representation of arbitrary functions
having the lattice periodicity.

Once the periodic potential energy is defined, then the
Schrodinger equation given in Eq. (322) can be solved by
various methods. One way leading to great insight into
this problem is to assume a general form for the eigen-
functions ¢, by utilizing a Fourier series description with
the periodicity of the entire solid—namely,

¢m =)  Bnekn'. (327)

Thisleads to a coupled set of algebraic equations for the
unknown coefficients By, that contain the energy eigenval-
uesé,. Thevectorsk, canbeobtained similarly totheway
the vectors G, were constructed. The algebraic equations
so derived constitute ahomogeneous set. Self-consistency
then requires the determinant of the coefficients of the un-
knowns By, to be zero. This determinant, called the sec-
ular determinant, leads directly to an algebraic equation
known as the secular equation for the energy eigenvalues
€. Choice of aspecific eigenvalue €, for solution of the
set of algebraic equations containing the lattice potential
energy coefficients V,, yields the eigenfunction ¢, corre-
sponding to that energy. Repeating the procedure for each
energy eigenvalue, in principle, will yield the compl ete set
of energy eigenfunctionsfor that periodic potential energy.

The energy eigenfunctions obtained for a periodic
potential energy are known as Bloch functions, after
Felix Bloch (1905-1983). Bloch functions have the gen-
eral form

v (1) = U (1), (328)

where upy (r) are functions having the periodicity of the
real lattice. This periodicity condition is

Um () = Um (r + R)). (329
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The vectors ki, are propagation-type vectors for plane-
wave functions having wavel engths greater than the basic
unit of lattice periodicity but less than the length of the
crystal in the propagation direction.

A Bloch function for an electron in a solid may be
likened to an individual harmonic of sound in a musical
cabinet. Bloch functions can be shown to have a number
of very interesting properties, such as completeness of the
set, linear independence, and orthogonality.

D. Energy Bands and Energy Gaps

The picture that thereby emerges is of groups of closely
spaced, allowed discrete energiesthat can be populated by
electrons, with the groups of alowed levels being sepa-
rated by energy ranges called gapsthat contain no allowed
energy values for conduction electrons. Each group of
closely allowed discrete energiesis called an energy band.
Each allowed energy value within aband is characterized
by a set of quantum numbers. With the additional con-
sideration of electron spin, these are four in number. An
electroninoneof theallowed levelscharacterized by spec-
ified values of these quantum numberstravels unscattered
by the atoms of the crystal | attice, the straight-line motion
being allowed due to a wavelike propagation through the
spatially periodic lattice potential energy. This provides
the quantum mechanical explanation of the long, mean-
free path for conduction electrons in metals.

As arule, the electrons in a solid are characterized by
thevector k, which denotesthe propagation direction. The
k-vector isthe analog of the momentum for aparticlein a
solid. (In free space, p = hk, according to the de Broglie
relation derived in Section V.B.) Theenergy of theelectron
state is denoted by €(k). The goa of solid-state band-
structure calculations is to evaluate € (k) for a specified
periodic potential energy. This periodic potential may be
considered to be available at the outset, although the prob-
lem is best approached from the standpoint of computing
the potential self-consistently with the electron states de-
duced inthe calculation. Since’¢ = hw, the function € (k)
obtained by means of a band-structure calculation repre-
sents the dispersion relation for electronsin the solid. As
recalled from Section 1V.H, the dispersion relation pro-
vides the basis for determining the group velocity of the
particle. Thus, from Eqg. (107)

1
Vgroup = Vkw(K) = Hvk%(k)' (330)

This relation is very useful for obtaining the conduction
electron velocity asafunction of energy for any particular
directioninthecrystal. Infact, thisapproach must be used
inlieu of thefree-spacerelation vpatige = p/ M becausethe
inertiaof an electron in acrystal is governed by an effec-
tive mass m* instead of its actual mass m. The difference
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in value between m* and m is a measure of the average
conduction electron interaction with the periodic potential
of thelattice. Although aperfectly periodiclatticedoesnot
offer aresistance by scattering the conduction electrons,
it does offer aresistance to the accel eration of the electron
under an applied force (e.g., an electric field) by affecting
itsinertial response to the force.

In considering the population of the various energy lev-
els, it is necessary to add in as an essential component
the Pauli exclusion principle—that very soul of quantum
mechanics that disallows any two electronsto occupy the
same state, the state being denoted by the specification of
valuesfor thecomplete set of quantum numbers, including
electron spin. Oncethisiswoveninto thefabric, it must be
considered how the energy eigenstates are occupied by the
electrons available for conduction. Under thermal equi-
librium condition at temperatures near absolute zero, the
lower-energy stateswill certainly be occupied. Thelower-
energy states in any of the energy bands represent states
having low kinetic energies. Because the Pauli exclusion
principle does not allow more than one conduction elec-
tron to crowd into any lower-energy state, higher-energy
stateswill be populated to the degree required for all con-
duction electrons to be accommodated.

The requirement by quantum mechanics that al elec-
trons be in different states has no analog in a classical
mechanics description. Classically, therefore, there is no
lower limit to the energy of the conduction electrons; in
fact, in a classical description, the kinetic energy of the
conduction electrons decreases to zero as the absolute
temperature approaches zero. In a quantum mechanical
description, the average kinetic energy of the conduction
electronsin ametal decreases asymptotically to astill rel-
atively high value as the absol ute temperature approaches
zero.

E. Metals

The average kinetic energy for the highest populated en-
ergy band can be estimated by invoking a “particle in a
box” model of a metal holding its conduction electrons
within the boundary walls, with no consideration given
to the actual periodic potential energy of the lattice. This
simple approach, known as the free-electron model, of-
ten yields surprisingly accurate quantitative values for a
number of physical properties of metals associated with
the conduction electrons. In such cases, a full solution of
the Schrodinger equation for the actual periodic potential
may not be required.

The kinetic energy of the highest filled state in agiven
energy band at 0Kelvin (K) isdesignated the Fermi energy.
A computation of how the average energy changes with
increasesin the thermodynamic temperature of the system
yields the specific heat of the conduction electrons. The
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accurate predictions obtained by quantum mechanics for
the specific heat of metals at low temperatures represents
a remarkable success for the theory, that is to be sharply
contrasted with thetotal failure on the part of the classical
approach to provide an adequate quantitative estimate of
this physical property of metals.

Quantum mechanics gives great insight into the scatter-
ing of conduction electrons by imperfections in a metal.
The quantum nature of the scattering of conduction elec-
trons places the restriction on the process that scattering
cantake place only to vacant quantum states of the system.
Thismeansthat at 0K, an el astic scattering event can occur
only for a conduction electron having an energy equal to
the Fermi energy, because that isthe only energy at which
both filled and empty states simultaneously exist. The sit-
uation is not quite so restrictive at higher temperatures,
where there is a statistical probability that nearby states
are occupied or unoccupied over arange of energy at least
kg T inwidth in the neighborhood of the Fermi energy €¢
[Boltzmann constant kg = 1.38 x 10723 JK; T = absolute
(Kelvin) temperature]. Nevertheless, electron scattering
and, hence, the electrical resistivity are still severely re-
stricted in metals by the requirements of the Pauli exclu-
sion principle.

F. Insulators

After accepting the preceding reasons for the success of
guantum mechanics in describing the properties of the
long, mean-free path in metals, one then must feel quite
puzzled when confronted with the experimental fact that
some crystals—even in the limit of high purity, low tem-
perature, and perfect periodicity—do not alow the free
and easy motion of electrons. These materials are called
“electrical insulators.”

What isit about insulators that causes them to differ so
drastically from metalsin the ability to conduct el ectrons?
The answer is again quantum mechanical in origin. It is
hardly more abstruse than the answer to the question of
the existence of the long, mean-free path in metals. The
solution of the Schrodinger equation for a periodic poten-
tial energy in the way previously outlined yields a divi-
sion of the energy scale into interspersed allowable and
forbidden regions of energy. Over the allowable regions
(the energy bands), very closely spaced discrete energy
eigenvalues are found, but within the forbidden regions
(the energy gaps), there are no such energy eigenvalues.
However, this property of the energy-eigenval ue spectrum
characteristic of the periodic potentia is, of itself, insuf-
ficient to explain the basic nature of insulators. Asin the
situation for electron scattering by impurities, allowance
must be made for the consequences of the all-pervading
Pauli exclusion principle.
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A forcefor directed electron motion invariably leadsto
the prediction of anonzero electrical current fromapurely
classical viewpoint; however, it does not necessarily lead
to such a consequence in quantum mechanics. The rea
son is that acceleration of electrons by aforce leadsto a
change in electron momentum and, generaly, to an ac-
companying change in the electron energy. A change in
electron momentum is synonymous with a change in the
quantum numbers characterizing the occupied electronic
state; that is, the acceleration of an electron in quantum
mechanics is described by the electron vacating the state
it initially occupied asit simultaneously enters a different
dlowed state, which, by the requisites of the Pauli ex-
clusion principle, must necessarily be vacant before any
occupation can occur. Quantum mechanically, one views
the electron as being induced to enter a succession of ad-
jacent allowed states by el ectric-field-induced transitions.
Thisview can be contrasted sharply with the classical pic-
ture of a continuous acceleration of the electron through
a continuous sequence of momentum vectors. For a metal
having a partly filled energy band, there indeed existsthe
reguisite sequence of nearby unoccupied states adjacent
to the filled states, so that transitions can be induced by
the electric force acting on the conduction electrons.

For the specific case of electrical insulators, consider
the seemingly unlikely situation that there are precisely
enough conduction electrons to fill every energy state up
to the start of a given energy gap. Both the scattering of
the conduction electrons and the electric-field excitation
of electrons to nearby empty states then are impossible
at 0 K and, for al practical purposes, nearly impossible
even at nonzero temperaturesfor whichkg T isfar smaller
than the energy gap €gy extending to the next-higher
empty energy level. Although zero scattering might seem
to constitute the ideal situation leading to alow (or even
zero) resistivity, there neverthelessisno existing el ectrical
current in the presently described situation, nor can there
be any induced electric current. There is no existing cur-
rent because, in such asituation, al el ectronsoccupy pairs
of states representing equal magnitude but oppositely di-
rected momentum, so that thereisno net charge transport.
There can be no induced current because the el ectric force
cannot change the momentum of the electrons in any of
thefilled statessincethere are no nearby unoccupied states
for the transitions. This is the required situation for an
insulator.

In actuality, the seemingly unlikely situation of there
being exactly enough electronsto fill aband, with nonel eft
over for the next-higher empty band, is not too unlikely.
The reason for this is again a bit abstruse; in simplest
terms, an energy band isfound to contain oneallowed state
per atom in the solid for each degree of freedom of the
electron spin. If there are two degrees of freedom for the
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electron spin (viz., two spin states, designated “up” and
“down”), then the requirement for a filled energy band is
simply that two conduction el ectrons be furnished by each
atominthecrystal. Sincethevalencee ectronsbecomethe
conduction electrons in a solid, thisis not an improbable
condition.

G. Semiconductors

The energy-level distribution for a solid can be quite a bit
more complex than just described, since there is the pos-
sibility of overlapping energy bands (i.e., energy bands
unseparated by the usual energy gap). In addition, there
can be energy gaps that are quite small relative to labo-
ratory values of kgT. It can be readily appreciated that
overlapping bands promote metallic conduction or else
can lead to what isknown asasemimetal, whereas narrow
energy gaps can lead to what is called a semiconductor. In
semiconductors, an increase in temperature leads to more
excitation of electronsfrom the highest-energy filled band
acrossthegap to theadjacent empty band, thereby yielding
electrons capable of conducting in what otherwise would
be an empty band. Those electrons excited across the gap
leavebehind empty states(called electron holes) intheoth-
erwise filled band. These empty states also can promote
conduction in the following sense. Filled states nearby in
momentum and energy to the newly provided empty states
can undergo transitions to the empty states by means of
electric-field excitation, all such transitions being impos-
sible in the O K equilibrium situation where all states in
the band are filled. In this way, two distinct carrier types
are simultaneously provided—namely, electronsin an al-
most empty band and electron holes in an amost filled
band.

The number of electrons excited across the energy gap
increases nearly exponentially with increasing tempera-
ture. Totheextent that el ectrontransport increaseswith the
number of carriers, the conductivity of the semiconduc-
tor increases almost exponentially with the temperature.
A materia having the properties just described is called
an intrinsic semiconductor.

The prediction of theexperimental ly observed exponen-
tial increase of conductivity with increasing temperature
in intrinsic semiconductors represents another triumph of
guantum mechanics. In a classical description, there are
no energy gaps and, hence, no paralel to predictions of
an exponentially increasing conductivity dueto excitation
across an energy gap.

The exponentia increase of conductivity with temper-
ature in semiconductors also contrasts markedly with the
temperature-dependence of the conductivity of metals. In
that case, the conductivity decreases (instead of increas-
ing) with increasing temperature. This decrease of con-
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ductivity in metals, which is more or less linear with in-
creasing temperature, is due to the increase in the thermal
vibrations of the atoms of the lattice at higher tempera-
tures. Thermal vibrations yield greater departures of the
atom array from perfact periodicity, thereby leading to
more random scattering of the electrons and a consequent
decrease in the electron current.

The exponential increase in conductivity with tempera-
ture described for excitation of €l ectrons across an energy
gap in an intrinsic semiconductor is paralleled in another
type of solid, called an extrinsic semiconductor. In ex-
trinsic semiconductors, however, thereis no band-to-band
excitation. Instead, the source of electrons for the empty
band is a doping concentration of impurities that have
outer electrons at energiesjust below the empty band (so-
called donor impurities, or simply donors) or, alternately,
empty levels at energies just above the filled band (so-
called acceptor impurities, or simply acceptors). Semicon-
duction then takes place by means of electrons donated to
theempty band by donor impuritiesor, alternately, by elec-
tron holes created in the filled band as aresult of electrons
accepted from that band by the acceptor impurities.

H. Superconductors

It is another well-known experimental fact that a number
of metals go into a state of zero resistance at very low
temperatures, below the so-called transition temperature
characteristic of the material in question. The concept of
energy gaps likewise turnsout to play animportant rolein
understanding this incredible phenomenon, although in a
different way from that just described for semiconductors.
Theenergy gap inthe case of superconductorsisattributed
to a condensation of the electrons carrying the chargeinto
so-called Cooper pairs, the binding energy of the pairs
being attributed to indirect Coulomb-force-induced inter-
action between electrons as mediated by the intervening
ion cores on the lattice sitesin the metal.

Let us consider, for example, pairs of electrons passing
one another whiletraveling in opposite directions through
the lattice of ion cores surrounded by the attendant elec-
tron clouds. One electron exerts a force on the nearby
ionic lattice, which responds to that force. The resulting
disturbance in the periodic potential sensed by the second
electron of the pair can lead to an effective lowering in the
total energy relativeto the situation of arigid, nonrespond-
ing lattice. The energy lowering isthe greatest for pairs of
electrons having equal magnitudes but oppositely directed
momentum values, so Cooper pairs are characterized by
two electrons having this property. Thelowering of energy
leads to a superconducting energy gap. The energy gap so
produced is quite small, so that very low temperatures
are usually required for the pairs to remain unbroken by
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thermal fluctuations. The temperature range of supercon-
ductivity has been greatly extended, however, by the dis-
covery of the so-called “high temperature superconduc-
tors” initiated with a series of compounds based on a
copper oxide matrix.

As the temperature is reduced through the supercon-
ducting transition, one speaks of the condensation of the
electron system into the paired state. It is evident that
electrons with oppositely directed momentum values will
become separated spatially in a short time, so the pairing
process must be statistical in nature. Pairs must continu-
ally exchange partners (asrequired, e.g., in someforms of
folk dancing).

The dance of the conduction electrons, while main-
taining this property of electron pairing, is a many-body
problem of some complexity. The wavefunction for the
entire system of electrons as a unit must be considered,
not merely the single-particle wavefunctionsindividually.
The establishment of anet electric current requires a suit-
able modification in the zero-current wavefunction for the
system.

The importance of electron pairing for electrical resis-
tance is that the scattering of conduction electrons in the
paired statewill beineffectivein randomizing the net elec-
tron momentum. Thus, there can be azeroresistivity state
as long as Cooper pairs exist in the system.

Thermal fluctuations can break Cooper pairs to yield
electrons in the normal state. The breaking of electron
pairs by this means is tantamount to an excitation across
the energy gap. In contrast to the case of semiconductors,
the excitation acrossthe energy gap in the present instance
leads to an increase in the resistivity. Raising the temper-
ature of a superconductor through the superconducting
transition temperature means that the thermal fluctuations
become so large that essentially no Cooper pairs remain
in the metal to provide superconductivity.

I. Success of Quantum Mechanics
for Electron Transport in Solids

Thus, quantum mechanics provides a framework for
understanding the widely different electrical-conduction
properties of superconductors, normal metals, semicon-
ductors, and insulators. This remarkable success, coupled
with the parallel failures of classical physics to lend un-
derstanding to these areas, has led to the nearly universal
acceptance of quantum mechanics for most calculations
in solid-state physics.

X. SUMMARY

Thetheory of quantum mechanics evolved inthe 1920sto
correlate and predict the behavior of atomic and subatomic
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systems. Heisenberg and Schrodinger played prominent
rolesin the development of thistheory, which provesto be
the only formul ation adequate for the microscopic domain
of nature. Heisenberg stressed the importance of includ-
ing physical observables and experimental observations
of optical spectral lines in his formulation. Schrodinger
based his work on a differential equation for the wave-
like behavior of small mass particles that includes the
possibility of constructive and destructive interference of
waves presumably associated with the presence of a par-
ticle. Inherent in quantum mechanics is the germ concept
that accurate predictions of future trajectories of parti-
cles and the time evolution of a system involving one or
more particles are at best statistical, involving arange of
possihilities specified exactly only in terms of preciseval-
ues for the relative probabilities. This precludes the de-
terministic prediction of an exactly specified future path,
regardless of how accurately the initial conditions of the
system are specified. Also inherent in the theory is the
impossibility of exactly measuring even the initial con-
ditions, such asinitial position and initial linear momen-
tum, due to some inherent uncertainty in the value of one
of these variables following determinations of the values
of the other variables to some specified degree of preci-
sion. The philosophical implications of an inherent uncer-
tainty in quantum mechanical predictions, contrasted with
the absolute determinism inherent in classical mechani-
cal predictions, initially led many (including Einstein) to
doubt whether the discipline had any fundamental merit
beyond that of being an elegant and elaborate computa-
tiontool for obtaining predictionsof astatistical nature. To
date, no better theory for the microscopic world has been
developed.
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GLOSSARY

AC Stark effect Effective increase of the Bohr transition
frequency of a two-level atom which is being excited
by a strong laser beam, the amount of increase being
the Rabi frequency.

Bloch vector Fictitious vector whose rotations are equiv-
alent to the time dependence of the wave function or
quantum mechanical density matrix associated with a
two-level atom.

Coherence time Limiting time interval between two seg-
ments of a light beam beyond which the superposi-
tion of the segments will no longer lead to interference
fringes.

Coherentstate Quantized state of alight field whose fluc-
tuation properties are Poissonian; it is considered the
most classical quantized field state.

Degree of coherence Normalized measure of the ability
of a light beam to form interference fringes.

Optical bistability Existence of two stable output inten-
sities for a given input intensity of a steady light beam
transmitted through a nonlinear optical material.

Optical Bloch equations Dynamical equations that
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P. W. Milonni

Los Alamos National Laboratory

determine the motion of the Bloch vector; they are a
special type of quantum Liouville equation.

Photon echo Burst of light emitted by a collection of two-
level atoms signaling the realignment of their Bloch
vectors after initial dephasing; similar to the spin echo
of nuclear magnetic resonance.

Rabi frequency Steady frequency of rotation of the
Bloch vector of an atom exposed to a constant laser
beam, proportional to the atom’s transition dipole mo-
ment and the laser’s electric field strength.

Superradiance Spontaneous emission from many atoms
exhibiting collective phase-coherence properties, such
as radiation intensity proportional to the square of the
number of participating atoms.

Two-level atom Fictitious atom having only two energy
levels which is used as a model in theoretical studies
of near-resonance interactions of atoms and light, par-
ticularly laser light.

QUANTUM OPTICS is the study of the statistical and
dynamical aspects of the interaction of matter and light. It
is concerned with phenomena ranging from spontaneous
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emission and single photon absorption to the highly non-
linear processes induced by laser fields and has connec-
tions with laser physics, nonlinear optics, quantum elec-
troni cs, quantum statistics, and quantum el ectrodynamics.

I. INTRODUCTION

A. Central Issues of Quantum Optics

Planck’s quantum, announced to the Prussian Academy on
October 19, 1900, as a solution to the blackbody puzzle
reopened the wave-particle question in optics, a question
that Fresnel and Young had settled in favor of waves al-
most two centuries earlier. Planck’s quantum could not be
confinedtolight fields. Withinthreedecades, all of particle
mechanics had been quantized and rewritten in wave me-
chanical form, and wave-particle duality was understood
to be both universal and probabilistic.

Quantum optics is fundamentally concerned with co-
herence and interference of both photonsand atomic prob-
ability amplitudes. For example, it provides one of the
main avenues at the present time for detailed study of
wave-particle duality. The central issues of quantum op-
tics deal with light itself, with quantum mechanical states
of matter excited by light, and with the process of inter-
action of light and matter.

Questionsarising inthe description of asingleatomand
itsassociated radiation field, astheatom makesatransition
between two energy states and either emits or absorbs a
photon, are among the most central questionsin quantum
optics. Observations of individual optical emission and
absorption events are possible, and the interpretation of
such observationsis at the heart of quantum theory.

Various elements of these central considerations are to
a degree independent of each other and are understood
separately. Among these are (1) the probability that an
atomic electron occupies one or another state and the rate
at which these occupation probabilities change, (2) the
statistical nature of the photons emitted during transitions,
(3) correlations between atom and photon states, (4) the
characteristic parameters that control the light-matter in-
teraction, and (5) the intrinsically quantum mechanical
features of the atom’s response to the radiation.

Quantum optics also concernsitself with problemsthat
grow out of these central considerations and whose an-
swers can be expressed within the conceptual frame-
work established by the central problem. Areas related
in this way to the core of quantum optics deal, for exam-
ple, with correlated many-atom light-matter interactions;
near-resonant transitions among three and more states of
anatom or molecul e or solid; optical testsof quantum elec-
trodynamics and measurement theory; multiphoton pro-
cesses; quantum limits to noise and linewidth; quantum
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theory of light amplification and laser action; and mani-
festations of nonlinearity, bistability, and chaosin optical
contexts. A wide variety of quantum optical phenomena
that bear on one or another of these issues are now known
and widely studied.

B. The A and B Coefficients of Einstein

The second half of the twentieth century saw remarkable
advances in our understanding of light, of its generation,
propagation, and detection. The laser is one manifesta-
tion of these advances. Lasers generally depend on the
guantum mechanical properties of atoms, molecules, and
solidsbecause quantum propertiesdeterminethewaysthat
matter absorbslight and emitslight. Conversely, the prop-
ertiesof laser beams have made optical studiesof quantum
mechanics possible in avariety of new ways. It isthisin-
terplay that has created the field of quantum optics since
about 1960.

From adifferent historical perspective, however, quan-
tum opticsismuch older than the laser and even ol der than
guantum mechanics. The quantum concept first entered
physics in 1900 when Planck invented the light quantum
to help understand black body radiation. The understand-
ing of other quantum optical phenomena, such asthe pho-
toelectric effect, first explained by Einstein in 1905, was
well underway almost two decades before a quantum the-
ory of mechanics was properly formulated in 1925 and
1926 by Heisenberg and Schrodinger. Indeed, these early
developments in quantum optics played an essentia role
in the first quantum pictures of atomic matter given by
Bohr and othersin the period from 1913 to 1923.

Only two parameters are needed to understand the in-
teraction of light with atomic (and molecular) matter, ac-
cordingto Einstein. Thesetwo parametersarecalled A and
B coefficients. These coefficients are important because
they control the rates of photon emission and absorption
processes in atoms, as follows. Let the probability that a
given atom isin its nth energy level be written P,. Sup-
pose there are photons present in the form of radiation
with spectral energy density (Jm® Hz) denoted by u(w).
Then the rate at which the probability P, changesis due
to three fundamental processes:

(dPn/dt)absorption of light = +Bu(w)Pm (1a)
(dPn/dt)spontaneous emission of light = _APn (1b)
(dP,/dt)simulated emission of light = —Bu(w)P,.  (1¢)

Here P, isthe probability that the atomisin alower level,
the mth, which isrelated to the nth through the energy re-
lation E, — E,, = hw, where h = h/2m and h isPlanck’s
famous quantum constant. Einstein’s great insight was to
include stimulated emission [Eq. (1¢)] among the three
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elementary processes, in effect, to recognize that an atom
in an upper energy state could be encouraged by the pres-
ence of photons [the existence of u(w)] to hasten the rate
at which it would drop down to alower state.

The three contributions to the rate of change of P,
shown in Egs. (la-c) can be added to make an overall
single equation for the total rate of change of P,:

dP,/dt = +Bu(w)P,, — AP, — Bu(w)P,. (29)

Einstein applied this equation to an examination of
blackbody light. He showed that the steady-state solution

P,/P, =1+ A/Bu(w) (2b)
implies the validity of Planck’s formulafor u(w):
hw® 1

,T) = , 3
. T) = 233 axpiha/kT) — 1 e
and the value of the prefactor isjust theratio A/ B:

A haw®

-7 4

B nw2c®¥ “)

where k is Boltzmann’s constant and T the temperature
in degrees Kelvin. Table | contains the values of physical
constants used in evaluating various radiation formulas.
For typical optical radiation, the value of the funda-
mental ratio A/B is approximately 10~ Jm?® Hz. The
corresponding intensity, namely cA/ B, is approximately
3 x 107% Im?, or 6 x 1078 W/m? per Hz of bandwidth.
The value of the spectral intensity of thermal radiation
is usualy many orders of magnitude lower than this be-
cause of the second factor in Eq. (3). At optica wave-
lengths, the second factor is much smaller than onefor all
temperatures less than about 5000 K.

After the development of a fully quantum mechanical
theory of light by Dirac in 1927, it was possible to give
expressionsfor A and B separately:

_ 1 4D2%u3 ®)
" 4xey 3hc3
. 1 4n2D? ©)
T Agey 3h2

TABLE | Physical Constants Used in Evaluating
Radiation Formulas

Constant Value
h (Planck’s constant) 6.6x 1073 Js
k (Boltzmann’s constant) 1.38 x 1072 JK
¢ (Speed of light) 3x 108 m/s
e (Electric charge) 16x107°C
X (Typical optical wavelength, yellow) 600 x 10~°m
v (Typical optical frequency) 5x 101 Hz
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In these formulas we have separated the factor 1/4weq =
8.9874 x 10° N m?/C? to display A and B in atomic units
aswell as Sl units, and D denotes the quantum mechan-
ica “dipole matrix element” associated with the m — n
transition under consideration.

The values of these important coefficients can be ob-
tained for transitions of interest in quantum optics by as-
suming that the dipole matrix element is approximately
equal to the product of the electron’s charge and a “typi-
cal” electron displacement from the nucleus. Thus, we
take w =27v and e and A from Table | and D =er,
with r equal to about 1 to 3 A (1-3 x 10~°m). In this
case the values are A~10% s7* and B~ 10% m?/J &%,
respectively.

The advantage of Einstein’s approach, and the reason
it still provides one basis for understanding light-matter
interactions, isthat it breakstheinteraction processintoits
separate elements, as identified above in Egs. (1a-c). To
repeat thisimportant identification, these processesare (a)
absorption, (b) spontaneous emission, and (c) stimulated
emission.

However, it must be pointed out that Einstein’s formu-
las are not universally valid, and Egs. (1) and (2) can be
seriously misleading in some cases, particularly for laser
light. Laser light typically has avery high spectral energy
density u(w). Inthiscasedifferent formulasand equations,
and even entirely different concepts with their originsin
wave mechanics, may be required.

A large body of experimental evidence has accumu-
lated since 1960 showing that many aspects of the inter-
action between light and matter depend on electric radia-
tion field strength E directly, not only on energy density
u ~ E?. Just those aspects of the light—matter interaction
that depend directly on E a so depend directly on quantum
mechanical state amplitudes 1, not only on their asso-
ciated probabilities |/|?. Issues of coherence and inter-
ference of both radiation fields and probability ampli-
tudes are fundamental to these studies. It is principally
the experiments and theories that deal with light and mat-
ter in this domain that make up the field of quantum
optics.

C. Two-State Atom and Maxwell-Bloch
Equations

As Einstein’s arguments suggest, in quantum optics it is
often sufficient to focus attention on just two energy levels
of an atom—the two levels that are closest to resonance
with the radiation, satisfying the energy condition

E,— E1~ how,

where w = 27 v is the angular frequency of the radiation
field. Thisis shown schematically in Fig. 1.
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FIGURE 1 Schematic energy level diagram showing a two-level
subsystem.

Under these circumstances the wave function of the
atom is a sum of the wave functions for the two states

Y(r, 1) = C1¢1(r) + Cag2(r). (78)

For simplicity of description we will assume each level
correspondsto asingle quantum state and will usually use
“level” and “state” synonymously.

The assumption that the electron is certainly in one or
the other or acombination of thesetwo levelsis expressed
mathematically by the equality

|C1]? +1Co* = 1. (7b)

Each term in this equation is called a level probability,
and all probabilities must add to 1, of course. These prob-
abilities are the quantities labeled by the letter P in the
Einstein equations. The C’sthemselves are not probabili-
ties, and they have no counterpart in classical probability
theory. They are called probability amplitudes. It is the
remarkable nature of quantum mechanics that the funda-
mental equation (the Schrodinger equation) governsthese
amplitudes C, not the probabilities |C 2.

The Schrodinger equation for either one of the ampli-
tudesis

ihdC,,/dt = E,,Cp + VyunCo, (8)

wherem and n takeeither thevaluelor 2, butm # n.Here
h is the usual abbreviation for h/2r, and V,,, is caled
the interaction matrix element between the atom and the
radiation field. In amost all cases of interest in quantum
optics, this interaction comes from the potential energy
—d - E(r, t) of the atomic dipole in the electric radiation
field (adipole d = er exists because of the separation of
the negative electronic charge in its planetary orbit from
the position of the positively charged nucleus.

In principle E is a quantum operator field (see Section
[11.C). The so-called semiclassical theory of radiation uses
its average (or “‘expectation”) value instead. This approx-
imation is usualy justified when the field is intense, be-
cause quantum fluctuations, which almost always occur at
the single-photon level, are then negligible. In thissection
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we describe the semiclassical theory and ignore quantum
field effects entirely.

The dipole interaction is distributed over the atomic
orbitals involved, with the result that

Vinn = (| — er - E(r, 1)|¢)
~ [ Ergl-er eECy. 01,0 (09
= —dm - €E(ry, ).
In Eq. (98) we have written
E(r,t) = €E(r,t) ~ €E(ry, 1),

where ¢ is the polarization and E(ry, t) is the amplitude
of the electric field at the position of the atom (i.e., of
the nucleus) ry instead of at the position of the electron.
This approximation is usualy well justified because the
electron’s orbit, and thus the range of the integral, ex-
tends mainly over a region much smaller than an optical
wavelength. Thus, over the whole range of the integra
E(r,t)~ E(ry, t) and the only r dependence comesfrom
the dipole moment er itself. Thisis called the dipole ap-
proximation. The integral in Eq. (9a) is called the dipole
meatrix element, d,

d=¢é-d,,=é: f d’ro} (r)erg,(r).  (9b)

If only one atom is under consideration it is common
to put it at the origin of coordinates and write E(O, t) or
simply E(z). If several or many atoms are under consid-
eration this is generally not possible [see, e.g., Eq. (20)].
Equation (8) can bewritten in asimpler form by anticipat-
ing an interaction with a quasi-monochromatic radiation
field

E(t) = €o(t)e ™' +c.c. (10)

that is nearly resonant with the atom, where c.c. means
complex conjugate. This means that the angular fre-
quency o =2 v of the radiation field is approximately
equal to the angular transition frequency of the atom:
w21 =(E2— Eq1)/h. In this case there is a strong syn-
chronous response of the atom to the radiation, and the
equations simplify if one removes the synchronously
“driven” component of the atomic response by defining
new variables a,,:

a;=C1 (11a)
as = Cpe'™. (11b)

Note that |a1|2 + |az|? =|C1|? +|C2|? = 1; thus, the a’s
are also probability amplitudes.

If E(t) is sufficiently monochromatic (the field ampli-
tude, i.e., €q is practically constant in time; which means
|d€o/dt| < w|€o|), then arotating wave approximation
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(RWA) isvalid if the anticipated atom field resonance is
sufficiently sharp, that is, if |w,1 —w| < . The most
important consequence of the RWA isthat factors such as
1+ e*2 ! which appear inthe exact equationsfor the new
amplitudesa; and a,, may bereplaced by 1 to an excellent
approximation. Theresultisthat thefrequenciesw,; and w
individually play no further rolein the Schrodinger equa-
tion, and Eq. (8) takesthe extremely compact RWA form:

ida/dt = —3xa, (122)
iday/dt = Aay — %Xal, (12b)

where
A=wy—w (12c)

is called the detuning of the atomic transition frequency
from the radiation frequency, and

X = 2d%€o/h (12d)

is called the Rabi frequency of the interaction. For
simplicity, the Rabi frequency x will be assumed hereto
be areal number.

For a strictly monochromatic field (time-independent
€0) the solution to Egs. (12a and b) is easily found in
terms of Q =/x2+ A2, where  is called the general-
ized or detuning-dependent Rabi frequency. In the most
important single case the atom isin the lower state at the
time the interaction begins, which means that a;(0) =1
and a»(0) = 0. In this case the solution is

ai(t) = [cosQr/2+ (iA/ Q) sinQr/2]e” 22 (138)

az(r) = i[(x/ Q) sinQe/2]e ™A/ (13b)
and the corresponding probabilities are

P; = cos?(Q1/2) + (A/Q)?sin*(Qr/2)  (14a)

Py = (x/Q)?sin’(Q/2). (14b)

These solutions describe continuing oscillation of two-
level probability between levels 1 and 2. They have no
steady state. Figure 2 shows graphs of P,(¢). One al-
ready sees, therefore, that the quantum amplitude equa-
tions[Egs. (12a-d)] make strikingly different predictions
fromthetwo-level equationsof Einstein [recall the steady-
state solution Eq. (2b)].

Within the RWA, the dynamics remain unitary or prob-
ability conserving: P; + P, =1 for al values of . As a
result, the compact version [Eq. (12)] of Schrodinger’s
equation remains valid even for very strong interactions
between the atom and the radiation. This is important
when considering the effects on atoms of very intense
laser fields. The limits of validity of Eq. (12) are deter-
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mined to alarge extent by a generalized statement of the
limits of the RWA.:

wy and w > /A2 + x2. (15)

There are two other real quantities associated with the
amplitudes a; and a, of the radiation-atom interaction.
They belong to the atomic dipole’s expectation value (d)
which, according to Egs. (7a), (9b), and (11), is

(Y (D)ler|y (1)) = ar(r)az(r)e dzn + c.c. (16)

The new quantities are designated by u and v:
u = ajaz + aia; (17a)
v = i(afag - ala}‘). (A7b)

Along with u and v, athird variable, the atomic inversion
w = P, — P; plays an important role. The solutions for
u, v, and w corresponding to Egs. (13) and (14) aboveare

u = (Ax/Q?)(1 - cosr) (18a)
v = (x/Q)sinQs (18b)
w = —(1/Q%)(A? + x?cosQu), (18¢c)

which share the oscillatory properties of the probabilities.
They also obey the important conservation law:

w2+ w?=1, (18d)

which isthe same as |a1|? + |az|? = 1.

For many purposes in quantum optics the semiclassi-
cal dipole variables u and v, and the atomic inversion
w, are the primary atomic variables. They obey equa
tions which are equivalent to Eq. (8) and take the place
of Schrodinger’s equation for the level’s probability am-
plitudes a; and a, (or C1 and Cy):

du/dt = —Av (193)
dv/dt = Au+ xw (19Db)
dw/dt = —xv. (19¢)

All of these considerations assume that the field is mono-
chromatic or nearly so.
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Although the field E(r, ¢) is not considered an oper-
ator in the semiclassical formulation, it can still have a
dynamical character, which meansit is not prescribed in
advance, but obeysits own equation of motion. It is natu-
rally taken to obey the Maxwell wave equation, with the
usua source term pod?/dt?P(z, t). In the semiclassical
theory P(z, t) = N(d), where N isthedensity of two-level
atomsinthesourcevolumeand (d) theaverage dipolemo-
ment of asingle atom, aready calculated in Eq. (16).

AsEq. (16) indicates, (d) is quasi-monochromatic, es-
sentially because a two-level atom is characterized by a
single transition frequency. Therefore the E that it gener-
ates may al so be regarded as monochromatic or nearly so,
as Eq. (10) assumed. This internal consistency is an im-
portant consideration in the semiclassical theory. In many
casesit is also suitable to regard the field as having a def-
inite direction of propagation, say z, and to neglect its
dependence on x and y (plane wave approximation):

E(z, 1) = &&(z, 1)e %) 4 c.c., (20)

where k =w/c and the amplitude or envelope function
é(z, 1) isacomplex generalization of €o(r) in Eq. (10). It
obeys a “reduced” wave equation in variables z and ¢:

[0/3z + 0/3ct]é(z,t) = i(m Ndw/Ameoc)[u — iv].
(21)

Thereduced wave equation Eq. (21) and Egs. (19) for u, v,
and w arecalled thesemiclassical coupled Maxwell-Bloch
equations.

Inspection of the semiclassical Egs. (19) and (21) re-
vedls their mgjor flaw. One easily sees that the semiclas-
sical approach to radiation theory does not include the
process of spontaneous emission. A completely excited
atom will not emit a photon in this theory. That is, if the
atom is in its excited state, then a; =1 and a; =0, so
w=1and u =v=0. Thus, according to Eq. (21) no field
can be generated. By the same token, if € =0then x =0
and dw/dt =0, and no evolution toward the ground state
can occur. The flaw in the semiclassical Maxwell-Bloch
approach arisesfrom the assumption that all of the dynam-
ics can be reduced to a consideration of average values,
that is, averages of dipole moment and inversion and field
strength. In reality, fluctuations about average values are
an important ingredient of quantum theory and essential
for spontaneous emission.

Spontaneous emission does not play a dominant
role in many quantum optical processes, particularly
those involving strong radiation fields. The semiclassical
Maxwell-Bloch equationsgivean entirely satisfactory ex-
planation of these effects, and the next sections describe
some of them.

In nature there are no actual two-level atoms, of course.
However, the selection rules for alowed optical dipole
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transitions are sufficiently restrictive, and optical reso-
nances can be sufficiently sharp that very good approxi-
mationsto two-level atomscan befoundin nature. A good
exampleisfoundin apair of levelsin atomic sodium, and
they have been used in quantum optical experiments.

In sodium the nucleus has spin 7 =3/2, and the low-
est electronic energy level is3Sy, with hyperfine splitting
(F = land F = 2). Thefirst excited level 3Py, and 3Ps»
are responsible for the well-known strong sodium D lines
of Fraunhofer in the yellow region of the optical spectrum
at wavelengths 589.0 nm and 589.6 nm. The “two-level”
transition is between the m = +2 magnetic sublevel of
F = 2 of the ground state and the m - = +3 magnetic sub-
level of F =3 in the 3P, excited state. Circularly po-
larized dye laser light can be tuned within the 15-MHz
natural linewidth of the upper level, and the Am =+1
selection rulefor circular polarization prevents excitation
of the other magnetic sublevels.

Spontaneous decay from the upper state, which obeys
no resonance condition, is aso restricted in this example.
The final state of spontaneous decay could, in princi-
ple, have mp =4, 3, 2. However, in sodium there are no
mp =4 or 3 states below the 3P;/, state, and only one
mp = 2 state, namely the one from which the excitation
process began. Thus, the state of the sodium atom is very
effectively constrained to this two-state subset out of the
infinitely many quantum states of the atom.

II. INDUCED ATOMIC COHERENCE
EFFECTS

The ability of an atomic system to have a coherent dipole
moment during an extended interaction with a radiation
field is a necessary condition for awide variety of effects
associated with quantum optical resonance. The dipole
moment should be coherent in the sense that it retains a
stable phase relationship with the radiation field. Long-
term phase memory may be difficult to achieve, for exam-
ple, because spontaneous emission and collisions destroy
phasememory at aratethat istypically intherange 108 s~*
or much greater. Coherence is also lost if the radiation
bandwidth is too broad. The importance of dipole coher-
ence effects shows that light-matter interactions do de-
pend most fundamentally on the dipole moment and elec-
tric field strength, not on radiation intensity and the B
coefficient.

A. p Pulses and Pulse Area

The solution for the level probabilities given in Eq. (14)
is the single most important example in quantum optics
of the coherent response of an atom to a monochromatic
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radiation field. “Coherence” in this context has severa
connected meanings, al associated with the well-phased
steady oscillation of the probabilities considered as a
function of time. This time dependence was shown in
Fig. 2 for several values of the parameters A and x. The
significance of the Rabi frequency yx is clear—it is the
frequency at which theinversion oscillates when the atom
andtheradiation areat exact resonance, when A =0, since

w(t) = —cos xt. (22

Fruitful connections to the spin vector formalism of
magnetic resonance physics are obtained by regarding the
triplet [u, v, w] asavector S. Equations (19) for u, v, and
w can then be written in compact vector form:

dS/dt = Q x S, (23)

where Q is the vector of length Q@ with components
[—x, 0, A]. The vector Q can be called the torque vec-
tor for S, whichisvariously called the pseudo-spin vector,
the atomic coherence vector, and the optical Bloch vector.

This vector formulation in Eq. (23) of Egs. (19) shows
that the evolution of the two-level atom in the presence
of radiation is simply a rotation in a three-dimensional
space. The space is only mathematical in quantum optics
because the componentsof theoptical Bloch vector arenot
the componentsof asinglereal physical vector, whereasin
magnetic resonancethey arethe componentsof areal mag-
netic moment. In both cases the nature of the torque equa-
tion leads to a useful conservation law: d/dt(S-S) =0.
That is, the length of the Bloch vector is constant. In
the u, v, w notation this means u? + v+ w?=1, and it
implies that the vector [u, v, w] traces out a path on a
unit sphere as the two-level atom changes its quantum
State.

Further consideration of the on-resonant atoms(A — 0
and Q@ — x) gives information about the interaction of
atomswith (nonmonochromatic) pulsed fields. According
to Eq. (19a) u(t) can beneglected if A =0and anew form
of solutionsto Egs. (19b and c) follows immediately:

v(t) = —sing(t) (249)
w(t) = —cose(t), (24b)

where ¢(t) is caled the “area” of the electric field be-
cause it isrelated to the time integral of the electric field
envelope:

t t
¢(t)=/O X(t/)dt/=(d/h)/o Eot)dt. (25

In the monochromatic limit when €= constant, then
o(t) — xt.

Recall that the rotating wave approximation (RWA) will
not permit €, to vary too rapidly. If 7, isthe pulse length,
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then €, is not too rapidly varying if 7, is long enough,
namely if 1/7, <« w. Pulselengthsintherange 1 ns> 1,
>10 fs are of interest and are compatible with the RWA
[1 fs (femtosecond) = 101° g].

Thesignificance of ¢(t) isevidentin Eq. (24). Theterm
¢ isjust the angle of rotation of the on-resonance Bloch
vector S =[u, v, w] during the passage of the light pulse.
A light pulse with ¢ =x is called aw pulse, that is, a
pulsethat rotatestheinitial vector [0, 0, —1], which points
down, through 180° to the fina vector [0, O, +1], which
points up. Thus, az pulse completely inverts the atomic
probability, taking the atom from the ground state to the
excited state. A 27 pulse is one that returns the atom via
a 360° rotation of its Bloch vector toitsinitial state, after
passing throughtheexcited state. Theremarkablenature of
thisrotation isnot so much that an inversion of the atomic
stateispossible, but that it can bedonefully coherently and
without regard for the pulse shape. Only the total integral
of €p(t) issignificant.

The physics behind Bloch vector rotation is essentialy
the same in magnetic resonance, but perhaps less remark-
able since the Bloch vector in that case is a physically
“real” magnetic moment. In optical resonance thereisno
“real” electric moment vector whose Cartesian compo-
nents can be identified with [u, v, w]. Early evidence of
the response of the optical Bloch vector to coherent pulses
was obtained in experiments of Tang, Gibbs, Slusher,
Brewer, and others (see Sections 11.B and 11.C), and fur-
ther experiments probing these properties continue to be
of interest.

B. Photon Echoes

Photon echoes are an example of spontaneous recovery
of aphysical property that has been dephased after many
relaxation times have elapsed. In the case of echoes the
physical property isthe macroscopic pol arization of asam-
pleof two-level atoms. Recovery of the polarization means
recovery of the ability to emit radiation, and the signature
of a photon echo is the appearance of aburst of radiation
from along-quiescent sample of atoms. The burst occurs
at aprecisely predictabletime, not randomly, and isdueto
a hidden long-term memory. The echo principle was dis-
covered and spin echoes were observed by Hahn in 1950
in magnetic resonance experiments. Photon echoes were
first observed by Hartmann and co-workersin 1965.
Photon echoes are possible when a sample of atoms
is characterized by a broad distribution g(A) of detun-
ings. This may occur in a gas, for example, because
of Doppler broadening or in a solid because of crys-
tallineinhomogeneities. For thelatter reason it is said that
g(A) indicates the presence of inhomogeneous broaden-
ing. The Maxwellian distribution of velocitiesinagasis
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equivalent to aMaxwellian distribution of detuningssince
each atom’s Doppler shift isproportional to itsvelocity. If
the number of atomsin the sampleis N, then the fraction
with detuning A isgiven by Ng(A) dA, where
— (—1/2[(A—A)?/(wp)]

g(A) = me . (26)
Here A is the average detuning and Swp is the Doppler
linewidth, 8wp = w (KT /mc?)Y/2.

The Bloch vector picture is well suited for describ-
ing photon echoes. Assume that the Bloch vectors for
a collection of N atoms al lie in the equatorial (u — v)
plane of the unit sphere along the negative v axis, that
is,S=[0, —1, Q]. Thisarrangement can be accomplished
by excitation fromtheground state[0, 0, —1] with astrong
/2 pulse for which Q=[—x,0,A] ~ [—x,0,0] if
x> A. The total Bloch vector is then Sy =[U, V,
W] =0, —N, 0], which corresponds to a macroscopic
dipole moment of magnitude Nd. After this excitation
pulse the sample beginsto radiate coherently at arate ap-
propriate to the dipole moment Nd. However, following
the excitation pulse we again have x =0 and Q=
[0, 0, A], and according to Eqg. (23) the individual Bloch
vectors immediately begin to process freely about the w
axis(intheu — v plane) at ratesdepending ontheir individ-
ual detunings A. Specifically, (U —iv); = (u—iv)ge 2t
for an atom with detuning A, if x =0.

As a consequence, the total Bloch vector will rapidly
shrink to zero in a time §t~1/8w, where dw is the
spread in angular velocities in the N atom collection.
That is, the coherent sum of N dipoles rapidly dephases
and [0, N, 0] — [0, O, Q], with the result that the sample
quickly stopsradiating. Thisis called free precession de-
cay, or free induction decay after the similar effect in
magnetic resonance, because the decay is due only to the
fact that the individual dipole components u —iv get out
of phase with each other due to their different preces-
sion speeds, not because any individual dipole moment is
decaying.

If the distribution of A’sis determined by the Doppler
effect, asin Eq. (26), then since (u — iv)o =i, one finds

U-—iv :iN/olAg(A)e-iAt

—iNe Mexp[-1(0wd)t].  (27)

The decay is very rapid if the Doppler width is large.
Typicaly swp ~ 10° to 10%° 572, thus, within afew tenths
of ananosecond U — iV — 0 and radiation ceases.

The echo method consists of applying a second pulse
to the collection of atoms after U and V have vanished,
that is, at some time T > (Swp)~!. Each single atom
with its detuning A, after the time interval T, still has
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(u—iv)y =ie AT, Only the sum of these u and v values
is zero due to their different A values. The torque vector
describing the second pulseisQ =[—yx, 0, A], which can
again be approximated by [—x, 0, 0] if x > A. Theeffect
of the second pulse is again to rotate the Bloch vectors
about the u axis. The ideal second pulseisan pulse, in
whichcaseu — u, v - —vand w — —w, that is, arota-
tion by 180°. Thus, for timest > T after the = pulse the
u — v components are

(U—iv) = (u—iv)pre' 4D,

where T’ signifies the rotated coherence vector immedi-
ately following the = pulseat time T:

(U—iv)p =U+iv)y =—id?T.

The remarkable feature of a 7 pulse is that it accom-
plishesan effectivereversal of time. Followingit theBloch
vectors do not continue to dephase, but begin to rephase:

(U _ iv)t = —j eiATefiA(th)

= —j e—iA(t—ZT). (28)

Thus, at theexacttimet = 2T, theindividual u’sand v’sall
rephase perfectly: [u, v, w] =[O0, 1, O]. Their Bloch vec-
tors are merely rotated 180° from their positions after the
original /2 pulse, and they again constitute a macro-
scopic dipole moment Sy =[0, N, 0], and therefore the
collection will begin to radiate again.

Because of the timing of this radiation burst, exactly
aslong (T) after the r pulse asthe = pulse was after the
original 7t /2 pulse, it isnatura to call the signal a photon
echo. Because of the separation by the intervals T and
2T fromthe 7 and v /2 excitation pulses, the observation
of an echo can be in practice an observation that is very
noisefree. Following theecho pul se, the coherencevectors
again immediately begin to dephase, but they can again be
rephased using the same method, and asequence of echoes
can be arranged.

Because of collisionswith other atoms, theindividual u
and v valueswill actually get smaller during the course of
an echo experiment, independent of their A values. Thus,
therephased Bloch vector isnot quite aslarge asthe origi-
nal one. One of the possible uses of an echo experiment is
to measure the rate of collisional decay of u and v, say as
afunction of gas pressure, by measuring the echo inten-
sity in a sequence of experiments with different values of
T since the echo intensities will get smaller as collisions
reduce the length of the rephased Bloch vector. The way
in which Eq. (23) is rewritten to account for collisionsis
taken up in Section I1.D.
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C. Self-Induced Transparency and Short
Pulse Propagation

The polarization of a dielectric medium of two-level
atoms, such asany atomic vapor excited near to resonance,
is linearly related to the incident electric field strength
€o at low-light intensities but becomes nonlinear in the
strong-field, short-pulse regime. This is most evident in
Eq. (18), where the sine and cosine functions contain all
powersof x = 2d€y/ h. Thesenonlinearitieshavestriking
consequences for optical pulse propagation.

If a2 pulseisinjected into acollection of on-resonant
two-level atoms, it cannot giveany energy to them because
after its passage the atoms have been dynamically forced
back into their initial state. Thus, a2z pulse hasacertain
energy stability and so does a 47 pulse and every 2nm
pulse for the same reason. However, al other pulses are
obviously not stable since they must give up some energy
to the atoms if they do not rotate the atomic choherence
vectors all the way back to their initial positions.

The effect on the injected pulse due to atomic absorp-
tionsisgiven by the Maxwell equation (21). When thereis
abroad distribution g(A) of detunings among the atoms,
then Eq. (21) leadsto aso-called areatheorem, anonlinear
propagation equation for a pulse of area ¢:

d¢(2)/dz = —INo sing(2). (29)

Here ¢(z) meansthetotal pulsearea [ x(z,t’) dt’, where
the integral extends over the duration of the pulse. The
solution is tan ¢(2)/2 = e~*#?, and the attenuation coef-
ficientisae = No, where N isthe density of atomsand o
is the inhomogeneous absorption cross section:

o= / 9(A)oa(A) A, (30)

where o,(A’) is the single-atom cross section (see Sec-
tion 11.E). For very weak pusles with ¢ <« 7, one can re-
place sin ¢(z) by ¢(z) and recover from Eq. (29) the usual
linear law for pulse propagation: d¢(z)/dz = —(«/2)¢(2),
which predicts exponential attenuation of the pulse:
?(2) = ¢(0) exp[—wz/2]. The factor of % arises because
¢ is proportional to the electric field amplitude, not the
intensity.

Remarkably, one of the “magic” pulses with ¢ =2 n,
which does not lose energy while propagating, also pre-
serves its shape. Thisisthe 2z pulse, for which there is
a constant-shape solution of the reduced Maxwell-Bloch
equations:

x(z.1) = (2/zp)sech[(t — z/V)/zp]. (31

That is, the entire pulse moves at the constant velocity
V, which can be several orders of magnitude slower than
the normal light velocity in the medium. In ordinary light
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propagation this would correspond to an index of refrac-
tion N~ 1000. All of these remarkable features were dis-
covered by McCall and Hahn in the 1960s and labeled by
the term self-induced transparency to indicate that alight
pulse could manipulate the atoms in adielectric in such a
way that the atoms cannot absorb any of the light.

Self-induced transparency is an example of soliton be-
havior. The nonlinearity of the coupled Maxwell-Bloch
equations opposesthe dispersive character of normal light
transmission in a polarizable medium to permit a steady
nondispersing solitary wave (or soliton) [Eg. (31)] to
propagate unchanged. This happens only for fields suffi-
ciently strong that the 2 pusle condition can be met. The
Maxwell-Bloch equations can in many cases be shown
to be eguivalent to the sine-Gordon soliton equation or
generalizations of it.

D. Relaxation

Both photon echoes and self-induced transparency
demonstrate the existence of optical phenomena depend-
ingon x ~ €, andnot on¢?, that is, on theMaxwell-Bloch
equations and not on the Einstein rate equations. How
are these two approachesto light-matter interactions con-
nected? To answer this question it is necessary to extend
the scope of the Bloch equations and include the effects
of line-broadening and relaxation processes.

Theupper level sof any system haveafinitelifetime, and
S0 |ay|? cannot oscillate indefinitely as Eq. (14b) implies,
but must relax to zero. This is most fundamentally due
to the possibility of spontaneous emission of a photon,
accompanied by a transition in the system to the lower
level. Such transitions occur at therate A, asin Einstein’s
equation (1b).

Other relaxation processes also occur. For example,
collisions with other atoms cause unpredictable changes
in the state of a given two-level atom. These collisional
changes typically affect the dipole coherence of the two-
level atom instead of the level probabilities, that is, they
affect u and v instead of w. We suppose that the rate
of such processes is y. Although y does not appear in
Einstein’s rate equations, its existence is implied. This
will be clarified |ater.

The fundamental equations of optical resonance,
Egs. (19), can be rewritten to include these relaxations
asfollows:

du/dt = —Av—(y + A/2u (329)
dv/dt = +Au+ xw — (y + A/2v  (32b)
dw/dt = —xv — A(w + 1). (32¢)

In the absence of relaxation (y = A=0), the solutions
of Egs. (32) are purely oscillatory [recall Eq. (18)] and
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are said to be coherent. In the absence of the radiation
field (x = 0), the on-resonance solutions are completely
nonoscillatory:

u= uoef(erA/Z)t

v = er—(y+A/2)t

w=—1+ (wo+1)e ™, alfor x =0.

These solutionsare said to beincoherent. In each case““co-
herence” refersto the existence of oscillationswith awell-
defined period and phase. In Bloch’s notation, the relax-
ation ratesarewritten y + A/2=1/T,, where A=1/Ty,
and T; and T, are caled the “longitudinal” and “trans-
verse” rates of relaxation.

Relaxation theory is a part of statistical physics, and
in quantum theory statistical properties of atoms and
fields are usually discussed with the aid of the quantum
mechanical density matrix p. The density matrix for
a two-level atom has four elements, p11, p12, 021, and
2. These are related to u, v, and w by the eguations
U=p12+p21, v=—i(p12 — p21), ad w=px— p11,
which have the inverse forms:

pr2 = 3(U+iv) = (a1a3) (33a)
po1 = 3(u—iv) = (aa}) (33b)
p11 = 3(1— w) = (aay) (33c)
p22 = 3(1+ w) = (aza3). (33d)

Herethe brackets (. . .) are understood to refer to an aver-
age over an ensembl e of parametersand variablesinacces-
sibleto direct and deterministic evaluation, such astheini-
tial positions and velocities of all theatomsin acollection
that may collide with and disturb atypical two-level atom.

Theequationsgivenin Egs. (19) for u, v, and w canalso
be obtained from p viathe Liouville equation of quantum
statistical mechanics: ihdp/dt = [H, p]. The equations
for the density matrix elements [Egs. (33)] are

dpz1/dt = —(y + A/2+14)p2

— (1 x/2)(p22 — p11) (349)
dpr2/dt = —(y + A/2—1A)p12
+ (i x/2)(p22 — p11) (34b)

do11/dt = Apz — (i x/2)(p12 — p21) (340)
dozz/dt = —Ap2 + (i x /2)(p12 — p21).  (34d)

We now demonstrate the connection between Einstein’s
equations and the quantum optical Egs. (34). Consider the
weak-field limit y <« |y + A/24i Al. Inthislimit therate
of change of the “off-diagonal” density matrix elements
p21 and py» is dominated by the first factor —(y + A/2
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+iA), and both py; and p12 decay rapidly. If in addition
AL |y + A/2£iAl then pos and p11 change relatively
slowly, and so p2; and o1, rapidly adjust themselvesto the
small quasi-steady values:

pa ~ —(i/2)x[y + A/2+i A Hp2 — p11) (359)
pro~ (i /2)x[y + A/2—iA] Yo — pu).  (35b)

These solutions show that the off-diagonal elements of the
density matrix can be determined from constant numerical
factors and combinations of the diagonal density matrix
elements. They can then be eliminated from Egs. (34c
and d).

Thisprocedureisreferred to asadiabatic elimination of
off-diagonal coherence because the remaining equations
for p11 and p2, no longer exhibit coherence. That is, they
no longer have oscillatory solutions. Theterm adiabaticis
appropriate in the sense that p21 and p1» are entrained by
the slower p1; and py,. The reverse procedure, the elimi-
nation of p1; and p,, infavor of p,; and p;2, isnot possible
becausethereverseinequality |y + A/2+ 1 A| <« Aisnot
possible.

These adiabatic off-diagonal solutions, once inserted
into Egs. (34) lead to an equation for the slowly changing
o2 asfollows:

dp22 |:1 y +A/2

— " = — | = 2—
Ap22 AT () + AJ2R

dt 2 i|(,022 — p11).

(36)

Recall py =|ay|? is the probability that the atom is in
its upper state, and thus plays the same role as P, in
the Einstein equation (2a). Similarly p1; plays the role
here of P, there. By comparing Egs. (2a) and (36) one
sees that they are identical in form and content if one
identifies the coefficient of p1; in Eq. (36) with the co-
efficient of Py, in Eqg. (2a8). In other words, the density
matrix equations [Egs. (34a-d)] of quantum optics con-
tain Einstein’s eguation in the weak-field and adiabatic
limits x < |y +A/2+A] and ALy +A/2+iA|.
The B coefficient can be derived in this limit (see
Section II.E) if one properly interprets the factor
330y + A/2)/[A%+ (v + A/272).

Relaxation processes affect the Maxwell field aswell as
the Bloch variables. To determinetheform of relaxationto
assignto Maxwell equation (21) it issufficient to consider
the conservation of energy. From Egs. (21) and (19c¢) it
follows that

[0/0Z+ 8/0ct]|€]? = —(Nhw/4eoC)[dw/dt],

which is equivalent to an equation for photon flux and
level probability

[9/3z+ 8/dct]®(z, t) = —NaP,/at, (37a)

since ho® = | =2cgg|€|% and w =2P, — 1.
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Equation (37a) is Poynting’s theorem for a “one-
dimensional” medium. It expresses the conservation of
photon flux intermsof atomic excitations. However, inthe
absence of theresonant two-level atoms(N = 0), Egs. (37)
predicts &(z, t) = ®o(z—ct), which meansthat the photon
flux hasthe constant value ®(zo) at every point z =z + ct
that travel swiththe pul se. Thisiscontradictory toordinary
experiencein two respects. The medium that is host to the
two-level atoms(e.g., other gasatoms, asolvent, or acrys-
tal lattice) always causes both dispersion and absorption.
They can be taken into account by modifying Eq. (37)
dightly:

[0/0Z 4 K + 0/0vgt]d(z. t) = —NOP,/ot,  (37h)

where vq is the group velocity for light pulses in the
medium and « its linear attenuation coefficient.

This form of the flux equation implies a similar alter-
ation of Maxwell’s equation (21):

[0/0z+k /24 0/dvgt]€ =i(Ndw/4eoC)[u—iv]. (38)

This form of Maxwell’s equation is useful in describing
the elements of laser theory (see Section I1.G).

E. Cross Section and the B Coefficient

How does one use quantum optical expressions to obtain
basic spectroscopic formulas, such as for the absorption
crosssection and B coefficient? That is, given expressions
derived from Egs. (34), which are based on the Rabi fre-
quency x instead of the more familiar radiation intensity
| or spectral energy density u(w), how does one recover a
cross section, for example? Consider the quantum optical
derivation of the Einstein formulain Eq. (36). The transi-
tion rate (absorption rate or stimulated emission rate) can
be identified readily. With the abbreviation 8 =y + A/2,
one obtains:
1, B

abs. rate = 2)( ATT e
The absorption rateisapeaked function of A whosevalue
dropsto % of the maximum value at A =*8. Thus, g is
called the halfwidth at halfmaximum (HWHM) of the ab-
sorption lineshape. This shows that relaxation leads to
line broadening, and since B8 applies equally and individ-
ually to every atom, it is an example of a homogeneous
linewidth. Recall (Section |.B) that inhomogeneousbroad-
ening is not a characteristic of individual atoms but of a
collection of them. From expression (39a) at exact reso-
nance one obtains the relationship:

(39)

resonant transition rate= x 2/full linewidth.

This is the single most concise relationship between the
parameters of incoherent optical physics (transition rate
and linewidth) and the central parameter of coherence
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(Rabi frequency). It holdsin situations much more general
than the present example and allows rapid and accurate
trandation of formulas from one domain to the other.

With the use of x =2d¢/h and | = 2ce¢€2, Eq. (39a)
becomes

D2l B

3egch2 AZ 4 p2°
The introduction of the new dipole parameter D here is
based on the assumption that all orientations of the atomic
dipole matrix element d,; are possible (in case, e.g., al
magnetic sublevels of themain levels 1 and 2 are degener-
ate). Thend? = |e - d,;|?> must be replaced by its spherical
average, that is, by D?/3, where D? = |dy; - d1o|. We as-
sume this is appropriate in the remainder of Section Il.

The atomic absorption cross section o, is, by definition,
the ratio of the rate of energy absorption, hwy; x (abs.
rate), to the energy flux (intensity) | of the photons being
absorbed. From Eqg. (39b) thisratiois

D2w B
38()hC (a)21 — a))2 + ﬂz ’

abs. rate = (39b)

oa(a); 0)21) = (40)
where y =8 — A/2 is the specifically collisional con-
tribution to the halfwidth. Formula (40) shows that a
quantum optical approach to light absorption through the
weak field limit of Eqgs. (34) gives conventional results
of atomic spectroscopy. If Doppler broadening is present,
then Eqg. (40) must be integrated over the Doppler distri-
bution of detunings Eq. (26) as was done in Eq. (30).

Lineshape plays a key role in understanding the rela-
tionship of Egs. (39) to the Einstein expression (18) re-
lating absorption rate to the B coefficient. The absorption
Cross section can be written o, = 01 S(w; wo1), Where oy
isthe total frequency-integrated cross section:

Ot =T D2w21/380hC (41&)
and S, isthe atomic lineshape

B/

Si(w; w2) = (o — 0t 2

(41b)
which is normalized according to [dw Ss=1, and in
this case has a Lorentzian shape. A lineshape also ex-
ists for the radiation field and is expressed by u(w),
the spectral energy density function. One connects u(w)
with | by the frequency integral ¢ [ u(w’) do’ =1. Inthe
monochromatic case cu(w’) takes the idealized singular
form cu(e’) = 1 §(w — '), and Eq. (39b) is the result for
the absorption rate.

In the general nonmonochromatic case, the expression
for absorption rate involves the integrated overlap of u(w)
and the atomic lineshape function:

abs. rate = - f S wp)u(@)dw.  (42)
hwx
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This has the desired limiting form, involving u(w), and
not | =c [ u(w) do, if the spectral width sw of u(w) is
very broad in comparison to thewidth g of the absorption
lineshape S,. In thislimit, which isimplicit in Einstein’s
discussion, S, actsin Eqg. (42) like a §-function peaked at
o' = wy,and u(w) isevaluated at w = w,;. From Eq. (42)
one can then extract the Einstein B coefficient:
7D?
B 380h2 ’

A simple relation obviously exists between B and oy,
namely hwy1 B = coy.

Another quantity of interest is o,4(0), the on-resonance
or peak cross section:

(43)

D2w21
3eoh cB '

By definition, o4(0) = oa(w = wy1); or, conversaly, oa(w;
wy1) = 1 Boa(0)Si(w; wo1). Representative values of o,(0)
for an optica resonance transition lie in the range
04(0) ~ 10713 to 10~ cm? for absorption linewidths in
the range g ~ 10° to 10* s

0a(0) = (44)

F. Strong Field Criterion and Saturation

The inequality x < |y + A/2 £ i A[, on which the ab-
sorption rate formula (39) and thus the Einstein B coeffi-
cient is based, is important in quantum optics and radia-
tion physics generally because it provides a criterion for
distinguishing weak radiation fields from strong radiation
fields. The inequality implies that there is a critical value
€ for field strength that gives auniversal meaning to the
terms weak field and strong field, namely €o « €4 and
o> €, respectively, where:

Eer = (h/d)ly + A/2x1A]|
= (h/d)Ip 1Al (45)

However, sincethe parametersy, A, d, and A may vary
by many orders of magnitude from case to case, the nu-
merical value of €, may fall anywhere in an extremely
wide range. Thus, it is possible that in one experiment a
laser with the power level 10%° W/m? must be designated
“weak,” while another laser in adifferent experiment with
the power level 1 W/m? must be considered “strong.” This
factor of 10%° is one indication of the great extent of the
domain of quantum optics.

In conventional spectroscopy one sometimes encoun-
ters saturation effects. These are of course strongest in the
strong field regime and are of interest in quantum optics.

There are two distinct time regimes of saturation phe-
nomena. If x> B, then there is a range of times t
< 8T =~ B~ that can still contasin many Rabi oscil-
lations since 8T > x~1. During the time 0<t <« 8T,
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the fully coherent undamped formula (14b) can be
used for the upper state probability. On average, during
this time the probability that the atom is in its upper
level is

P, = 1x%/[A% + x?] (shorttimeaverage), (46a)

which is a Lorentzian function of A = w1 — w with the
power-broadening halfwidth §wp = x. Power broadening
is a saturation effect, becauseif x > A, then P, — 1 on
average, which is obvioudly saturated, that is, unchanged
if x ismade still larger.

Another saturation regime exists for long times, t >
8T ~ B~L. The solution of Egs. (24) for P, = py5 in this
limitis

1, B/A
P, = X AT B2t 2B (46b)
Inthiscase x beginstodominatethewidththen x? > BA,
which defines the saturation value of x:

xsa =V (BA). (47)

The power-broadening part of the width of Eq. (46b) is
different than in Eq. (46a), namely swp, = x +/(B/A). De-
pending on the value of y = g — A/2, the power width
here can be anything between a minimum of x /v/2, if
y =0, and amaximum of x/(y/A), if y > A. Thisdis-
tinction between the saturated power-broadened linewidth
8wy, predicted by Eq. (46a) for short timesand by Eq. (46b)
for asymptotically long times has caused some confusion
in the past. Further study indicates that Eq. (46b) breaks
down for sufficiently large x, basically because Bloch-
type relaxation, such as assumed in Egs. (32), becomes
invalid. Thefirst experimental reports of thisregime of op-
tical resonance were made by Brewer, De Voe, Mossberg,
and othersin the early 1980s.

In the case of asymptotically long times the expression
for P, can be written in several ways, using Egs. (47)
or (40):

2(x/ xsa)?
14+ (A/xsa)® + (X / xsat)?
oal

hwo1 A+ 205l

o/P
— A (48)

1420/ Dy

where ® = | / hw,; and we have introduced the saturation
flux required for saturation of the transition g = A/o,
(or =1/T,04 in Bloch’s notation, which is more appro-
priate if there are other contributions than spontaneous
emission rate A to the level lifetimes). Figure 3 shows
the effect of both power broadening and saturation on the
steady-state probability P,.

P, =
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FIGURE 3 Population saturation for different values of X /Xsat.

In common with al two-level saturation formulas,
Eq. (48) and Fig. 3 predict P, = 3 at most. However, this
prediction is valid only for weak fields or for long times.
As the solutions in Eq. (14) and in Fig. 2 show, strong
monochromatic resonance radiation can repeatedly trans-
fer the electron to the upper level with P, ~ 1 for times
< B~L. Experimentsthat show P, > % have been practical
only with lasers. Laser pulses are both short and intense,
alowing x > B aswell ast < g1,

G. Semiclassical Laser Theory

The coupled Maxwell-Bloch equations can be used as
the basis for laser theory. It is a semiclassical theory, but
still adequate to illustrate the most important results, such
as the roles of inversion and feedback, the existence of
threshold, and the presence of frequency pullingin steady-
state operation. A fully detailed semiclassical theory of
laser operation was already given by Lamb in 1964.

The density matrix equations (24) must be modified to
alow for pumping of the upper laser level and to allow the
lower level to decay to atill lower level 1abeled 0 and not
previously needed. The rates of these new processes are
denoted Rand T, respectively. Thisisbasically thescheme
of aso-called three-level laser, as sketched in Fig. 4.

The diagonal equations change to

dp11/dt = —T'p11 + Aoz + (1 /2) xm(p12 — p21)  (49)
dozz/dt = —Ap2 — (i/2) xm(p12 — p21) + R (50)

Heretheindex mor xn, showsthat we are dealing with the
electric field of the mth mode of the laser cavity. Thelaser
is easy to operate only if T > A because only then can

i
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Y

I

FIGURE 4 Schematic diagram of three-level laser system.

421

alarge positive inversion be maintained between the two
levels with avalue of R that is not too high and without
seriously depleting the population of level 0. Under other
conditions, the equation for the density matrix element poo
would also have to be included. The off-diagonal density
matrix equations(24aand b) are basically unchanged if we
interpret v as including another contribution I'/2, where
I" is the decay rate of the lower level probability to level
OinFig. 4.

The reduced Maxwell equation (28) is now useful. We
will ignore the difference between vy and c, and write
Eq. (38) intermsof x instead of €, anduse pz1 = 3(u —iv)
to find

[9/0z+ k/2+ 3/dct] xm = i (Nd?w /eohC) pp1.  (51)

Note that in a cavity « can arise principaly from mir-
ror losses and not from absorption in the cavity volume.
The sameadiabatic elimination of dipolecoherenceunder-
taken in Egs. (35) providesthe valuefor p,; toinsert into
Eq. (51), which in steady state (9 xm/dt = 0) becomes:

[0/0z4 k/2— 3(9+16Kk)]xm = O, (52)
where

g +i8k = (ND?w/3sohc)[wss/(B +iA)]  (53)

and now 8=y + (A+T)/2. By using Eg. (40) one can
obtain

g = Noa(A)wss (5449)
ok = —(9¢/B) (w21 — w), (54)

where Eq. (54a) has been used to simplify Eq. (54b). Here
wss denotes the inversion p,; — p11 in steady state.

It is clear that g is the intensity gain coefficient, since
if g>«, Eq. (52) would predict exponential growth,
|xml? ~ exp[(g — «)Z], in an open-ended medium such as
alaser amplifier. It isthus clear that g =« isthe threshold
condition for amplification or laser operation. Also obvi-
oudly, g is not positive unless wes is positive. Recall that
in an ordinary noninverted medium w = —1, and in this
case g = —Noy = —«, where « is the ordinary absorption
coefficient.

Rather than growing indefinitely, the field in a laser
cavity must conform to the spatial period determined by
themirrors. Thus, at steady state xm(2) &~ xo expli AkmZ],
where the phase Aknyz is the difference between the
actual phase of steady-state laser operation knz and
the phase kz=wz/c that was assumed initialy in
defining the field carrier wave and envelope functions
in EQ. (20). Since xm does not depend on the transverse
coordinates x and y, this theory cannot describe trans-
verse mode structure, and ky, =msr/L, where L is the
cavity length and m is the longitudina mode number.
Operating values could be ma10° and L ~ 10 cm, in
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which case the laser would run at a frequency near to
mrc/L A3 x 10 s 1~ 5 x 10* Hz.

In laser operation d/0z can be replaced in Eq. (52)
by i Aky and the imaginary part of Eq. (52) becomes
Akm = 38k, which leads directly to a condition for the
operating frequency w:

wm — o = —(k¢/2B8) (w2 — w). (55)

Thisrequires w to lie somewhere between the empty cav-
ity frequency wmn = msrc/L and the natural transition fre-
guency w»; of the atom, and it is said that the two-level
laser medium “pulls” the operating frequency away from
the cavity frequency mrrc/L. The solution of Eqg. (55) for
wis

w= [ﬂwm + %KCwﬂ]/[,B + %KC]. (56)

H. Optical Bistability

The input—output relationships between light beams in-
jected into and transmitted through an empty optical cav-
ity arelinear relationships. However, the situation changes
dramatically if the cavity contains atoms. Thisis obvious
in the case of laser action. However, even if the atoms are
not pumped, their nonlinearities can be significant.

Consider a laser beam injected into an optical cavity
filled with two-level atoms. For simplicity we consider
the case where the frequencies of the atoms, the cavity,
and the injected laser light are al equal: w=w.=wy;.
Only the u — w Bloch equation are needed then:

dv/dt = —Bv + (xm + x0)w (573)
dw/dt = —AQ+ w) — (xm + xo)v.  (57b)

Here xo and xm are the Rabi frequencies associated with
theinjected field strength and the cavity mode field gener-
ated by the atoms, and 8 =y + A/2. The Maxwell equa-
tion for the internally generated xn, is

(/24 3/dct)xm = (Nd?w/2¢ohc)v.  (58)

Note that there is no term i Ak, from 9/9z, as there is
in the discussion of laser operation, only because of the
three-way resonance assumption.

The question is, how does the presence of the atomsin
the cavity affect thetransmitted signal ? Since thetransmit-
ted signal differs only by afactor of mirror transmissivity
from the tota field in the cavity x; = xm + xo, We ask for
the relation between xo and x;. The dynamical evolution
of the system is complicated. Early attention was given to
this situation in the 1970s by Szoke, Bonifacio, Lugiato,
McCall, and others.

Aswith thelaser, steady stateis sufficiently interesting,
so we put dv/dt =dw/dt =dy/dt =0 and solve for o
or xt. They obey asimple but nonlinear relation:

xo=xt + @/ K)BAx/(BA+xH)]. (59
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FIGURE 5 Bistable input—output curves for different values of
C=a/2k.

where « is the (on-resonance) two-level medium’s ab-
sorption coefficient, « = ND?w/3sohcg, and BA= x2,,
the saturation parameter identified in Eq. (47). If both xo
and x; are normalized with respect to xs by defining
& = xo/ xsa @d n = xt/ xsa then one finds the dimension-
lessrelation:

§ =n+(@/)n/L+ ). (60)

Of course the inverse relation n = n(&), that is, the total
field strength as a function of the input field strength, is
moreinteresting. Figure 5 showsthe important features of
thisrelation. It demonstratesthat thetotal field » isdouble-
valued as a function of input field & if a/k islarger than
a certain critical value. In this simple model the critical
value is o /k = 8, and the vertical segment in the central
curveisanindication of this. The double-valued nature of
the curvesfor o /k > 8istermed optical bistability. In the
bistable region of the third curve hysteresis can occur, and
ahysteresisloop is shown.

The elements of a primitive optical switch are evident
in the bistable behavior shown here. If the input field is
held near to the lower turning point, then a very small
increasein & can lead to avery largejump in n, the trans-
mitted field. The possibility of optical logic circuits and
eventually optical computersis clearly suggested even by
the simple model described here, and efforts being made
around theworld torealizethese possibilitiesin apractical
way have aready achieved limited success.

Ill. RADIATION COHERENCE
AND STATISTICS

A. Coherence of Light

In quantum opticsthe coherence of light istreated statisti-
cally. Theneedfor astatistical descriptionof light, whether
quantized or classical, is practically universal since al
light beams, even those from well-stabilized lasers, have
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certain residual random properties that are not uniquely
determined by known parameters. These random proper-
tieslead to fluctuations of light. A satisfactory description
can be based on a scalar electric field:

E(r,t) = E®(r, t) + EO(r, 1), (61a)

where E™) is the positive frequency part of E. That is,
E(™ is the inverse Fourier transform of the positive fre-
quency half of the Fourier transform of E. From this defi-
nition, onehas[ EC)(r, t)]* = EM)(r, t). Thesplit-upinto
positive and negative frequency parts E®)(r, t) is moti-
vated by the great significance of quasi-monochromatic
fields, for which one can write

EM(r, t) = €(r, t)e 't (61b)
ECO)(r, t) = €(r, t)*e . (61c)

The term quasi-monochromatic meansthat €(r, t) isonly
slowly time dependent, that is, |d¢/dt| <« w|€|.

Theintensity of thelight beam associated with thiselec-
tric field is given by:

I (r, t) = ceoE(r, t)?
= Ceo[2I€(r, t)> + €3(r, t)e 2! +c.c], (62)

where c.c. means complex conjugate. In principle | is
rapidly time dependent, but the factors e*2! oscillate
too rapidly to be observed by any redlistic detector. That
is, a photodetector can respond only to the average of
Eqg. (62) over afinite interval, say of length T beginning
at t, where T >> 27 /w. The 2! terms average to zero
and one obtains:

;
|'T(t)=(1/T)/O It +t)dt’ = 2ceolé(t)%.  (63)

The overbar thus denotes a coarse-grained average value
that is not sensitive to variations on the scale of a few
optical periods. We have dropped the r dependence as a
simplification. If the beam is steady and the averaging
interval T islong enough, then both the length T and the
beginning value I (t) are unimportant, and [ 1(t) is also
independent of t. Thisis the property of a class of fields
called stationary. Obviously even nonstationary fields can
be considered stationary in the sense of along T average,
and we will adopt stationarity as a simplification of our
discussion and write [ 1 (t) simply as I.

Consider now the operation of a Michelson interferom-
eter (Fig. 6). An incident beam is split into two beams
a and b, and after traveling different path lengths, say ¢
and ¢ + 8, the beams are recombined and the beam inten-
Sity layp = Ceo[ Ea(t) + Ep(t)]? is measured. If the beam
splitter sends equal beamswith field strength E(t) and in-
tensity | into each path and there is no absorption during
the propagation, then one measures
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FIGURE 6 Sketch of Michelson interferometer.

.
oo = (T)7 2 f Ceo[ Ealt +t') + Ep(t + t)]%dt’
0

.
= (T)*lfo ceo[ E(t +t') + E(t + §/c + t)]dt’

=T+ [ + 4ceg
x Re[ (e*(t)e(t + 8/c))e " V], (64)

where Re means “real part” and the angular brackets in-
dicate the time average. If § =0, then I o, = 41, because
the two beamsinterfere fully constructively. The quantity
I'(8/c) = (s*(t)e(t 4 8/c))e' /¢ is called the mutual co-
herence function of the electric field, and the appearance
of fringes at the output plane of the interferometer is due
to the variation of T" with 8. From the factor e '#%/¢ it is
clear that afringe shift (ashift from one maximum of I,
to the next) corresponds to a shift of § by 2mc/w =A.

Themutual coherencefunctionisconveniently normal-
ized to its maximum value which occurs when § =0, and
the normalized function y (§/c) is called the complex de-
gree of coherence. That is,

y(8/€) = (e(t)e*(t + 8/c))et*/°/(e(t)e*(t))  (65)
and the output intensity can be written:
lasb = 2[[1+ Rey(3/0)], (66)

where Re y must satisfy —1<Rey < 1.

It is common experience that if the path difference § is
made too great in the interferometer, the fringes are lost
and the output intensity issimply the sum of theintensities
inthetwo beams. Thiscan beaccounted for by introducing
acoherence time 7 for the light by writing

y(8/c) = y(Q)ePVerettere, (67)

This representation for y has the correct behavior since
it vanishes whenever § is large enough, specificaly
whenever § > ct. For obvious reasons, ct is caled the
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coherence length of the light. This does not explain the
fundamental origin of the coherence time t, but the lack
of such a deep understanding of the light beam can be
one reason that a statistical description is necessary in the
first place. Typically one adopts Eq. (67) as a convenient
empirical relation and interprets ¢ from it.

The fringe visibility is usualy the important quan-
tity that describes an interference pattern, not the ab-
solute level of intensity. The visibility is defined by
V = (I'max — Tmin)/(Fmex + T min), and this is directly re-
lated to the complex degree of coherence. Since

Rey = |y(0)|e /" cos(ws/c + ¢)
one has

r —181/ct
V= % = |y (8/0)l. (68)

Thus, the magnitude of the complex degree of coherence
is adirectly measurable quantity.

One of the foundations of quantum optics was estab-
lished by Wolf and others in classical coherence theory
when it became understood in the 1950s how to describe
optical interference effects in terms of measurable auto-
correlation functionssuch as y . In asense, the first exam-
ple of this was provided much earlier by Wiener in 1930
when he showed that the spectrum S(w) of a stationary
light field is given essentially by the Fourier transform of
y, considered as a function of atime difference t rather
than a path difference §:

S(w) = 2 Re f dr’e "y (7). (69)

As a specific example, suppose a light beam with carrier
frequency @, has a Gaussian degree of coherence,
with coherence time t, that is, y(¢/)=|y(0)|€“-"
exp[—%(r//r)z]. This is another example, similar to the
exponentia y(8/c) given above, in which a simple an-
alytic function is used to model the normal fact that
correlation functions have finite coherence, that is, that
y(t) > 0 as T — oo. In this example the spectrum is
Gaussian:

S(@) = 2Ty (0)v/(2r72) exp[ - 3(0—w )*c?].  (70)

Theeffective bandwidthisthe frequency range over which
S(w) is an appreciable fraction of its peak value. In this
casethespectrumiscentered at w = w| , andthebandwidth
isgivenby Aw=2rAv=1/t.

This is an example of the genera rule that the band-
width is the inverse of the coherence time. A laser beam
with bandwidth Av =100 MHz has a coherence time
7 = 1.6 nsand acoherencelength As =ct =0.5m, while
sunlight with abandwidth six orders of magnitude broader
(Av =10 Hz) has a coherence time r = 1.6 x 102 ps
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=1.6 fs and a coherence length ct = 0.5 um that are six
ordersof magnitudesmaller. Inthelatter case, Av ~ v, and
ct ~ ), so sunlight cannot be called quasi-monochromatic
in any sense.

A hierarchy of correlation functions can be defined for
statistical fields. One denotes by the degree of first-order
coherence the normalized first-order correlation of posi-
tive and negative frequency parts of the field:

(EM(x)EC)(x2))
[{[EG )| EO )]

wherex = (r, t) for short. In the case of aquasimonochro-
matic field g® is just the same as y defined above. The
terms “first-order coherent,” “partially coherent,” and “in-
coherent” refer to light with |g®| equal to 1, between 1
and 0, and 0, respectively.

Definition (71) and other average values can be inter-
preted in an ensemble sense, as well asin atime average
sense. In the ensemble interpretation the angular brackets
(...) are associated with an average over “redlizations,”
that is, over possible values of the fields at given points
x, weighted by appropriate probabilities. Two important
examples are (1) so-called chaotic fields, fields that are
stationary complex Gaussian random processes, and (2)
constant intensity fields. The chaotic distribution is char-
acteristic of ordinary (thermal) light such asomitted by the
sun, flames, light bulbs, etc. The constant intensity distri-
bution is an idealization associated with highly stabilized
single-mode laser (coherent) light. The ergodic assump-
tion that time and ensemble averages are equal is usually
made. We will write (1) and [ interchangeably.

If p[¢€, t]d%¢€ is the probability that the complex field
amplitude has the value € within d2€ =<€d|¢|d¢ in the
complex € plane, then the thermal (chaotic) distribution
for the complex amplitude €(t) is a Gaussian function:

phE] = (27€2) exp[—1(1€2/€2)]  (thermal)
(729)

9P (x1, x) = (71)

and the coherent distributionsis a delta function:
P[] = (1€ol/7)8%(1% 1% — [€ol?) (coherent) (72b)

The spatial and tempora coherence properties of ra-
diation, measured via y or g or S(w), determine the
degree to which the fields at two pointsin space and time
are able to interfere. By the use of pinholes, lenses, and
filters any sample of ordinary light can be made equally
monochromatic and directional as laser light. Its spatial
and temporal coherence properties can be made equal to
those of any laser beam. If the laser light is then suit-
ably attenuated so that it has the samelow intensity asthe
ordinary light, one may ask whether any important differ-
ences can remain between the ordinary light and the laser
light.
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Surprisingly, the answer to this fundamental question
is yes. The differences can be found in higher order
correlationfunctions, involving €*¢ to powershigher than
the first, such as (E2(t)E2(t + 7)). These can be referred
to asintensity correlations. The first measurements of op-
tical intensity correlation functions were made on thermal
light by Brown and Twiss in the 1950s before lasers were
available.

Discussions of intensity correlationsaretypically made
with the aid of a quantity called the degree of second-
order coherence and denoted g‘?. Higher order degrees
of coherence are also defined. If the fields are stationary
only the time del ays between the measurement points are
significant, and one has:

99 () = (1Ot + T0))/(1)? (73a)
99 (1, 12) = (1O (t + o)1 4+ ) /(13 (730)

and so on. Because of stationarity we can putt =0 every-
where. Wewill deal mostly now with g‘@ and no confusion
should occur if we omit the index (2) whenever we have
a single delay time 7. The assumption that the light is
stationary gives g(t) = g(—rt). Since | isan intrinsically
positive quantity, it is clear that g(z) is positive. Thereis
no upper limit, so g satisfies co > g(r) = 0. In addition,
for any distribution of | onehas (12) > (I)?, soobviously
g(0) > 1; and one can aso show that g(0) > g(z).

With the aid of the thermal and coherent probability
distributions given above, severa higher order coherence
functions can be calculated immediately. For example, if
71 =1, = ... =0, the nth order moments of the intensity
aesimply (I") ~ [ |€|?"p[€]d*¢:

(M =n(HY" =n!  (thermal) (744a)
(M =(H"=1" (coherent). (74b)

For large values of n these are obviously quite different,
evenif I isthe samefor two light beams, one thermal and
the other coherent. The difference plays a role in multi-
photon ionization experiments with n = 2 and larger. This
is one example of afundamental difference between ordi-
nary light and ideal single-mode laser light.

It should be clear that in addition to thermal light and
laser light there may be till other formsof light, character-
ized by distributions other thanthosein Eq. (72). Quantum
theory also predicts that there can even be kinds of light
beams for which the underlying probability distribution
does not exist in aclassical sense, for example, it may be
negative over portions of the range of definition. General-
ized phase space functions that play the quantum role of
classical probability densities were developed by Glauber
and Sudarshan in the 1960s. These are till a principal
theoretical tool in studies of photon counting.

425

0123456 7 8 9101112131415
n

FIGURE 7 Ideal Poisson photocount distribution. [Adapted with
permission from Loudan, R. (1983). “The Quantum Theory of
Light,” 2nd ed. Oxford Univ. Press, Oxford, UK. Copyright 1983
Oxford University Press.]

B. Photon Counting

In photon counting experiments the arrival of an individ-
ua photon is registered at a photodetector, which is es-
sentialy just a specialy designed phototube that gives
a signal when an arriving photon ionizes an atom at the
phototube surface. A typical experiment consists of many
runs of the samelength T in each of which the number of
photons registered by the photodetector is counted. The
counts can be organized into a histogram (Fig. 7), which
isinterpreted as giving the probability P,(T) for counting
n photons during an interval of length T.

An expression for P,(T) follows from a consideration
of the photodetection process, which begins with theion-
ization of a single atom by a single photon at the surface
of the phototube. In any event, the rate of counting is pro-
portional to the intensity of the light beam, so one writes
al (t)dt for the probability of counting a photon at the
timet intheinterval dt. Thefactor « takes account of the
atomic variables governing the ionization process as well
as the geometry of the phototube. It was first shown by
Mandel in the 1950s that P,(T) isthen given by

| T "
Pn(T) _ <eaf0 dt'I(t’) |:Ol/ dt’l (t/)j| /n!>, (75)
0

where the average is over the variations in intensity dur-
ing the (relatively long) counting intervals. Alternatively,
it can be considered an average over an ensemble of iden-
tically prepared runsin which thevalue of I isstatistically
distributed in some way.

The simplest example occurs if the light intensity
does not fluctuate at all, which is characteristic of an
ideal single-mode laser (coherent) light beam. In this
case Eq. (75) is independent of the t’ average and, with
N=alT.

P, =e "(n)"/n! (coherent), (76)
which is the well-known Poisson distribution. It is easily
verifiedthatn= Y nP,(T). Thatis, asitsformindicates,
n is the average number of photons counted intime T. It

is a feature of the Poisson distribution that its dispersion
isequal to its mean:;

((An)?) = (ny?22— (> =n (Poisson).  (77)
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A plot of anideal Poisson photocount distributionisshown
inFig. 7. The Poisson distribution is a so called the coher-
ent or coherent-state distribution becauseit is predicted by
the quantum theory of light to be applicableto aradiation
field in a so-called coherent state (see Section 111.C). A
well-stabilized single-mode laser gives the best rediza-
tion of a coherent state in practice.

It should be obvious that the same Poisson law will
be found even if (I(t’)) is not constant, so long as T
is made great enough that al fluctuations associated
with a particular interval are averaged out. The count-
ing fluctuations associated with steady (I) are due to
the discrete single-photon character of the atomic ioniza-
tion event that initiates the count and are called particle
fluctuations.

Although the Poisson distributionistheresult for P,(T)
inthesimplest case, constant (I (t')), itisnot thecorrect re-
sult for ordinary thermal light unless T isvery long, infact
27 AvT > lisnecessary. We have posed aquestion at the
end of thelast section about differencesbetween laser light
and thermal light with equal (very narrow) bandwidths. In
that case Av is very small, so we cannot automatically
assume 27 AvT > 1. In fact it illustrates the point to as-
sume the reverse. If 2z AvT « 1, we can assume (I (t'))
is constant over such ashort time T. However, (1 (t)) can
till fluctuate with t’, that is, from run to run. To evaluate
the average over t’, which is now essentialy an average
over runs, we use the thermal distribution Eq. (72a) for €,
which is equivalent to the normalized exponential distri-
bution for |

p(1) = (1/Ne” "' (thermal), (78)

since | ~|€|?. Then Eq. (75) gives

Po(T) = (M"/(L+ )" (thermal),  (79)
which is variously called the thermal, chaotic, or Bose-
Einstein distribution, and n isdefined asbefore, =« T,
with the understanding that here I means the average over
many runs, al shorter than 1/2rx Av. The difference be-
tween the photocount distributionsfor thermal light under
thetwo extreme conditions27 AvT < land 27 AvT > 1
is shown in Fig. 8. The nature of the difference between
thethermal and coherent probability distributions(76) and
(77), and thus of the fundamental difference between nat-
ural light and single-mode laser (coherent) light, can show
up directly intherecord of photocount measurements, asis
clear by inspecting Figs. 7 and 8. Other photon count distri-
butionsthan these two correspond to light that is somehow
different from both laser light and thermal light. In quan-
tum optics the most interesting examples are exampl es of
purely quantum mechanical light beams.

Quantum Optics

m T=0
Py 0.1 ” .
0_00 H Dﬂgﬂgn n

n n
2 10 12
0.2 . T
ﬂnn 1 1
0'00 2 4 6 8 10 12
n

FIGURE 8 Thermal photocount records for 2p TAn>>1 and
2p TAn« 1. [Adapted with permission from Loudon, R. (1983).
“The Quantum Theory of Light,” 2nd ed. Oxford Univ. Press,
Oxford, UK. Copyright 1983 Oxford University Press.]

C. Quantum Mechanical States of Light

The quantum theory of light assigns operatorsin a Hilbert
space to the fields of electromagnetism. Any field F(r),
guantum or classical, can be written as a sum of plane
waves (as athree-dimensional Fourier seriesor integral):

F(r) =) fuexplik 1]
k

=Y {feexplik-1]
k

+fcexp—ik-r]}, k=0  (80)

and f_y = f} if F(r) isared function. If F is operator-
valued rea (i.e., hermitean), then the expansion coeffi-
cients fy are operators and one writes f_y = fJ , Where
the dagger denotes hermitean adjoint in the usual way. In
the case of electromagnetic radiation a given plane wave
mode has the transverse electric field

Ex(r) = éNg[axe*™ + afe*7], (81)
where Ny is an appropriate normalization constant.
The full field is obtained by summing over k: E(r) =
Zk Ek(r)

Because ak and ak are operators rather than numbers,

aka;< #* akak This is expressed by saying that they obey
the “canonical” commutation relations:

[a. &1 = 1, (82)
where the square bracket means the difference
akak akak asisusual in quantum mechanics. All other
commutators among a’s and a'’s for this mode, and all
commutators of ay or ai with operators of all other modes
vanish, for example, [ax, ] =0. The time dependences
of these operators, and thus of the electric and magnetic
fields, are determined dynamically from Maxwell’s equa-
tions, which remain exactly validin quantumtheory. Inthe
absence of charges and currents the time dependences are

a(t) =ae ' and al =ald™l, (83
where wx = Kc.
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The hermitean operator afa (we drop the mode index
k temporarily) has integer eigenvalues and is called the
photon number operator:

afajny=nn), n=0,12,..., (84)

and the eigenstate |n) is called a Fock state or photon
number state. The operators af and a are called the pho-
ton creation operator and destruction operator because of
their effect on photon number states:

alln) = /(n+1)In+ 1),

and (85)

ajn) = +/njn — 1).

That is, a' and a respectively increase and decrease by 1
the number of photonsin the field state. The photon num-
ber states are mutually orthonormal: (mjn) = 8§y, and
they form acomplete set for the mode, and al other states
can be expressed in terms of them. They have very attrac-
tive simple properties. For example, the photon number is
exactly determined, that is, the dispersion of the photon
number operator a'a is zero in the state |n) for any n:

((An)?) = (n|(a’@)?|n) — (n|a’al)?
=n’—n?2=0.

However, thenicepropertiesof the|n) statesarein some
respects not well suited to the most common situations
in quantum optics. For example, loosely speaking, their
phase is completely undefined because their photon num-
ber isexactly determined. Asaconsequence, the expected
value of the mode field is exactly zero in a photon number
state. That is (n|E(r)|n) = 0, because Eq. (85) and the or-
thogonality property together give (njajn) = (njaf|n) = 0.

In most laser fieldsthere are so many photons per mode
that it isdifficult to imagine an experiment to count the ex-
act number of them. Thus, a different kind of state, called
a coherent state, is usually more appropriate to describe
|aser fiel dsthan the photon number states. These states |«)
areright eigenstates of the photon destruction operator a:

ala) = ala). (86)

They are normalized so that («|a) = 1. Sincea isnot her-
mitean, its eigenvalue « is generally complex. The ex-
pected number of photonsin the mode in a coherent state
is (n) = (ata) = («|afaa) = |¢|2. Thus, « can be inter-
preted loosely as /{n), the square root of the mean num-
ber of photonsin the mode. The number of photonsin the
mode is not exactly determined in the state |«). This can
be seen by computing the dispersion in the number:

((ANn)?) = (¢|(@’@)?|a) — (ala’ala)?
= («|(af(@’a — Dala) — («|a’al)?

= (¢l(@'ale) = |a|* = (n). (87
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Thus, the dispersion is equal to the mean number, a prop-
erty aready noticed for the Poisson distribution (77). If
(n) > 1, then the relative dispersion ((An)?)/(n)? isvery
small, and the number of photons in the state is well de-
termined in arelative sense. At the sametime, arelatively
well-defined phase can also be associated with the state.
The clearest interpretation of the amplitude and phase
associated with a coherent state |«) is obtained by com-
puting the expected value of E in the state |«). Since
(a]af|a) = (a]aja)* = «*, one easily determines that

Nk = /(hax/2e0V), (88)

where V is the mode volume, and then Ny can be inter-
preted loosely as the electric field amplitude associated
with one photon. This shows that N = /(hwk/260V)a
is the mean amplitude of the expected electric field, or
what issometimescalled theclassical fieldamplitude. The
phase of « thus determinesthe phase of the field described
by the state |«).

The coherent states o) can be expressed in terms of the
photon number states:

2 a”
) = exp[—la|?/2] ij [ m} m),  (89)
where the sum runsover all integersm > 0. From Eqg. (89)
one can compute the probability pn(«) that agiven coher-
ent state |«) contains exactly n photons. According to the
principles of quantum theory thisisgiven by |(n|e)|?, and
we find:

pn(e) = e M (n)"/nl, (90)

which is exactly the “purely random’ Poisson probability
distribution showninFig. 7. Thisisinterpreted asmeaning
that photon-counting measurements of aradiation field in
the coherent state |«) would find exactly n photons with
probability (90).

The photon creation and destruction operators are not
hermitean and are generally considered not observable,
but their real and imaginary parts (essentially the electric
and magnetic field strengths, or in other terms, the in-
phase and quadrature components of the optical signal)
are in principle observable. Thus, one can introduce the
definitions

a=3i(a—ia), a=3(a+ia) (91

and their inverses

ay=a+al, a=i@-al). (92)

What are the quantum limitations on measurement
of the hermitean operators a; and a,? They must,
of course, obey the Heisenberg uncertainty relation
((Aa)?)((Ad2)?) = |3([as, a2])|?, where (...) indicates
expectation value in any given quantum state, and
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Aa;=a;— (). Since [a,af]=1, it follows from
Eqg. (91) that [ay, ap] = —2i, so the Heisenberg relation
forag and ay is:

(Aan)?){(ra2)?) = 1. (93)

A coherent state |a) can be shown to produce the mini-
mum simultaneous uncertainty in a; and a,. That is,
(a](Aar)?|a) =1 and («|(Aa)?|a)=1. Both a; and
a, are therefore said to reach the quantum limit of
uncertainty in a coherent state.

However, it is only the product of the operator disper-
sions that is constrained by the Heisenberg uncertainty
relation, and there is no fundamental reason why either a;
and a, could not have adispersion equal to, u < 1, solong
asthe other had adispersion at least aslargeas 1/ > 1.
A quantum state of the radiation field that permits one
of the components of the destruction operator to have a
dispersion smaller than the quantum limit is said to be a
squeezed state. Squeezed states could in principle provide
the ability to make ultraprecise measurements such as are
projected for gravity wave detection. A squeezed state of
radiation wasfirst generated and measured by Slusher and
othersin 1985.

IV. QUANTUM INTERACTIONS
AND CORRELATIONS

It should be remembered that the highly successful semi-
classical version of the quantum theory of light (Sections|
and 11) does not ignore quantum principles, or put h — 0,
but it does ignore quantum fluctuations and correlations.
It isatheory of coupled quantum expectation values.

In the following sections of a number phenomena de-
pending directly on quantum fluctuations and correl ations
aredescribed. Noneof them have been successfully treated
by the semiclassical theory or by any other theory than
the generally accepted and fully quantized version of the
guantum theory of light. For this reason the observation
of these and similar quantum optical effects can offer a
means of testing the accepted theory.

Such tests are of great interest for two related reasons.
Because the quantum theory of light (or quantum electro-
dynamics) is the most carefully studied quantum theory,
and because it serves as a fundamenta guide to all field
theories, it plays a key role in our present understanding
of quantum principles and should be tested as rigorously
as possible. Moreover, tests of the effects described be-
low play aspecial role because they bear on the theory in
a different way compared with traditiona tests, such as
high-precision measurements of the Lamb shift, the fine
structure constant, the Rydberg, and the el ectron’sanoma-
lous moment.
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A. Fully Quantized Interactions

The electric field is mainly responsible for optical inter-
actions of light with matter, and the magnetic field plays
a subsidiary role, becoming significant only in situations
involving magnetic momentsor relativistic velocities. The
most important light—-matter interactionsisthe direct cou-
pling of electric dipolesto the radiation field through the
interaction energy —d - E.

A systematic description of the fully quantized inter-
actions of quantum optics begins with the total energy of
the atom Ha and the radiation Hr and their energy of
interaction:

H=Ha+Hr—d-E. (94)

In the quantum theory the atomic, radiation, and interac-
tion energies are given by the Hamiltonian operators

Ha =D EjliNil (958)
j
He = D herala (95D)

k
35" hikal +adlinl. (950)
i i k

Here E; and | j) arethe quantized energiesand eigenstates
of theatom including level-shifting and level-splitting due
to static fields that give rise to Zeeman and Stark effects,
etc. Thedipolecoupling constantish fi‘} = Nké- djj,inthe
notation of Egs. (9) and (39). Also, al and g are the
photon creation and destruction operators introduced in
Section I11.C.

The two-level version of this Hamiltonian is the most
used in quantum optics. It is obtained by restricting the
sumsover i and j tothevalues1and 2. It isnot necessary
that |1) and |2) be the two lowest energy levels. In pho-
toionization, which isthe physical process underlying the
operation of photon counters, the upper stateis not even a
discreate state but liesin the continuum of energies above
theionization threshold (see Section I V.B). Initstwo-level
version H becomes

H = Exdl1)(1] + E212(2 + ) hoxaja
k

—d-E

=Y " hisal +adlo +ot), (96)
k

whereo = [1)(2] and o T = |2) (1], and f has been taken
to be real for simplicity. Note that o has the effect of a
lowering transition when it acts on the two-level atomic
state |W) =C4|1) + Cy[2). That is, o|¥)=Cy|1), S0 &
takes the amplitude C, of the upper state |2) and assighs
it to the lower state |1). By the same argument o causes
araising transition.
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Theterm aiaT inEq. (96) isdifficult tointerpret because
it haso T raising the atom into its upper state together with
aii creating aphoton. One expectsphoton creationto beas-
sociated only with alowering of theatomic state. Theterm
axo presentssimilar difficulties. It can be shown, however,
that these two terms are the source of the very rapid oscil-
lations exp[£2i wt] which were discussed above Eq. (12)
and were eliminated by the rotating wave approximation
(RWA). The adoption of the RWA eliminates them here
also. With the RWA and the convenient convention that
E;1 =0 (and therefore that E; = hwy1), the working two-
level Hamiltonian is

1
H= Ehw21(0'z +1)+ Xk: hoyaa

—Y hiffalo +otal. (97)
k

The operators o, o, and o, are closely related to the
2 x 2 Pauli spin matrices:

. [0 0
112l =0 — 3(ox —ioy) = 1 o} (983)
12)(1] = ot — 3(ox —ioy) = —8 é} (98D)
10
122 - 1D —oz=| _1]. (98c)

One can easily confirm that the matrix representation of
o isa“lowering” operator in the two-dimensional space
with basis vectors

|2) — |:(::L):| and |1) — |:2:| (98d)

and o T is represented by the corresponding “raising” op-
erator. The o’s obey the commutator relations:

[0, 0 =—-20", [of,06] =0, (99

Changesin the radiation field occur as aresult of emis-
sion and absorption of photons during transitions in the
atom. One consequence is that ax obeys an equation ob-
tained from the Heisenberg equation iha O /ot =[O, H]
that isvalid for al operators O:

dax/ot = —iwkay + i fyo. (100)

Here we have simplified the notation, rewriting f}5, as f.
The solution, of Eq. (100) is:

[0, 07] = 20,

. t ) ,
at) = aO)e ™ +if [ dre o). (1o
0

The first term represents photons that are present in the
mode k but not associated with the two-level atoms (e.g.,
from a distant laser), and the second term represents
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the photons associated with a transition in the two-level
atom.

The o operators also change in time in the course of
emission and absorption processes. Their time depen-
dence is aso determined by Heisenberg’s equation and
one finds the equations:

do/dt = —iwpo —i Y frako, (1023
k

dof/dt =iwpot +i ) falo,  (102b)
k

do/dt = 20 Y fi(oTa —ajo).  (1020)
k

These are the operator equations underlying the semiclas-
sical equations for the Bloch vector components given in
Eq. (19).

The correspondence between the quantum and semi-
classical sets of variablesis

o — F(u—iv)e (1033)
of - Lu+iv)e” (103b)
07 —> w. (103c)

Thisidentificationispreciseif theradiation field isboth
intense and classical enough. This means that one retains
only one mode and replaces ax and al by their coher-
ent state expectation values o = ag €' and oy €. Then
Egs. (102) are identical with Eq. (19) under the previous
assumptions, that is, the field is quasi-monochromatic so
¢ = owt, and Nxe is the slowly varying electric field ex-
pectation value, which isinterpreted as the classical field
amplitude. Thus, one has

2fk(¥0 — Zd%o/h =X. (104)

The part of ax that depends on o in Eq. (100) actsas a
radiation reaction field when substituted into Eq. (102). It
causes damping and a small frequency shift in the atomic
operator equations even if there are no external photons
present and thusis associated with spontaneous emission.
The damping constant is exactly the correct Einstein A
coefficient for the transition, because the A coefficient is
atwo-level parameter.

The frequency shift is only a primitive two-level ver-
sion of a more general many level radiative correction
such as the Lamb shift. One observes here anatural limi-
tation of any two-level model. It isintrinsically incapable
of dealing with any precision with effects, such as radia-
tive level shifts, that depend strongly on the contributions
of many levels. However, in the cases of interest described
in the remainder of Section IV, the effects of other levels
are negligible and the numerical value of the frequency
shift isirrelevant. It can be assumed to be included in the
definition of wos.
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B. Quantum Light Detection and Statistics

The quantum theory of light detection is based on the
guantum theory of photoionization because photon coun-
ters are triggered by an ionizing absorption of a photon.
Photoionization is a weak field phenomenon because the
effective y is so large [recall Eq. (45)]. Thus, perturba-
tive methods are adequate and one computes the absolute
square of theionization matrix element, in this case given
by (F| —er-E(r)|l),where|l) and |F) aretheinitial and
final states of the photoionization. Theinitial state consists
of an atom in its ground state, described by the electronic
orhital function ¢o(r), and theinitial state of the radiation
field |¥). The final state consists of the atom in an ion-
ized state described by an electronic orbital function ¢ ¢ (r)
appropriate to a free electron with energy above the ion-
ization threshold, and another state of the radiation field
|W’). Then the matrix element becomes

(F| —er-E|l)
= —/qb*f‘(r)er- (\Il/|E(r)|\IJ)¢o(r)d3r

= —dro- ) &N(V'|a| W), (105)
k

where d is the so-called dipole matrix element for the
0— f trangition in the atom. We have also made the
“dipole” approximation, in which exp[ik - r] ~ exp[i 0] ~
1 over the entire effective range of the matrix element
integral [recall the discussion following Eqg. (9)].

Only the part of E that lowers the photon number of the
field, namely the “a” part, iseffectiveinionization, essen-
tially becauseionization isaphoton-absorption process. In
addition we can take a single k value if the incident light
is monochromatic. Thus, the ionization rate depends on
f2|(W'|ax|W)|?, where f =|d o - &|Nk. The actual final
states of the atom and of the field are never completely ob-
served, and all the unobserved features must be allowed
for, that is, included by summation:

rate ~ f¢ Y (Wlag| W) (¥ ja| )
o

~ fA(Wlajal V) ~ (V[aladw),

since ) ", |W')(¥'| =1 for acomplete set of final states.
In this expression for the ionization rate we write “~”
instead of “ =" because we arereally interested here only
inthe effects of field quantization on therate, not the exact
numerical valueof therate. If theradiation fieldisquantum
mechanical we do not know perfectly the properties of
the incident light, and these properties must be averaged.
This average over the properties of the incident light is
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the same average discussed from aclassical standpoint in
SectionsI11.A and 111.B. Thus, we finally have

rate ~ (aj ay), (106)

where the angular brackets now mean an average over the
initial field, that is, the quantum mechanical expectation
vauein state |W).

The significance of Eq. (106) is in the ordering of
the field operators. The nature of the photoionization
process mandates that they be in the given order and
not the reverse. Since afa is not equal to aaf for a
guantum field, the order makes a difference. The order
given, in which the destruction operator is to the right,
is called normal order. Photoionization is a normally or-
dered process by its nature, and therefore so is photode-
tection and photon counting. This hasfundamental conse-
guencesfor quantum statistical measurements, aswe now
explain.

Let us consider the degree of second-order coherence
g@ in quantum theory. This was written in Eq. (73a) as
anintensity correlation: g@ () = (I (t)1 (t + 1)) /(1) Be-
cause of the normally ordered character of photoioniza-
tion, if g@ is measured with photodetectors as usual, its
correct definition according to the quantum theory of ion-
ization is normally ordered:

(EQMEO(t + 1)ED(t + 1) ED (D))

@) —
g7(0) = [EOEM) (EOEM)

(107)

If photon fields were really classical, and these quantum
mechanical fine points were unnecessary, then the order-
ing would make no difference, since the fields E® would
be numbers, not operators, and the original expression
for g©@ would be recovered. However, we now exhibit
the effects of these quantum differencesin afew specific
Cases.

In the case of a single-mode field, there are no time
dependences and g () = g@(0) smplifiesto

g?(0) = (afa’aa)/(afa)?, (108)

which we evaluate in Table I1. Among these examplesthe
Fock stateis specia becauseits g®@ violates the condition
g@(0) > 1, whichisoneof theclassical inequalitiesgiven
below Egs. (73). The Fock state is therefore an example
of astate of the radiation field for which the quantum and
classical theories make strikingly different predictions. It
has not yet been possible to study a pure Fock state of
more than one photon in the laboratory.

Photon bunching is a term that refers to the fact that
photon beams exist in which photons are counted with
statistical fluctuations greater than would be expected on
the basis of purely random (that is, Poisson) statistics. In
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TABLE Il Second-Order Degree of Coherence
for Single-Mode Quantum Mechanical Fields in
Different States

Quantum field state Value of g (0)

Vacuum state |0) 0

Fock state |n) 0,ifn<?2
1-1/n, ifn>2

Coherent state |a) 1

Thermal state 2

fact, amost any ordinary beam (thermal light) will have
this property, and thisis reflected in that g > 1 for ther-
mal light. Photon bunching thereforearisesfromthe Bose-
Einstein distribution [Eq. (39)]. A coherent state with its
Poisson statistics is purely random and does not exhibit
bunching.

A qualitative classical explanation of photon bunching
is sometimes made by saying that light from any natural
source arises from broadband multimode photon emis-
sion by many independent atoms. There are naturally ran-
dom periods of constructive and destructive interference
among themodes, giving riseto largeintensity “spikes,” or
“bunches” of photons, in the light beam. Unbunched light
comes from a coherently regulated collection of atoms,
such as from a well-stabilized single-mode laser. From
this point of view, unbunched coherent light is optimally
ordered.

However, photon antibunching can also occur. Thereare
“antibunched” light beams in which photons arrive with
lower statistical fluctuations than predicted from a purely
coherent beam with Poisson statistics. Antibunched light
beamshavevaluesof g < 1,incommonwithapure Fock
state beam, and are therefore automatically nonclassical
light beams.

The first observation of an antibunched beam with
g®@ < 1 was accomplished by Mandel and othersin 1977
in an experiment with two-level atoms undergoing res-
onance fluorescence. Antibunching occurs in such light
for a very simple reason. A two-level atom “regulates”
the occurrence of pairs of emitted photons very severely,
even more so than the photons are regulated in a single-
mode laser. A second fluorescent photon cannot be emit-
ted by the same two-level atom until it has been re-
excited to its upper level by the absorption of a photon
from the main radiation mode. Thus, a high Rabi fre-
quency x permits the degree of second-order coherence
g@ (1) = (afal(r)a(r)a)/(afa)? to be nonzero after arel-
atively short value of the time delay t, but g@ is strictly
zero for T =0. A graph showing the experimental obser-
vationisgivenin Fig. 9.

The significance of photon statistics and photon count-
ing techniques in quantum optics and in physicsis clear.
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FIGURE 9 Curves of the second-order degree of coherence,
showing photon antibunching. [Reprinted with permission from
Dagenais, M., and Mandel, L. (1978). Investigation of two-time
correlations in photon emission from a single atom. Phys. Rev. A
18, 2217-2228.]

They permits a direct examination of some of the funda-
mental distinctions between the quantum mechanical and
classical concepts of radiation.

C. Superradiance

Nonclassical photon counting statisticsarisefromthemul-
tiphoton correlationsinherent in specific states of thelight
field. Similarly, multiatom quantum correlations can give
rise to unusua behavior by systems of radiating atoms,
as was pointed out by Dicke in 1954. The most dramatic
behavior of this kind is called Dicke superradiance or
superfluorescence.

Multiatom correlations can exist in N-atom systems
evenif N isassmall as N =2. A pair of two-level atoms
labeled a and b can have quantum states made of linear
combinations of the elementary two-atom states

lat) * |b+) (109a)
lat) * |b—) (109b)
la—) * |b+) (109¢c)
la—) * |b—). (109d)

Here the sign * indicates a tensor product of the vec-
tor spaces of the two atoms, and + and — designate
the upper and lower energy levels, with energies E,
and Ej, in each of the identical atoms. The two middle
states Eq. (109b and c) are degenerate, with total energy
Ei1+ E> = E; + Ej. Itisuseful to definethe “singlet” and
“triplet” states || S) and || T) that are linear combinations
of the degenerate states as follows:
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IS) = (1/vV2){|a) * |b—) — |a—) * |b+)}
IT) = (1/v2){|a) * |b—) + |a—) * [b+)}

(110a)
(110b)

in analogy to singlet and triplet combinations of two spin
— 1 States.

The two-atom interaction with the radiation field is
through d - E as in the one-atom case [recall Eq. (95)],
and here both atoms contribute a dipole moment:

e.d=e - [d@) + d(b)]
= & (dar)allat) (@~ + |a—) (a+|}
+&- (d21)o{lb+) (b—| + [b—)(b+]}
= dflat)(a—| + la—)(a+]|
+ Ib+){b—| + [b—)(b+1}, (111)

where we have taken equal matrix elements: &- (d21)a=
e (dat)p=d.

The main features of superradiance lie in the fact that
thetwo-atom dipol einteraction causestransitionsbetween
the various states of the system at different rates, and the
reason for the difference is the existence of greater inter-
nal two-atom coherence in the case of the triplet state.
Suppose that the two-atom system is fully excited into
the state ||+ 2)= |a+) * |b+), which has energy 2E;, and
then emits one photon. The system must drop into a state
with energy E, + E;. From this state it can decay fur-
ther by emission of a second photon to the ground state
|—2) = |a—) * |b—) which has energy 2E;.

According to the Fermi Golden Rule, the rate of these
transitions depends on the square of the interaction ma-
trix element between initial and final states, (F|d - E|l),
summed over all possiblefinal states. We consider the sec-
ond transition, so there is only one possible final atomic
state, namely ||—2). The matrix elements factor into an
atomic part and a radiation part. We can use Eq. (81) in
the dipole approximation to write

(FId-E[l) =) (Fald- &]1a)(Fr)Ni(ax + a})|Ir).
k
Since superradiance deals only with spontaneous emis-
sion, the initial radiation state is the empty or vacuum
state. Thus, the field contribution to the matrix element
comes just from a,i and is the same in all cases and not
interesting.
The various possible atomic matrix elements are

(=2||d - &lat) * [b—) =d (112a)
(=2||d-&la—) x [b+) = d (112b)
(—2||d-&]10,8) =0 (112c)
(—2d- &0, T) = (v2)d, (112d)
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so their squares have the relative values 1:1:0: 2. That
is, the triplet initial state can radiate twice as strongly
as either of the original degenerate states, and the singlet
statecannot radiate at al. Both thetriplet and singl et states
are said to be two-body “cooperative” states because they
cannot be factored into one-atom states.

It is tempting to interpret these results by saying that
the triplet state radiates more rapidly because it has a
larger dipole moment than the others and that the singlet
state has no dipole moment. Such an interpretation isin
the gpirit of semiclassical radiation theory, as described
in Section 1.C, where the expectation values of quantum
operators aretreated asif they are classical variables. This
interpretation has a number of useful features, but must
also contain serious flaws, because the observation that it
isbased onisnot true. A cal culation of the dipole expecta-
tion value shows (V|| d|| V) = 0, where || W) can be any of
the two-atom states above, including the rapidly radiating
triplet state.

A state with a large dipole moment expectation does
exist, namely the factored state

IWq) = 3{la+) + |a—)} * {|b+) + |b—)}.  (1139)

This state is actualy an eigenstate of the total dipole
operator:

e-d||Wq) = [&- (dz)allat)(a—]| + |a—) (a+]}
+@&- (d21)p{|b+) (b—| + [b—) (b +[}][|¥)
— 2d|| W), (113b)

soonehas (Vy||d - &||Wq) = 2d. Thisstateisal so predicted
to radiate strongly.

The extrapolation of these predictions to an N-atom
system leads to the prediction of a very large N-atom
emission intensity |y . Related predictions are that the N-
atom cooperative process begins with a relatively slow
buildup. After adelay of averagelength 5y, an ultrashort
burst of radiation of duration t) occurs. In the ideal case
one predicts

In ~ N%hwz /7 (114a)
N ~ ‘L']_/N (114b)
sty ~ 11In(N), (114¢)

where 3 isthe single-atom radiative lifetime: 1/7; = A.

If one imagines even small collections of atoms with
N = 102, then N2 isimpressively very much bigger than
N and the term superradianceisindeed apt. If A~ 10%s~*
is taken as typica for 2 eV optical transitions, then
N = 10'? suggests that 2 x 10'2 eV of energy can be ex-
pected at the rate 10%° s~1 for apurely spontaneous power
output of 2 x 102 eV s 1~ 3 x 101 W.
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Other aspects of superradiance are equally interesting
on fundamental grounds. For example, which of the two
large dipole states, || T) or ||Wq), is actually responsi-
ble for superradiance? They both predict Iy & N2hwoy,
but their correlation properties are completely different,
in somewhat the same way that a photon number state
|n) and a coherent state |«) have very different correla
tion properties even if they predict the same mode energy
|o]*hw = nhw. Consider only the fluctuations in d itself
for the two states. If one calculates the expectation of the
dispersion of Ad® = ([d-&— (d-&)]?), onefinds:

(WqllAd?||Wg) =0 (115)
(TIAD?|T) = d> (116)

One can infer that radiation from the state || T) can be ex-
pected to exhibit strong fluctuations of akind completely
absent in radiation from the state || Wy).

The fluctuations predicted from the state | T) are con-
sistent with the fact that it is exactly the state connected
directly to theinitial fully excited state ||+2) by the total
dipole operator d. That is, &-d| +2) =(+v/2)d||T). The
fluctuations can be associated with the quantum uncer-
tainty inthe emissiontimeof thefirst photon. Such fluctua-
tionswill influenceall subsequent evolution, andif N > 1,
they can be regarded as an example of a macroscopic
quantum fluctuation, that is, a fluctuation with quan-
tum mechanical origins that achieves direct macroscopic
observability.

For aperiod of years, superradiance wasacontroversial
and unobserved phenomenon. The intense and highly di-
rectional light beam predicted for the effect suggests that
each emitted photon contributesto aspontaneousradiation
field, which hel psto stimulate the emission of further pho-
tons. Such a self-reactive process would provide a feed-
back analogous to that provided by mirror reflectionsin a
laser cavity. It has been suggested that the physical origins
of superradiance and laser emission are in fact the same
thing. Important differences exist, however. During laser
action, the dipole coherence of anindividual atomisinter-
rupted by collisions extremely frequently. The incoherent
adiabatic solution for p; is a quite satisfactory element
of al laser theories (recall Section 11.G). By contrast, in
ideal Dicke superradiance all N-atom dipole coherenceis
fully preserved during the entire radiation process.

Theexperimental observation of superradiancewasfirst
achievedinthe 1970sby Feld, Haroche, Gibbs, and others.
Agreement has been found with the correlated state pre-
dictions, particularly with the statistical nature of the delay
time fluctuations, and there is no longer any controversy
over its existence. However, important questions about
quantum and propagation effects on the spatial coherence
properties of superradiance remain open.
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D. Two-Level Single-Mode Interaction

We have emphasi zed that beginning with Einstein’srecon-
sideration of Planck’sradiation law, the most fundamental
interacting system in quantum opticsis a single two-level
atom coupled to a single mode of the radiation field. This
interaction was described semiclassically in Section [1.A,
and the quantum mechanical origin of the semiclassical
equations was explained in Section IV.A. Fully quantum
mechanical studiesof thequantum coherence propertiesof
this simplest interacting system were initiated by Jaynes
in the 1950s. Some of the differences between general
guantum and semiclassical theories have been clarified in
this context.

When only one mode is significant the Hamiltonian
[Eq. (97)] can be reduced to:

Hyx = %h(l)z:]_(az + 1)+ hwa'a
+ha(ale + ofa). (117)

Here 1 = ff5, which is assumed real for simplicity. Re-
markably, the effective Hamiltonian [Eq. (117)] for such
atruncated version of quantum electrodynamics (the so-
called Jaynes-Cummings model) has a number of impor-
tant properties, and experimental studies by Haroche and
Walther and others were begun in the early 1980s. Exact
expressions are known for the eigenvalues and eigenvec-
tors of Hyc. With h =1 for simplicity and A = w2 — o,
the eigenvalues are

Ens = E1+nw+ 3[A £ Q] (1183)

where we have reinserted E; # 0 for the lower level en-
ergy, and the corresponding eigenvectors are given by

In, +) = cos®|n — 1) * |[+) + sSin®|n) * |—) (118b)
In, =) = —sin®|n — 1) *x |[+) + cos®|n) x |—), (118c)

where cos ®=./(Q,+A)/2Q, and sin &=
J(©Qn — A)/292,. Here the use of Q,, for v/422n 4682 is
a deliberate reminder of Q defined following Egs. (12)
because they play the same roles in their respective
guantum and semiclassical theories. Similarly, one writes
x(n) as a reminder of x for the same reason, that is,
x(n) =2x/nisthe QED equivalent of the Rabi frequency
2d€,/ h [and not to be confused with the x,, of Egs. (49)
and (50)].

One of the observable quantities of the Jaynes-
Cummings model is the atomic energy. Its expectation
value can be calculated exactly, without approximation:

(02(t)) = =) pacosx(n)t (quantum).  (119a)

Here py, isthe probability that the single mode has exactly
n photons. Thisresult can be contrasted with Eq. (18c) in
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FIGURE 10 Quantum collapse and revival of atomic inversion.

the same limit A =0 and under the same circumstances,
namely, with the field intensity | ~ x2 distributed with
some probability p(l) over arange of values.

w(t):—[ p(l)cosx(I)tdl (semiclassical).
(119b)

The apparent similarity of these results disguises fun-
damental differences in dynamical behavior between
Egs. (119a and b). These differences arise from the dis-
creteness of the allowed photon numbers in Eq. (119a),
which arediscrete precisely becausethefield is quantized,
that is, because the mode contai ns only whole photonsand
never fractional units of the energy hw. By contrast, inthe
semiclassical theory (recall Section 1.C) the intensity |
and Rabi frequency x can have any values.

For the quantum photon distribution associated with a
coherent state, for which py is given by Eqg. (90), a plot
of (o,(t)) isshownin Fig. 10. The nearly immediate dis-
appearance “collapse” of the signal shortly after t =0 can
be explained on the basis of the interference of many fre-
guencies x(n) in the quantum sum of Eq. (119a). Such
a collapse can be expected for any broad distribution p,
and would be predicted by the semiclassical Eq. (119b) as
wdll, if p(l) isabroad distribution function. However, the
predicted reappearances or “revivals’ of the signal are a
sign that the field is quantized. They occur, and at regular
intervals, only because p, is a discrete distribution. The
semiclassical expression (119b) leads inevitably to an ir-
reversible collapse. Only quantum theory can provide the
stepwi se discontinuous photon number distribution that is
the basis for the revivals.

Therevivalsand other quantum mechanical predictions
implied by the truncated Hamiltonian [Eq. (117)] are of
interest because this Hamiltonian is simple enough to per-
mit exact calculations, without further approximations of
thekind familiar in most of radiation theory. For example,
the expression for quantum inversionin Eq. (119a) hasthe
following unusual properties:

1. itisnot restricted to any finite range of t values,

2. itholdsfor all values of the coupling constant A,
which is contained in x (n) = 2x./n;

3. itiscompletely free of decorrelations, such asthe
commonly used approximation (afac,) ~ (afa)(o);
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4. itisfinite even at exact resonance (w21 = w) without
the aid of ad hoc complex energies;

5. itisfully quantum mechanical with nontrivial
commutators preserved: [a, a'] =1, [0, o 1] = 207,
etc; and

6. itisredlistically nonlinear (it saturates because the
atomic energy cannot exceed E»).

This combination of propertiesis unique in atomic ra-
diation theory. They indicate, for example, that a sys-
tem obeying Hamiltonian [EqQ. (117)] would permit some
fundamental questionsin quantum electrodynamics to be
studied independently of the restrictions of the usual per-
turbation methods that are based on short-time expan-
sions and a small coupling constant. Experimental real-
ization of the model is unlikely in the optical frequency
range because of therestriction to asingle radiation mode.
However, quantum optical techniques, including the de-
tection of single photons, are rapidly being extended to
much lower frequencies, where single-mode cavities can
be built. Observation of the Jaynes-Cummings model is
expected to play aguiding rolein microwave single-mode
experiments with Rydberg atoms.

E. AC Stark Effect and Resonance
Fluorescence

Just as the Bloch vector provides a powerful descriptive
framework for awide variety of quantum optical phenom-
ena, so does the Jaynes-Cummings model. The Hamilto-
nian [EQ. (117)] can be regarded as a zero-order approx-
imation to a “true” Hamiltonian, in which the atom is
allowed more than two levels or the field has more than
one mode. It is an unsual zero-order approximation be-
cause it includes the interacting Hamiltonian as well as
the noninteracting atomic and radiation Hamiltonians.

If the atom interacts resonantly with a single strong
mode of the field, then its interactions with other modes,
perhaps involving other levels of the atom, can be treated
approximately. The energy spectrum of the Jaynes-
Cummings Hamiltonian makes it clear how this can be
done. In Fig. 11 the RWA energy spectrum is shown in
the absence of a strong resonant interaction (i.e., with
A =0), and also with » # 0. The spectrum shows that the
state |n) * | 1), which corresponds to the atom in its lower
level and n photons in the mode when A =0, is pushed
down to becomethe state ||n, —) when A £ 0. That is, for
Eq. (118a) we obtain

En- = E1+nw — 3[Qn — A] (120)

Since 2, = A, the lower level is pushed down. Similarly,
the corresponding upper state |n) * |2) is pushed up by the
sameamount. Thisshiftiscalledthe AC Sark shift because
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it isdueto the interaction with an oscillating (alternating)
electric field. The size of the AC Stark shift §ac varies as
afunction of A intherange

Txn = dac = X5 /4A (121)

depending on whether the atom and the field mode are
near to or far from resonance.

An external probe of the coupled two-level plussingle-
mode system can reveal these details of its spectrum.
For example, the two nearly degenerate states ||n, +) and
IIn, —) are split by twice the AC Stark shift. This splitting
can be observed by absorption spectroscopy if aweak sec-
ondradiationfieldisallowedtoinducetransitionstoathird
level inthe atom. Thiswas first described and observed in
1955 by Autler and Townes.

A different kind of probeis provided by resonance fiu-
orescence, that is, by spontaneous emission into modes
other than the main mode. In this case a strong laser field
provides the main mode radiation. Dipole selection rules
determine that from the same nearly degenerate states
IIn, +) and ||n, —) spontaneous transitions can be made
only to the next lower pair of nearly degenerate states,
In—1,4) and ||n — 1, —). There are four separate emis-
sion lines predicted, as shown in Fig. 11. The strengths
of the four lines are al equal on resonance, but since two
of them have the same transition frequency only three
lines are actually expected. They have the intensity ratio
1:2:1, but the side peaks have different widths than the
center peak, and the peak height ratio is 1:3:1. This fluo-
rescence triplet was predicted in the late 1960s, and after
aperiod of controversy about the exact line structure, the
predictions mentioned here were verified experimentally
in the mid-1970s by Stroud, Walther, Ezekiel, and others.
It should be clear from Fig. 11 that the resonance flu-
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FIGURE 11 Jaynes—Cummings RWA energy spectrum.
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FIGURE 12 Resonance fluorescence spectra in the presence of
AC Stark splitting. [Reprinted with permission from Hartig, W.,
Rasmussen, W., Schieder, R., and Walther, H. (1976). Study
of the frequency distribution of the fluorescent light induced by
monochromatic radiation. Zeitschrift fiir Physik A278, 205-210.]

orescence peak separation is equal to the Autler—Townes
splitting, whichisjust the quantum Rabi frequency x (n) at
resonance. The sequence of spectrashowninFig. 12illus-
trates the increased peak separation that accompanies an
increased Rabi frequency whenthe main modeintensity is
increased.

F. Tests of Quantum Theory

It has long been recognized that quantum theory stands
in conflict with naive notions that “physical reality” can
be independent of observation. As is well known, the
Heisenberg uncertainty principle mandates a limit on the
mutual precision with which two noncommuting vari-
ables may be observed. This curious feature was put into
sharp focus by Einstein, Podolsky, and Rosen in 1935,
but for nearly half a century it remained mainly of philo-
sophical interest, as experimental tests were difficult to
conceive or implement. The situation changed dramati-
cally during the 1970s when it was realized that quan-
tum optical experimentscoul dtest different conceptionsof
“reality.”
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Einstein, Podolsky, and Rosen (EPR) gave a precise
meaning to the concept of reality inthiscontext: “If, with-
out in any way disturbing a system, we can predict with
certainty [i.e., with probability equal to unity] the value of
aphysical quantity, then there existsan element of physical
reality corresponding to this physical quantity.” It was of
primary concern to EPR whether quantum theory can be
considered to be a“‘complete” theory. A necessary condi-
tion for compl eteness of atheory, accordingto EPR, isthat
“every element of the physical reality must have a coun-
terpart in the physical theory.” Using these definitions of
reality and completeness, and the properties of correlated
guantum states, EPR concluded that quantum theory does
not provide a complete description of physical reality.

An illuminating example due to Bohm is provided by
the singlet state of two spin—3 particles:

IS) = (1/v2)[la+, A) * |b—, A) — |a—, A) * b+, )],
(122)

where |at, N) is the state for which particle a has spin
up (+) or down (—) in the direction A. The unit vector N
can point in any direction. In light of the EPR argument,
one notesthat the spin of particlebin, say, the R direction,
can be predicted with certainty from ameasurement of the
spin of particle ain that direction. If the spin of particlea
isfound to be up, then the spin of particle b must, for the
singlet state, be down, and vice versa. Thus, the spin of
particlebinthex direction can be predicted with certainty
“without in any way disturbing” that particle. According
to EPR, therefore, the X component of the spin of particle
b isan element of physical redlity.

Of course, one may choose instead to measure the
component of the spin of particle a, in which case the §
component of particle b can be predicted with certainty.
It follows therefore that both the X and § components of
the spin of particle b (and, of course, particle a) are ele-
ments of physical reality. However, according to quan-
tum mechanics, the X and § components of spin can-
not have simultaneously predetermined values, because
the associated spin operators do not commute. Therefore,
guantum theory does not account for these elements of
physical reality, and so, according to EPR, it is not a
complete theory.

The EPR experiment can be criticized on the ground
that “the system” must be understood in its totality and
cannot refer to just one of the particles, for instance, of a
correlated two-particle system. In the Bohm gedanken ex-
periment just considered, ameasurement on particleadoes
disturb the complete (two-particle) system because the
guantum mechanical description of the system is changed
by the measurement. One cannot consistently associate an
element of physical reality with each spin component of
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particle b, even though the particles may be arbitrarily far
apart and not interacting in any way.

Motivated by the EPR argument, one may ask whether
it is possible to formulate a theory in which physica
guantities do have objectively real values “out there,”
independently of whether any measurements are made.
These objectively real values may beimagined to be deter-
mined by certain hidden variables which may themselves
be stochastic. One can ask, is it possible, in principle,
to construct a hidden variable theory in full agreement
with the statistical predictions of quantum mechanics, but
which allows for an objective reality in the EPR sense?

In the early 1960s Bell considered the most palatable
class of hidden variable theories, the so-called local the-
ories. He demonstrated that such theories cannot fully
agree with quantum mechanics. In particular, certain Bell
inequalities distinguish any local hidden variable theory
from guantum mechanics. Another way of stating “Bell’s
theorem” is that no local realistic theory can be in full
agreement with the predictions of quantum theory.

Bell inequalities are not difficult to derive for the Bohm
thought experiment. A local hidden variabletheory ispos-
tulatedto give i% for each spin component, as determined
by the hidden variables. Thetheory isalso supposed to ac-
count for the spin correlations: if oneis up the other must
be down. The difference between such atheory and quan-
tum mechanicsisthat the spins are predetermined (by the
hidden variabl es) before any measurement, that is, they are
objectively real. The condition of locality enters through
the additional assumption that a measurement of the spin
of each particle is not affected by the direction in which
the spin of the other particleis measured. Thisiscertainly
reasonable if all the spin components are predetermined,
since the two particles may be very far apart when amea-
surement is made.

The question now is whether any measurements can
distinguish such a theory from quantum mechanics. Bell
considered E(rh, n), the expectation value of the product
of the spin components of particlesaand b in the h and
N directions, respectively. He obtained the inequality

which must be satisfied by the entire class of local hidden
variable theories. Thisinequality is violated by quantum
theory, as can be seen from the quantum mechanical pre-
diction E(rh, n)= — - n. It istherefore possible to test
experimentally the predictions of quantum theory vis-a
visthe whole class of plausible “realistic” theories.
Although Bell’s theorem promoted philosophical ques-
tions about hidden variables to the level of experimental
verifiability, it remained difficult to conceive of specific
experiments that could be undertaken. In 1969, however,
Clauser and co-workers suggested that Bell inequalities
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could be tested by measuring photon polarization corre-
lations if certain additional but reasonable assumptions
about the measurement process were made. The spin
considered by Bell isreplaced by photon polarization, an-
other two-state phenomenon. Correlated two-photon po-
larization statesare produced in atomic cascade emissions,
and efficient polarizers and detectors are available for op-
tical photons.

Consider a J=0 — 1 — 0 atomic cascade decay,
with polarizer—detector systems on the £z axes. Linear
polarization filters may be employed to distinguish the
photons by their energy so that each polarizer—detector
system records photons of onefrequency but not the other.
It may be shown that thetwo-photon prolarization statehas
the form

W) = (1/v2[|a R) b, 9) +1a §) * |b,R)]),  (124)

where |a, R) is the single-photon state in which photon a
is linearly polarized along the R direction, etc. A similar
form appliesif acircular polarization basis is used.

The correlated photon state of Eq. (124) is obviously
analogous to the spi n—% correlated state of Eq. (122). A
hidden variable theory of such polarization correlations
leadsto a Bell inequality analogous to Eq. (123):

|E(O{, :3) - E(O(, )/)| < 1 - E(IB’ 7/)’ (125)

where E(«, 8) now refers to photon polarization compo-
nentsand « and g arethefilter orientationswith respect to
some reference axis. The differences between Egs. (125)
and (123) arise because we are now dealing with spin-one
particles and because Eq. (124) describes a positive cor-
relation. The quantum mechanical prediction for E(w, 8)
issimply cos 2(a — 8), and Eq. (125) becomes

|cos2(a — B) — cos2(a — y)| <1 —cos2(B — y),
(126)

which, in fact, is not satisfied for al angles «, 8, and y.
Such violations of Bell inequalities have been observed in
independent experiments|ed by Clauser, Fry, and Aspect.
The results of such experiments are in agreement with
quantum theory, and appear to rule out any local hidden
variable theory. There are possible loopholes in the in-
terpretation of the experiments, but at the present time
none of them seem very plausible. According to Clauser
and Shimony, “The conclusions are philosophically un-
settling: Either one most totally abandon the realistic phi-
losophy of most working scientists, or dramatically revise
our present concept of space-time.”’

From the viewpoint of quantum optics, the photon po-
|arization correl ation experiments measure asecond-order
field correlation function. Such a correlation function not
only distinguishes between classical and quantum radi-
ation theories, but also between quantum theory and lo-
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cal redlistic theories. In quantum optics it is often possi-
ble to address such questions from essentially first prin-
ciples and to carry out accurate tests of theory in the
|aboratory.

V. RECENT DEVELOPMENTS

A. Substantial Squeezing

In Section 111.B the first observation of a squeezed state
of light was mentioned. Since then, considerably greater
degrees of squeezing have been reported. As much as a
60% noi se reduction hasbeen observed using athree-wave
parametric down-conversion technique, in which aphoton
of frequency w isconverted into two photons of frequency
w/2inacrysta.

B. Two-Photon Correlated Quantum States

Studies of photon coherence and interference have en-
tered a new domain with experiments being undertaken
on new types of two-photon quantum states, going beyond
thedetection of two-photon polarization correl ationsmen-
tioned in Section IV.F. For example, quantum beats have
been observed in the joint probability of two-photon de-
tection as a function of the path difference and frequency
difference of two photons produced by parametric down
conversion.

C. Cavity QED in the Optical Domain

Despite our prediction to the contrary at the end of Sec-
tion IV.D, experimental observations of effects associ-
ated with the single-atom single-mode Jaynes-Cummings
gquantum model have been successful in the optical do-
main, as well as at microwave frequencies. Collapse and
revival signals (see Fig. 10) have been reported in ex-
periments using rubidium atoms traversing a microwave
cavity, and optical observations of line-narrowing below
the free-space limit and cavity line-spilitting have been
reported.

D. Two-Photon Laser

After more than two decades of theoretical interest, sub-
stantial experimental progress toward the realization of
a two-photon laser is occurring. A two-photon laser has
many fundamental differenceswith the conventional one-
photon laser, including specia noise properties, multista-
bility, and a different phase transition at threshold. An
important step has been the successful operation of a
guantum oscillator working on a microwave two-photon
Rydberg transition in rubidium.
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E. Strong-Field Quantum Optics
and Atomic Continuum States

According to the considerations of Section I1.F, ionizing
transitions should beimmuneto saturation. Sincethe con-
tinuum of statesabovetheionizationthresholdisinfinitely
broad (8 — ©0), ho finite x should satisfy Eq. (47). This
has turned out not to be true. New laser systems which
deliver 0.01-1.0 terawatts (1 terawatt = 10* W) in 1 ps
(or shorter) pulses have been used in multiphoton atomic
ioni zation experimentsthat have revealed new phenomena
for which saturation and other quantum optical concepts
seen unexpectedly appropriate. These phenomenainclude
equally spaced multiple-peaked photoel ectron spectraand
anomalougly strong very high-order harmonic generation
(above 30th order).

F. Cooling below the Doppler Limit

Resonant excitation of two-level atoms can give rise to
center of mass motion aswell asinterna transitions, and
various schemes for trapping and cooling collections of
atoms by laser light are based on this. The spontaneous
line-width T of the transition places a so-called Doppler
limit KT =hT'/2 on the lowest temperature T that can
be reached. However, it has been realized that multilevel
atoms allow thislimit to be evaded, and much lower tem-
peratures, in the neighborhood of 50 K (0.000050 de-
grees absolute) have now been recorded.

G. Teleportation

One key consequence of theviolation of the Bell inequal-
ity isto establish the nonlocality of quantum mechanics.
Modern quantum optical techniques permit nonlocality to
be exploited when one “teleports” a quantum state, and
teleportation has been demonstrated in several laborato-
ries. Teleportation here means to send an ideally exact
copy of a quantum state localized at the sender (famil-
iarly called Alice) to aremote site (where the operator is
known as Bob). Teleportation is not in conflict with the
“no cloning” theorem because the original stateto betele-
ported islost in the process, so twins are never created.

Wewill discusstel eportation of the polarization state of
aphoton labeled 1in Alice’s control. We write the photon
state as:

[W1) = alHi) + bVa), where|al® + |b|* = 1,

where H and V refer to horizontal and vertical polar-
ization, respectively (or any pair of crossed polarization
directions). Two more photons, labeled 2 and 3, are used
to teleport this state. They need to be arranged in a Bell-
correlated state, for example
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[W23) = (1/v/2)(IHz, Va) — [Va, Ha)),

asdescribed in Section I V.F. Photons 2 and 3 are “shared”
inthesensethat 2isdirectedto Aliceand 3to Bab, but Bob
and Alice know only that they are sharing a Bell pair and
nothing about its specific nature. Thus this illustration of
teleportation starts with a three-photon quantum system,
whose state ||| W123) iSthe tensor product of the state to be
teleported and the Bell state: ||| W103 = [W1) * || Wos).

The process of teleportation is easily unraveled in the
Bell basis of entangled two-photon states. The Bell basis
for the product space of particles 1 and 2 isthe following
four stateslabeled A, B, C, D:

| W) = L(Hw)IHa) + Vi) [Va)),
[9) = S(1H1 H) — [Va)IV2)),
[ W) = L(HDIV) + V) [ Ha)),
[9)) = L(HL Vo) — Vi) IHa).

Itisnot hard to check that our three-photon state ||| W123),
can be written;

1W1zs) = [ W) * (~bIH3) + a|Vs))

+ 3] wiD) * (b Ha) + a|Va))
+ 1 w) * (~alHaz) + blVs))
3 wip) « (—alHz) — blVa)).

Alice starts the process by performing what is called
a Bell measurement on the two photons available to her
(1 and 2). In doing this Alice collapses the three-photon
jointly held state ||| W123) to one of the Bell components.
Next Alice calls Bob on the telephone to tell him which
component. This signals Bob to make not a measurement
but a unitary transformation on the state of the photon
he has received, photon 3. The transformation he makes
is determined universally by the following teleportation
table:

Alice’s Bell-state projection
0 1
A .
o) [o42) 5=(5 o)
01
(B) —
Iw12) > | wi) w-(l 0)
(-1 0
“2=\o0 1

o [2) (5 5)

This table is constructed so that, after Bob performs the
indicated unitary transformation, particle 3 isin the state

Bob’s unitary operation needed

1912) > [ wi2)
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|W3) =a|Hi) +b|V;). Note that this is the same as the
original state of particle 1, and the teleportation is com-
plete. The reader can check this by choosing the state 3
partner of any one of the Bell componentsin |||W123) and
performing the rotation indicated by the table.

At this point Bob has the original state while Alice has
the entangled Bell pair resulting from her Bell projec-
tion, but nothing of her origina state of photon 1. The
original state is destroyed in the process of teleporting it.
Alice’sinability to know in advance which entangled Bell
state will result from her Bell measurement is mirrored
in Bob’s uncertainty about the unitary operation (polar-
ization basis rotation) required of him before receiving
Alice’sphonecall. Thisuncertainty necessitatesthe phone
cal, and this eliminates any imagined superluminal as-
pect of the process. Thelocations of Aliceand Bob areir-
relevent to the processand they may be separated by agreat
distance.

SEE ALSO THE FOLLOWING ARTICLES
ATOMIC AND MOLECULAR COLLISIONS @ ELECTROMAG-

NETICS o LASERS e NONLINEAR OPTICAL PROCESSES e
OPTICAL INTERFEROMETRY e QUANTUM THEORY
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GLOSSARY

Continuous Pertaining to a variable that can assume all
values from a specified continuum.

Continuum Interval of real numbers, possibly un-
bounded.

Discrete Pertaining to a set of numbers in which every
member is isolated from the others in the set by an open
interval. Also pertaining to a variable that can assume
only values from a specified discrete set of numbers.

M acroscopic Pertaining to physical phenomena occur-
ring on a scale large enough to be observed without the
aid of a microscope.

Quantum Quantity of energy.

A QUANTUM THEORY is a system of explanations of
physical phenomena based on the assumption that cer-
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tain quantities can assume only a discrete set of numerical
values. The first formulation of a quantum theory was pre-
sented in 1900 by Max Planck to explain results of experi-
ments that measured light radiating from a heated body.
Planck broke a tradition of classical physics by assum-
ing that energy was a discrete variable in one situation
in which it had always been considered continuous. He
introduced two other ideas that also may be considered
hallmarks of a quantum theory. One was the hypothesis
that discrete quantities of energy (energy quanta) can be
treated as objects, like particles, subject to statistical laws
of distribution—a foreshadowing of the merger of wave
theory and particle theory. The second was the introduc-
tion of a new constant to the general laws of physics.
Between 1900 and 1925 there emerged the quantum
theories of blackbody radiation, light, specific heat, and
atomic energy, among others. This is the body of physics
commonly called the quantum theory. Beginning in 1925
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al of these theories, as well as the formulation of the
philosophical questions behind them, were merged into
one mathematical formalism called quantum mechanics.
Our discussion of the quantum theory will trace the
mainideasin chronological order fromtheclassical setting
in the 19th century through the birth of quantum mechan-
icsin 1925. Then we will look at some of the controversy
surrounding the modern theoretical foundations of quan-
tum mechanics. And finally wewill look at an example of
how the probabilistic view of nature arising from quantum
theory might actually be used to advantage to build high-
speed quantum computers. In our discussions we won’t
hesitate to paraphrase original ideas and substitute mod-
ern notation when it’s necessary for clear understanding.

I. THE CLASSICAL SETTING

Inthissectionwereview theclassical physicsthat weshall
need for our discussion of quantum theory.

A. Physical Laws and Variables

One of Sir Isaac Newton’s key contributions to science
in the 17th century was the concept of the physical law.
He codified events, like the fall of an apple, into asystem
of words and mathematical expressionsthat brought such
order, clarity, and economy to thought that he was able
to reveal hidden relationships among the events. In fact,
Newton’s laws provided experimenters with the means to
predict with uncanny certainty how some events would
affect the future.

The success of the predictive value of Newton’s laws
was so great that it became a universally accepted princi-
ple of science that it is possible, in theory, to determine
simultaneously the values of al physical quantities asso-
ciated with a given physical event and with those values
predict, with 100% certainty, all future events caused by
thefirst. Weshall seelater how quantum theory challenged
this principle, but first let us examine the law of Newto-
nian mechanics that we shall need for our discussion. We
use modern terminology.

Let uscall aphysical quantity fundamental if its values
are determined by comparing measurements of the quan-
tity against some arbitrarily selected standard. Examples
of such quantities are periods of time (measured in sec-
onds, perhaps) and length (measured in meters, feet, etc.).
Weshall call derived quantitiesthose obtained from funda-
mental quantitiesby mathematical calculations. Examples
of these are instantaneous velocity and acceleration.

One fundamental quantity defined by Newton is the
mass of an object. Mass measuresthe resi stance of objects
to acceleration. An object used to determine a standard
valueof mass, 1kg, iskeptinavaultin Paris. Wecan define
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a derived quantity, force, by setting particles of known
massinto motion. When an object of massm isaccel erated
fromrest, along astraight line, to an acceleration a, we say
the force F causing the acceleration acts in the direction
of the motion and is given by

F = ma. (@D}

Noticethat force, likeacceleration, isdescribed in termsof
direction, and so it is a vector quantity. The magnitude of
force necessary to accelerate 1 kg of massto a magnitude
of 1 m sec? is called 1 newton (N). Equation (1) is a
formulation of Newton’s second principle of motion.

Let us look more closely at the meaning of Eq. (1).
We think of thelettersin the equation as place holdersfor
numbers. Thatis, if weassign numberstotwo of theletters,
we can manipulate the equation to compute the number
that must be assigned to the third letter, if the equation is
to be true. So we call the letters variables. A variable in
an equation is called continuous if the numbers that can
be assigned to it comprise an open (possibly unbounded)
interval. For example, if we assumethat we can accel erate
an object of given mass to any magnitude of acceleration
between values —x and x, thenthevariablea in Eq. (1) is
continuous with domain of assignability (—x, x).

Some variables, however, can be assigned values only
from a discrete set of numbers. A set of numbers S is
called discrete if every number in S belongs to an open
interval that contains no other members of S. The set of
integers, for example, is a discrete set of numbers. In the
equation cos2Nrw =1, the set of values for N for which
the equation istrue can comeonly from the set of integers.
Thus, N isadiscrete variable in that equation.

The word discrete, as we have defined it, is relatively
modern. Physicists traditionally have used the word dis-
continuous instead. One of the revolutionary ideas of
guantum theory was the assumption of the discontinuity
of some variables that had always been considered con-
tinuous in classical physics.

B. Mechanical Energy

Energy isthe capacity to dowork. We present here, briefly,
theclassical definitions of potential and kinetic energy for
aparticle moving in afield of force.

Let R denote a region of three-dimensional space and
suppose that at every point p in R there is a three-
dimensional vector F(p) assigned to that point. Wecall F
avector field. Supposealsothat f isareal-valued function
on R, that Vf isits gradient, and that

F(p)==Vf(p) )

for every point p of R. Any function f that satisfiesEq. (2)
is called a potential function for F. If F(p) represents a
force a every point p, we call F aforce field.
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If y isany differentiable pathin R from point p =y (a)
topointg =y (b), andif f isapotential functionfor force
field F', then we definethe work done by moving aparticle
along y through force field F by the line integral

W:ﬁF €)

The work depends only on the end points of the path, and
not on y itself. We can express this by the equations

b
f F= f Fo@)-y'()dt = £@) — f(p). ()
y a

which can be proved using Eq. (2).

We have, then, that f(¢) — f(p) isthework doneif we
moveaparticlethrough forcefield F from paoint p to point
q. Sinceany two potential functionsfor F must differ only
by aconstant, that amount of work can be calculated from
Eqg. (4) using any potential function for F. We call that
amount of work the potential energy difference between
point p and point g.

Itispossibleto definean absolute potential energy func-
tion PE by selecting any point s in R and deciding what
the potential energy P isto be at the point. Then for any
potential function f for F, we can define the potential
energy at every point p to be

PE(p) = P+ f(p) — f(s). ©)

This function PE differs from f by a constant, so it isa
potential functionfor F, and itsdefinition does not depend
on the choicefor f.

An example of a potential energy function arises when
aparticle moves about R, all of three-dimensional space,
in afield of aforce of attraction between the particle and
thepoint O at theorigin of R. The potential energy can be
negetive at every point p, with large negative values near
O andthepotential energy approaching zero at pointsvery
far from O. Then to move the particle from adistant point
p along a straight line toward O to apoint s closer to O
requiresnegativework, becauseitismovementinthesame
direction as the force exerted by the field. Thisresultsin
a change of potential energy from one negative value to
amore negative value, which is considered a decrease in
potential energy. As we shall see, an electron in an atom
is subject to a potential energy function of thistype.

Now let us consider kinetic energy. A forcefield F that
satisfies Eq. (2) for some potential function f is called
a conservative force field. A particle placed in a conser-
vative force field and alowed to react solely to the force
exerted by the field will move from point to point, aways
in the direction of decreasing potential energy. During the
motion, we ascribe to the particle at each point p akinetic
energy defined by

KE(p) = mu(p)?/2, (6)
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wherem isthemassof the particleand v(p) the magnitude
of the velocity of the particle when it is a point p. The
kinetic energy is equal to the amount of work that must
be done to accelerate the particle from a state of rest to a
state of motion with velocity of magnitude v(p).

Thelaw of conservation of energy states that, through-
out the motion of the particle, the total energy

E(p) = PE(p) + KE(p) (7)

has the same value for every point p.

A useful exampleisthat of thekinetic energy of aparti-
cle of massm rotating at constant speed in acircular orbit
of radiusr. Suppose that at every point the particleis sub-
ject to aforce toward the center of the orbit of magnitude
F and that its velocity at every point has magnitude v. It
follows from some routine cal culations that at each point
the particle is subject to an accel eration toward the center
of the orbit of magnitude a = v?/r. Then we have from
Eq. (1) that F =ma =mv?/r, so that we can obtain the
kinetic energy of the particle at every point in its orbit as

KE = %mv2 = %Fr. (8)

Later, we shall make use of this equation.

C. Electromagnetic Energy

In the late 19th century James Clerk Maxwell combined
theoriesof electricity and magnetisminto atheory of elec-
tromagnetic fields. Such afield isaregion of spaceat every
point of whichisavector of el ectromagneticforcethat acts
on any charged particle placed at the point. Thework done
astheforce movesthe particleisameasure of the electro-
magnetic energy of the field. Such fields surround every
charged particle, and if a charged particle is accelerated,
some of the field surrounding it leaves the vicinity of the
particle and travels off into space. We call this traveling
field a wave of electromagnetic radiation. We can mea-
surethe energy of the radiation by measuring thework the
wave can perform in moving a charged particle placed in
its path.

It will not be necessary for our discussion of quan-
tum theory to examine the quantitative relationships in-
volved with electromagnetic theory, but it isimportant to
know that these relationships, known as Maxwell’s equa-
tions, requirefieldsof electromagnetic forceto be continu-
ous vector fields. Electromagnetic energy cal culated from
Maxwell’s equations is hecessarily a continuous variable.

D. Entropy

Entropy was originally defined as a measure of the rela-
tionship between temperature and energy. The total me-
chanical energy due to the motion of the moleculesin a
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given substance is called the thermal energy of the sub-
stance. Some of this thermal energy can be made to do
work if the substance is allowed to cool.

In the early part of the 19th century Sadi Carnot pro-
vided a theoretical model of an engine that transforms a
fall in temperature of a substance into mechanical energy.
Some years later Rudolf Clausius and William Thomson
(Lord Kelvin) observed the following about Carnot’s en-
gine: Of the total difference in thermal energy resulting
fromadrop in temperature from T3 (degreesKelvin) to 7»
in a Carnot engine, only the fractional portion 1 — 7>/ Ty
can be transformed into mechanical energy to do work,
even under the most ideal theoretical conditions. The re-
maining portion of energy isredistributed in the substance
of theengine. Notethat no work can be obtained fromther-
mal energy without a strict decrease in temperature.

Theprinciple of Carnot’sengine appliesto agasat tem-
perature 71 occupying avolume V; and exerting pressure
P; onthewallsof itscontainer. Let ussay that thisgasisin
amacroscopic statew; = (P1, V1, T1). Supposewewishto
changethe state of the gasto w, = (P2, V2, T2). We could,
if we wished, change states without changing temperature
by allowing the gasto expand slowly against one movable
side of its container, decreasing pressure and increasing
volume. Since work, or mechanical energy, is obtained
from this process (assuming the side resists movement),
we can add thermal energy to the gas to counteract the
temperature drop necessary to supply the work. On the
other hand, we could, at least theoreticaly, alow the gas
to expand in avacuum, increasing volume without chang-
ing pressure. In this case, no work isdone and temperature
can remain constant without an addition of thermal energy.
The first type of change from w; to w», requiring an ad-
dition (or subtraction) of thermal energy, if temperatureis
to remain constant, is called areversible change of state.

Now suppose we wish to passin tiny reversible incre-
mental stepswy, wy, ..., w, from someinitia state w; to
somefinal state w,,. Denote by A E; the changein thermal
energy for the gas as it goes from state wy, t0 wy41. Now
consider the number

Swn ) = 30 5 ©)
k=1 "k
Clausius proved that for reversible changes of stete, the
sum of Eg. (9) depends only on w; and w, and isinde-
pendent of the sequence used in changing from the initial
tothefinal state. Hecalled thisintrinsic differencebetween
thetwo states adifferencein the entropy of thegas. Notice
that, aswith potential energy, wedo not haveavaluefor the
absolute entropy until we assign a value to one state.
Thetheory of entropy was eventually extended to phys-
ical systems other than fixed amounts of gas. A physical

system can consist of a mixture of gases or particles of
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different kinds, or a region of space containing items of
unknown nature. Even the entire universe can be consid-
ered a giant physical system. Extending the theory of en-
tropy was not easy. Among the most difficult tasks was
assigning meaning to the notion of the “state” of various
physical systems. We shall return to that problem later, but
let us continue our discussion of entropy supposing that
“states” have been defined.

Asinthetheory of gases, changesin the state of aphysi-
cal system can be classified asreversible or nonreversible.
If we consider a sequence wq, wy, ..., w, Of reversible
changes in state for a system at absolute temperature 7,
aswe did to obtain Eq. (9), then the incremental change
in entropy from state wy to wy1 is denoted

ASy = AE/T, (10)

where AE; isthe incremental change in the total energy
of the system.

We examine our next step carefully. It reveals an as-
sumption taken so much for granted in the physics of the
19th century that it was seldom, if ever, explicitly dis-
cussed then. The challenge to that assumption was at the
very heart of quantum theory in the early 20th century.

We have in Eq. (10) arelationship between differences
in entropy and differences in energy. For agasin a con-
trolled experiment, preciseval uesfor thesedifferencescan
be measured. If we assign a particular value of entropy to
aparticular value of energy in an experiment, itispossible
to use EQ. (10) to write an explicit relationship between
absolute entropy and energy at temperature T for states
w1, W2, ..., Wy

S = E/T. (11)

Next comes the assumption. We assume that the states
wi, Wo, ..., w, were chosen from a continuum of states
sothat Eq. (11) provides adiscrete set of valuesinwhat is
really a continuous, in fact, differentiable function of en-
tropy in terms of energy. Time and again physicists iden-
tified one physical quantity as a function of another one,
and assumed that the functional relationship was continu-
ous and that the ability to measure arbitrarily small differ-
ences in the quantities was limited only by the ability to
build arbitrarily precise and accurate measuring devices.
Although this assumption will be reexamined in our dis-
cussion of quantum theory, it allows us to take our next
step to obtain an expression involving entropy that we
shall need in the sequel.

We rewrite Eq. (10) as ASy/AE,=1/T and use our
assumption to pass to infinitesimally small incremental
changes to obtain an expression for the derivative of en-
tropy with respect to energy:

dS/dE = 1)T. (12
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This equation was a basic building block in the original
construction of the quantum theory.

E. Specific Heat

As we mentioned in the preceding section, the thermal
energy of a substance is transformed into mechanical en-
ergy when the substance undergoes adrop in temperature.
Conversely, energy supplied to a substance can raise its
temperature. Let us consider cases in which a substance
does not change pressure (if itisagas) or volume while it
undergoes changes in temperature.

Throughout the 19th century experiments were per-
formed to determine the amount of energy required to
raise fixed amounts of various substances one degree on
a temperature scale. It was discovered that the relation
between the amount of energy added to a substance and
the resulting rise in temperature depends not only on the
material of the substance but also on the temperature of
the material during the addition of energy.

Let us consider a fixed substance. Consider a sequence
Ti, ..., T, of temperatures. Denote by AT, the changein
temperature from 7;, to 7,1, and by A E; the correspond-
ing change in thermal energy of the substance. Now we
definethe heat capacity of the substance at temperature T
as

C(T) = AE/AT,. (13)

Using the assumption of differentiability mentioned in our
discussion of entropy, we can then pass to infinitesimally
small incrementsin Eq. (13) to arrive at the definition for
the heat capacity of the substance at temperature T as

C(T) = dE(T)/dT. (14)

The specific heat of a substance at temperature T is
defined asitsheat capacity per unit mass. Thus, asubstance
of massm has specific heat at temperature T given by

o(T) = C(T)/m. (15)

Although we have defined heat capacity and specific
heat as functions of temperature, one often hears a phrase
such as “the specific heat of copper” without mention of
temperature. That isbecausetheval uesof theheat capacity
of most substances are nearly constant over a range of
room temperatures, and it is this constant value that is
often called the heat capacity of the substance.

F. Boltzmann Statistics

In the late 19th century Ludwig Boltzmann undertook
the task of providing a more precise rel ationship between
changesin mechanica motions of molecules and changes
in entropy. His theory rested on notions of distributing
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numbers according to laws of probability, and this notion
was akey inspiration to the devel opers of quantum theory.

Let us consider a gas in a closed container and the
macroscopic states of the gas defined as w= (P, V, T)
when the gasisat pressure P, volume V, and temperature
T. We shall restrict our attention to changes in macro-
scopic state due solely to changes in temperature, leav-
ing pressure and volume fixed. Consider one macroscopic
state w, and suppose that the gas consists of N molecules,
each with a specific energy, and that in state w the total
thermal energy of thegasis E.

Next we shall partition the real-number interval [0, E]
into p subintervals Ji, ..., J,, each of length e = E/p.
We then assign each of the N molecules to one subinter-
val according to the amount of energy it has. For a given
assignment we consider a p-tuple of numbers(l4, ..., 1),
wherel; isthenumber of molecul esassigned to subinterval
J;. We call such a p-tuple a microscopic state of the gas.
Forexample,if i =Nandl,=I3= --- =1, =0,thenthe
gasisinmicroscopic state (N, O, . . ., 0), and we canwrite
thetotal energy of thegasas E = pe ~ Ne =[1¢. Theap-
proximation follows since all N molecules have energy
values in interval J;, which has the number ¢ as an end
point. So each molecule has energy approximately equal

to e. For an arbitrary microscopic state (I1, ...,1,), we
have an approximation of E given by
p
E~Y lix, (16)
i=1

where each x; isan arbitrary value in subinterval J;.

It is assumed that the molecules are distinguishable,
so that there are many ways a specific microscopic state
can be achieved. In other words, interchanging one of
the molecules in subinterval J,, with one in subinterval
J,, does not change the microscopic state, which depends
only onthe p-tuple (/1, ..., [,). It can be computed from
standard methods in combinatorics that the total number
of ways the molecules can be assigned among the subin-
tervals to achieve a given microscopic state (/1 . .., [,) is

Wl ... 1)) = NI/l -1, (17)

Now if W(l,...,1,) is ahigh number, many assign-
ments of the molecules to the subintervals result in state
(I1,....1,). Ifitisasmall number, few assignments result
inthat state. The common way to expressthisin physicsis
tosay that W(l4, . .., I,,) istheprobability for microscopic
state (I1,...,1,) to occur. A state where W(ly,...,1,)
achievesamaximum valueisastate “most likely to occur,”
and that is called a state of statistical thermal equilibrium.

Another way to describe W isto call it ameasure of the
“disorder” of the molecules. States highly likely to occur
are those having coordinates nearly equal. They are said
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to bein astate of high disorder. That iswhy it is often said
that entropy is a measure of the disorder of the universe.
Now if we have two systems that we combine into one
(e.g., two gases in the same vessdl), then an increase in
entropy S1 and S, of the systems individually must result
in an increase S1+ S, of the entropy of the combined
system. On the other hand, if Wy is the probability for
a given state for one system with entropy S; to occur,
and W, is the probability for a given state for the other
system with entropy S, to occur, then the probability for
the combined system to be in both states simultaneously
isthe product W1 W>. So the relationship between entropy
S and the probability W of amicroscopic state of asystem
must be the one that relates multiplication to addition,

S=kinw, (18)

where k is a constant. This is Boltzmann’s key entropy
equation, although he never wroteit thisway. The constant
k, now known as Boltzmann’s constant, was the subject
of much research at the beginning of the 20th century.

Observe that, at thermal statistical equilibrium for a
given energy, W is a maximum and hence S is aso. A
macroscopic state of statistical thermal eguilibrium, there-
fore, isastate of maximum entropy for agiven energy, and
that macroscopic state can occur for many different mi-
croscopic states.

Let us conclude our introduction to Boltzmann statis-
tics by mentioning a step that Boltzmann took whenever
he applied his calculations. By using the assumption of
continuity we discussed in Section 1.D, he let the number
of subintervals of the energy interval go to infinity and the
size of each subinterval go to zero. As we shall see, the
success of quantum theory rested on not taking that step.

IIl. BLACKBODY RADIATION: THE BIRTH
OF QUANTUM THEORY

A. The Blackbody Furnace

Particlesabsorb and radiate €l ectromagnetic energy. Some
absorb very littleincident radiation (reflectors), and others
agreat deal (absorbers). Objects can be made to radiate
electromagnetic energy when they are heated. We seethis
when we watch glowing coals in a dying fire, for light
isaform of electromagnetic radiation. The most intense
energy is radiated by objects that are the best absorbers.
A perfect absorber is called a blackbody.

Physicists can simulate a blackbody by building a box
and placing atiny holein one side of the box. The holeis
the blackbody, because nearly all electromagnetic energy
falling on the hole will enter into the box and not emerge
again. We shall call such abox ablackbody furnace.
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Supposewe build such afurnace and heat theinterior of
it and hold it at constant temperature 7' (degrees Kelvin).
Theparticlesinthefurnace, dust, for example, and the par-
ticles making up the walls of the furnace will absorb and
radiate electromagnetic energy until the interior reaches
a state of equilibrium. That is when each particle is ab-
sorbing exactly the same amount of energy it isradiating.
Inreality, if atiny bit of radiation energy escapes through
the hole, more energy is being emitted than absorbed by
some particles, but we can ignore that tiny difference and
consider the electromagnetic energy in the furnaceto bea
field of electromagnetic energy in a state of equilibrium.

We now wish to measure the intensity per unit volume
of the electromagnetic energy in the furnace. In practice
we can do this by letting a small amount of electromag-
netic energy radiate from the box through the hole. When
this was done in the late 19th century, it was found that
the intensity varied with the temperature T and the fre-
guency v of the radiation. This can be observed, for ex-
ample, by shining the light from the furnace through a
prism and measuring the intensity of the light at different
frequencies. Other variables were considered. For agiven
temperature and frequency the size and the shape of the
furnace were varied. Furnaceswere built from avariety of
materials, and particles of different materials were placed
in the furnaces. None of these changes affected the in-
tensity of the electromagnetic energy, which appeared to
depend only on frequency and temperature. Thus, it was
hypothesized that there exists an expression I for the en-
ergy intensity in aunit volumein the furnace asafunction
of frequency v and temperature T that is fundamental to
blackbody radiation.

Inthe late 19th century there began an intense and frus-
trating search for thefunction I based on asound theoreti-
cal model and verified by experiment. Well-known laws of
classical electromagnetic radiation, thermodynamics, and
mechanics were blended together to give formulationsfor
I that werepatently absurd. Ontheother hand, expressions
for I extrapolated from experimental data were accurate
to various extents but stood wholly without theoretical
foundations. The search for an explanation of blackbody
radiation led to the birth of quantum theory.

B. The Extrapolated Formulas

Let us begin the search for the function I in the same way
it was begun by physicists around the turn of the century:
by examining experimental data. For varioustemperatures
T, ..., T,, we plot the observed values for I(v, T;) as a
function of v. Four such plots areillustrated in Fig. 1.
For a specific temperature T, if 1(vy, T) and 1(vo, T)
are the energy intensity per unit volume at frequencies
vy and vy, respectively, then the total energy intensity in
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FIGURE 1 Graphs of energy intensity per unit volume as a func-
tion of frequency for blackbody radiation in thermal equilibrium at
four different temperatures.

a unit volume containing electromagnetic energy of all
frequencies between v, and vy is

V2
E(T, vy, vp) = / I(v, T)dv. (19
Because the total energy over a range of frequencies
(called aspectral range) isgiven by anintegral, I iscalled
a spectral density function. If all frequencies are present,
the total energy in a unit volumeis

E(T) = /0 " . T)dv, (20)

a function of temperature only. It was an observation of
Josef Stefan in 1879 that E(T) was proportional to the
fourth power of T. This observation, as well as others
gathered from empirical data, became guideposts in the
search for ageneral theory of blackbody radiation, for no
theory can gain wide acceptance if it cannot be shown to
be in agreement with available experimental evidence.

Another observation we can make from Fig. 1 is that
for any given temperature there is a single frequency of
maximum intensity, and this frequency depends on the
temperature. Thischaracteristicof 7(v, T') isknown asthe
displacement property, becausean increasein temperature
“displaces’ thefrequency of maximum intensity farther to
theright on the v axis. In 1894 Wilhelm Wien set down a
displacement formulathat was verified experimentally by
Friedrich Paschen in 1899.

Wien also published an expression for 7 (v, T') in 1896,
which agreed with much of the experimental dataavailable
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at thetime. Hisformulawas in the form
(v, T) = aviexp(—bv/T), (21)

where a and b are constants. Soon after it was published,
Wien’sformulawas found to be inaccurate for low values
of v/T.

Between 1897 and 1900 Max Planck worked on obtain-
ing a better formula, one with a theoretical explanation
based on classical principles of physics. No satisfactory
explanation had accompanied Wien’s empirical formula
[Eq. (21)], and as we shall see in the next section, it was
Planck’s search for this explanation that led him to quan-
tum theory.

C. Planck’s Empirical Law

A scientific theory sometimes seems to one who reads
about it to be a stroke of genius, and often it is. What
the reader does not know, however, isthat often the author
had apeek at the ““right answer” before devel oping the the-
ory. Such was the case with Max Planck, who presented
his theory of blackbody radiation to the Physikalische
Gesellschaft in Berlin on December 14, 1900. That isthe
date often cited as the birthday of quantum theory. We
begin our examination of Planck’stheory in the same way
he developed it, by peeking at the “right” radiation law,
which he himself had found.

Let us suppose that the walls of the blackbody furnace
and the particles in the cavity are all composed of tiny
linear harmonic oscillators (Planck originally called them
resonators) that emit and absorb electromagnetic energy.
Using classical laws of thermodynamics and el ectromag-
netism, it can be shown that

I(v,T) =av’E(, T), (22)

where a is a constant and E(v, T') is the average (over
time) of the energy intensity of atypical oscillator vibrat-
ing at frequency v. It would take ustoo far afield to follow
the derivation of Eq. (22), but it isimportant to note here
that the classical laws of electromagnetic energy onwhich
it relies require that the amplitude and energy of the vi-
brations of alinear oscillator be continuously variable.

If we accept this model of linear oscillators, the search
for I becomes a search for E to fit into Eq. (22). Planck
used the second law of thermodynamics and a keen in-
tuition for interpolation between formulas known to be
successful in different portions of the temperature scaleto
arriveat anexpressionfor E. Theresult, Planck’sradiation
law, is of the form

E(w,T) = hv/[exp(Bv/T) — 1], (23)

where B and h are constants. This formula when placed
into Eq. (22), givesexcellent agreement with experiment at
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awide range of temperatures and frequencies. Convinced
that he had the “right” radiation formula, Planck then set
about finding the precise mechanical model for thefurnace
and atheory about how it operated to yield this result.

D. The Quantum Theory
of Blackbody Radiation

If our basic assumption isthat the furnace and the particles
init are composed of linear oscillators, two questionsarise
immediately: How many oscillators are there, and how
arethetotal radiant energy andtotal entropy of the furnace
distributed among the oscillators?

We shall answer the first question, as did Planck, inthe
simplest way, by assuming that there are finitely many os-
cillatorsfor each frequency v, say N, . If wewrite S(v, T')
for the entropy of a linear oscillator in thermal equilib-
rium at temperature 7 and frequency v, and E(v, T') for
its average energy, then we have for the total entropy and
total energy of al oscillators having frequency v

Sty = NS, T) and  Eyq, = NE(W, T). (24)

Our search for E continues on the basis of a relation be-
tween E and S.

If wesolveEq. (23) for T anduseEq. (12), whichrelates
energy to entropy, by writing dS(v, T)/dE(v, T)=1/T,
we can perform an integration to obtain the entropy for a
single oscillator,

1+EW,T)/ hv
5.7 = b [

[E(v, T)/ hv]E@.T)/hv

}—’—D,

(25)
where D is a constant of integration. We shall return to
this equation later.

The next step was described by Planck as “an act
of desperation.” He had been a dedicated opponent of
Boltzmann’s view that a total amount of energy in a gas
was distributed among a finite number of molecules ac-
cording to laws of probability and combinations. Laws
of probability permit exceptions, and Planck thought that
such laws had no place in a theory of thermodynamics,
which he held to be valid without exceptions. Yet now
he saw that such a view point could be taken to move
him along toward a derivation of his own radiation law.
With a flexibility that often distinguishes the creative ge-
nius from the pedant, Planck adopted ideas of Boltzmann
that he had previously rejected. L et us continue following
Planck’s reasoning.

To obtain discrete quantities of energy to distribute over
our oscillators, we divide the total energy Eiq,, into p
elements of size ¢, so that

Eot,y = pe = Ny E(v, T). (26)
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To simplify notation we shall now drop the symbols v and
T inwhat follows, bearing in mind that we have N oscil-
lators, all at equilibrium at temperature T and vibrating
with frequency v.

According to Boltzmann’s theory, if a system isin a
given microscopic state with probability W, then the total
entropy S is proportional to In W,

S=kinw, 27)

where k is a constant. The task now isto calculate W for
our system of oscillators. Thiswill be the total number of
waysthe p energy elements can be distributed among the
N oscillators. Notethat, although we aretaking acuefrom
Boltzmann, our approach differsinthat our “states” reflect
distributions of p humbersamong N oscillators, whereas
Boltzmann’s states reflect distributions of N molecules
over p intervals of real numbers.

Let us count the possible distributions of energy ele-
ments among oscillators. Suppose, first, that one oscillator
isassigned al p energy elements. There are N ways that
this distribution could occur. That is each of the N oscil-
lators in turn could be assigned all the energy. Another
distribution might be to assign al but one energy unit to
one oscillator and the remaining one to another. There are
N(N — 1) waysto achieve thisdistribution. It isaroutine
calculation in combinatoricsto show that the total number
of waysto achieve all possible distributionsis

W = (N + p—1)/pi(N — 1)! (28)

Since N isvery large for practical purposes, one can ne-
glect the subtraction of 1 in Eq. (28) to obtain

W = (N + p)!/p!N! (29)

Wesimplify W further by using Stirling’sformulax! ~ x*
to obtain

W = (N + p)NTP/NV pP. (30)

Wenow havetwo expressionsfor thetotal entropy of the
system. After an algebraic manipulation using Eq. (25),
we obtain the total entropy (for frequency v and tempera-
ture T):

Stot = NS
Nh E E
=—|(1+—)In(1+ —
B|:<+hv> <+hv)

—%In(%)} + D. (3D

At the same time we have directly from Eq. (27), using
Eq. (30), a bit of algebraic manipulation, and the substi-
tution p/N = E /e from Eq. (26):
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StotZkan
=k[(N + p)In(N + p)— NInN — plnp]

-offa+2)n((1+£)2)

p
—InN — —=1n
N "}

_ kzv[<1+ g) In<1+ g) - glng}. (32)

Both Egs. (31) and (32) give the total entropy contributed
by N oscillators. Dividing each by N gives two expres-
sions for the entropy S of a single oscillator in terms of
energy E and frequency v, still at temperature 7. How can
we make both expressions for S equivalent? The answer
isclear. Set h/B =k and set

&= hv. (33)

This last equation provides the key that now allows
us to construct a theory to derive Planck’s radiation for-
mula (23). Thisisthe quantum theory.

We begin with the supposition that the furnace is com-
posed of linear oscillators and that, for a fixed frequency,
the total entropy contributed by N oscillators in thermal
equilibriumwiththat frequency isgivenby Eq. (27), where
W isinterpreted according to our discussion following that
equation. We then follow the manipulation of Eq. (27),
which we used to derive Eq. (32). Setting ¢ = hv, des
ignating ¢ as a “quantum” of energy, and then dividing
Eq. (32) by N, we obtain the entropy S for a single os-
cillator in our theory. If we differentiate this expression
for S with respect to E, and set the derivative egqual to
1/T according to Eq. (12), we then can solvefor E. This
derivation yields the “correct” radiation law:

E(W,T)=hv/[exp(hv/kT) —1]. (34)

Thus, the quantum theory was born.

When Planck put this formula into Eq. (22) and then
integrated over v toget E(T'), heobtained Stephan’sfourth
power law and verified Wien’s displacement law, each of
which he wrote in terms of the new constant . Knowing
the experimental values for these laws, he was able to
compute avalue for A:

h = 6.55 x 107" erg sec (energy timestime).  (35)

This constant was to emerge at the very heart of many
theories of physics throughout the 20th century and, in
fact, was to play a crucia role in the fundamentals of
guantum mechanics.
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IIl. EARLY EVOLUTION

A. Difficulties with Planck’s Theory

Some of the difficultieswith Planck’stheory of blackbody
radiation were obvious immediately; others were quite
subtle and were not discovered until several years after
the presentation of the theory in 1900.

Consider, first, the fuzzy relationship between Planck’s
use of probabilism and Boltzmann’s. Aswe mentioned in
Section |.F, after Boltzmann partitioned the energy inter-
val into finitely many subintervals, he later allowed the
number of subintervals to approach infinity and the size
of each subinterval to approach zero. That was required
to apply the classical continuity assumptions he needed
in applications of histheory. Planck carefully noted in his
address to the Physikalische Gesellschaft in 1900 that his
energy quanta e = ~v must not be allowed to tend toward
zero. Thefiniteness of the number of oscillators N, makes
it essential to maintain the finiteness of the number of en-
ergy quantain order to apply the combinatoric procedure
associated with Eq. (27).

Therewasanother discrepancy between Planck’stheory
and Boltzmann’s statistical mechanics. It had been agen-
erally accepted principle of statistical mechanics that, in
an aggregate of oscillatorsinthermal equilibrium, all with
the same number of degrees of freedom, the toa energy
of each oscillator must, on average (over time), be dis-
tributed equally among its degrees of freedom. This prin-
ciple was a consequence of what was called the equipar-
tition theorem. If Planck had applied the theorem to his
oscillators, then instead of Eq. (34) he would have ob-
tained E(v, T) = kT and would have arrived at an incor-
rect radiation law. Planck’s theory violated the principle
of equipartition. It isnot completely clear whether Planck
was even aware of this principlein 1900.

A more fundamental difficulty, alogical inconsistency,
was recognized by Albert Einstein in 1905. Planck had
originaly thought of his partitioning of the total energy
into discrete quantities as amathematical deviceto obtain
numbers to treat with probabilistic arguments. He did not
realize until it was pointed out by Einstein that, for his
derivation to be consistent, each of his oscillators had to
be assumed to be able to absorb and emit energy only over
a discrete range of values. On the other hand, Planck’s
derivation of Eq. (22) requires that the oscillators be able
to absorb and emit energy over a continuum of values.
It is therefore inconsistent to put Eq. (32) together with
Eq. (22) to arrive at aradiation law.

Despite the difficulties, Planck’s theory of radiation
was acknowledged for the accuracy of the formula re-
sulting from it, and history shows that the theory itself
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revolutionized physics. The “discontinuity” (more accu-
rately, the “discreteness”) of the energy variable and the
statistical nature of the behavior of discrete energy quanta
were ideas that were to become the foundations of a new
and controversial view of the universe.

Albert Einstein, of course, was as important to quan-
tum theory ashewasto nearly every other development of
physicsin the early 20th century. Sometimes afriend and
sometimesafoeof therapidly evolving quantumtheory, he
made important contributionsto it and, merely by paying
attention to it, helped to spur the interest of the scien-
tific community. Let us now discuss two ideas of Einstein
that were instrumental in placing the “quantum” in the
forefront of physics.

B. Einstein’s Theory of Light Quanta

Einstein set forth histheory of light in one of three papers
published in 1905. He won the Nobel prize for that paper,
and athough it is commonly referred to as his paper on
the “photoel ectric effect,” it really was much more.

Einstein was disturbed by the dualism in physics be-
tween particle mechanics and the electromagnetic wave
theory of Maxwell. The fundamental difference was the
discrete nature of the former as opposed to the continuous
nature of the latter. The continuous wave theory of light
wasinadequate to explain some experimental phenomena.
For example, it was known that ultraviolet light incident
on apiece of metal causeselectronsto be emitted from the
metal. Contrary to electromagnetic wave theory, however,
the velocity of an emitted el ectron does not depend on the
intensity (wave energy determined by amplitude) of the
incident light, but instead is a function of its frequency.
This phenomenon is known as the photoel ectric effect.

One of Einstein’s motives for investigating light was
to explain this effect, although his bold explanation was
such aviolent departure from accepted theory of the wave
nature of light that it had implications far beyond consid-
eration of the photoelectric effect. In particular, it had a
profound influence on the development of quantum the-
ory, although, ironically, Planck rejected Einstein’stheory
of light.

We begin our development of the theory of light by
returning to light radiation in the cavity of a blackbody
furnace in thermal equilibrium at temperature 7. As be-
fore, consider the spectral density function 7 (v, T'), which
gives the energy intensity per unit volume in the cavity
due to the portion of radiation having frequency v.

Let us write S(Z, v) for an entropy density function,
which gives the entropy per unit volume as a function of
energy intensity and frequency v, and consider that our
first task is to find the correct expression for S(Z, v) in
termsof I and v. Our notationisabit redundant, since isa
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function of v, but it will make our subsequent calculations
easier to follow.

We shall follow Einstein and use Wien’s expression
for I,

I(v, T) = av®exp(—bv/T) (21)

instead of Planck’s, even though it was well known that
Wien’slaw wasvalid only for largevaluesof v/ T. Solving
Eq. (21) for 1/ T, we obtain

1/T = —In[I(v, T)/av®]/bv. (36)

Then, using the fact that the derivative of entropy with
respect to energy isequal to 1/ 7, we get

as(1,v)/0l =1)T. (37)

We then substitute Eq. (36) into Eq. (37) and integrate
with respect to I to obtain the entropy function

—I(v, )[In(I(v, T)/av®) — 1]
bv '

Now consider avolume V inthecavity, and supposethat
the radiation is nearly monochromatic, say of frequency
v. The radiation energy in volume V for frequency v is
given by another spectral density function,

E(w,T) = VI, T). (39)

S(I,v) =

(38)

The entropy in volume V for frequency v isthen found
by solving Eq. (39) for I(v, T) and substituting into
Eq. (38):

S(E,v) =VS(,v)
_ —E(, T)IN(E(v, T)/Vav®) — 1]
- ™ )

Next we recalculate a new entropy for a volume V’
smaller than V. For the same energy E(v, T), substitute
V’into Eq. (40) to calculate S’. Thenthe entropy decreases
by an amount

(40)

—EW, T)In(V'/V)
bv '

Now werelate Eq. (41) tothekey relation of Boltzmann
statistics, S =k In W, which applies to an ideal gasin a
closed container. (Einstein used this equation in his paper
of 1905 but did not express it using the letter k.) For a
change of the gas from one state W to a state W’, the
corresponding change in entropy is

S—8 =—kIn(W/W), (42)

where W isinterpreted as the “probability” or likelihood
for the given state to occur.

Boltzmann statistics applies to a finite humber of
moleculesin agas. We are not considering agasin black-
body radiation, nor arewe explicitly using Planck’s model

S(E,v)— S'(E,v) =

(41)
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of finitely many “oscillators.” What then shall we consider
as the meaning of a “state” in our context? Returning to
our derivation of Eq. (42) in terms of achange in volume
from V to V', let us recdl that, if N particles (of any-
thing) areallowed to travel freely in avessel of volume V,
then the probability of finding, at any given instant, all N
particlesin aportion of the vessel having volume V' <V
is

v/ V)N (43)

The corresponding decrease in entropy of the system of
particles from the state of random distribution to the state
of al particlesin the smaller portion is thus

S—8 =—kin(v'/V)N
= —NkIn(V'/ V). (44)

Now we argue backward from Egs. (41) and (44). If we
take the view that Eq. (41) gives the change in entropy
accompanying a decrease in the volume of the blackbody
cavity from V to V’, and we assume that the radiation
energy E(v, T) isdistributed among N independent par-
ticles of some sort, which are alowed to move freely in
the cavity, then the right side of Eq. (41) must equal the
right side of Eq. (45). We then conclude that

Nk =EW,T)/bv or E(v,T)= Nkbv. (45)

That is, monochromatic radiant energy behaves as if it
were composed of independent energy “quanta” of mag-
nitude kbv.

Einsteinimmediately suggested that the samereasoning
could be applied to the radiation of light and thus fired
another shot in the 20th century revolution in physics by
proposing a return to the particle theory of light: a view
considered dead nearly a century. This proposal was so
radical that even Planck, who never considered himself a
revolutionary anyway, rejected it.

Let us see how Einstein’s theory of light quanta pro-
vided an explanation of the photoel ectric effect. If anelec-
tron in ametal strip is set free by the energy of aquantum
of light incident on the metal, then the kinetic energy of
the electron is equal to at most the energy of the incident
quantum, which is proportional to the frequency of the
light. Thiskinetic energy islessthan the energy of thein-
cident light quantum, according to the amount of work re-
quired to overcome the forcestending to keep the electron
bound to the metal. Moreover, increasing light intensity
increases the number of light quantaincident on the metal
and henceincreases the number of electronsfreed; but the
energy of the freed electrons is dependent solely on the
frequency of the light.

Einstein was careful to point out that his light quan-
tum hypothesis, which was motivated in part by Wien’s
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radiation law, was limited to the range of frequencies and
temperatures for which Wien’s law was valid.

Einstein’s approach to quantization differed from
Planck’sin afundamental way. Planck assumed the quan-
tization of energy to derive his radiation law, therefore
showing that the quantum hypothesis was sufficient to
obtain the law. Einstein, on the other hand, started with
Wien’sradiation law and showed that one of itsnecessary
consequences was the quantization of monochromatic ra-
diant energy.

It is aso worth mentioning the advantage Einstein’s
theory had over Planck’s in that it did not involve oscil-
lators and so did not directly contradict the equipartition
theorem.

Let us now look briefly at the data predicted by
Einstein’stheory and verified to a high degree of accuracy
by R. A. Millikan in 1916, about 10 years after Einstein
published his paper. We shall denote the maximum Kki-
netic energy of an electron emitted by alight quantum of
frequency v as

KE = kbv — E, (46)

where E’ isthe amount of energy necessary to removethe
electron from the metal. Note that this kinetic energy isa
linear function of v. When accurate date are plotted as a
linear graph of KE versus v, we can measure the slope of
the line, which turns out to be Planck’s constant %. Since
the nature of the metal affects the kinetic energy of the
electron only in the additive constant E’, the slope i ap-
pearsto be auniversal constant. In other words, kb =h in
Eqg. (46), sothat the energy of alight quantum of frequency
vishv.

Although Einstein and Planck were at odds over thefun-
damentals of each other’s work, this constant 4 provided
an undeniable link between their theories and a powerful
motivating force for further investigationsinto itsrole in
nature.

C. The Quantum Theory of Specific Heat

At the same time Einstein put forth his theory of light he

also proposed atheory of specific heat of solidsthat wasto

becomeanother pillar of quantum theory. Hiswork further

widened the range of applicability of quantum concepts.
Let us return to Planck’s radiation law,

E(v, T) = hv/[exp(hv/kT) — 1] (34)

for the average (over time) energy of an oscillator of
frequency v in a blackbody furnace in equilibrium at
temperature 7. Recall that a consequence of Planck’s
derivation of hisradiation law isthat the oscillatorsin the
radiation field can have energy values only in the discrete
rangeO, hv, 2hv, ..., forthesearethevaluesof theenergy
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elements he uses to distribute over the oscillators to make
his statistical calculations. Einstein understood that this
implied a revolutionary principle that in turn implied a
modification of all theoriesof physical phenomenadealing
with exchanges of energy between radiation and matter.
In particular, the theory of heat, based on the equiparti-
tion law, was at odds with experimental evidence on the
specific heat of solids. He sought a new theory of spe-
cific heat without the equipartition law, similar to the way
Planck had disregarded equipartition in histheory leading
to Eq. (34).

Although Einstein used Eq. (34) in histheory of specific
heat, itisimportant to notethat he provided hisown deriva-
tion of it. To get at the heart of Einstein’s derivation, let
us consider avibrating physical system (e.g., alinear os-
cillator) that can exist in various states of thermodynamic
equilibrium, whilevibrating at frequency v. Let us denote
by ¢(E, v) the energy density function, which, when in-
tegrated between limits E; and E», gives the number of
states that have energy between those limits. Let P be a
probability density function: P(E, T) is the probability
that the system isin a state of energy E when at equilib-
rium at temperature T. Then the energy of the system is
given by the expected value

[ EP(E, T)$(E, v) dE
I P(E, T)$(E, v) CE

Wenow arriveat Einstein’s characterization of ¢, which
defines a principle applicable to al systemsinvolving in-
teraction between vibrating matter and electromagnetic
radiation.

There exists a positive number r, very small compared
with hv (h is Planck’s constant), and a sequence of inter-
vals of numbers |, =[nhv, nhv +r] such that:

Ew,T) = (A7)

1. ¢(E, v) #0onlyforvaluesof E lyingintheintervals
lo, l1, .. ..

2. f,n ¢ (E, v) dE is equa to the same constant for all
integersn=0,1,2,....

Figure 2 showsintervals |, forn=0, 1, 2, 3.

From this formulation of ¢ and the use of expres-
sion P(E)= exp(—E/KkT) (from statistical mechanics)
in Eq. (47), Einstein was able to derive Eq. (34).

What is accomplished by this formulation of ¢ is the
restriction of nonzero energy valuesto aset of small inter-
vals: again, amost a“quantization” of energy. Much more
isalso accomplished, however. First, thevaluehv emerges

o] r hv hy +r

2hy 2hw + r
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as a key energy value with an existence not immediately
tied to linear oscillators. Second, aswe shall seelater, this
generalized derivation of Eq. (34) enabled Peter Debyeto
use it as a point of departure to obtain Planck’s radiation
law without the fundamental inconsistencies contained in
Planck’sderivation. Finally, theformulation of ¢ asaprin-
cipleapplyingtoall systemsinvolvinginteraction between
matter and radiation elevated the status of quantum theory
from an ad hoc assumption about oscillatorsto ascientific
principle.

Let us apply Eq. (34) to vibrating atoms, which deter-
mine the heat capacity of a solid. If an atom has three
independent vibrational degrees of freedom, all vibrating
with the same frequency v, then it can be considered to be
three independent vibrating systems, and so the energy of
each atom is calculated from Eq. (34):

E(v, T) = 3hv/[exp(hv/KT) — 1]. (48)
The energy of 1 g-atom of the solid istherefore
E(v, T) = 3Nhv/[exp(hv/KT) — 1], (49)

where N, known as Avogadro’s numbey, is the number of
atomsin 1 g-atom of the solid in question. From Eq. (14),
the heat capacity of the solid isthen

dEw(v, T) _ 3NK(hv/KT)? exp(hv/kT)
dT ~ [exp(hv/KT) — 12

The formulafor the specific heat of the solid then follows
by dividing Eq. (50) by the mass of the solid. This re-
sult was recognized by Einstein as subject to correction
because it rested on serveral simplification assumptions.
In spite of its need for correction, Eq. (50) represents
the first application of quantum theory to solids. What is
more important, historically, isthat it established that the
principle of quantum theory reached beyond one or two
specific physical phenomena Thiswastheview of Walther
Nernst, who obtained solid evidence of Einstein’sformula
for specific heat and whose elogquent praise of quantum
theory around 1910 was instrumental in the organization
of thefirst Solvay Congressin1911. That wasaconference
of distinguished physicists gathered together in Brussels
for the purpose of discussing the “new” quantum theory.

(50)

D. Debye’s Derivation of Planck’s
Radiation Law

Aswe have noted, Planck’stheory leading to hisradiation
law contains a fundamental inconsistency made clear
by Einstein: the requirement that oscillator energy by

E
3hy 3hw + r

FIGURE 2 Intervals of nonzero values of energy density ¢(E, v) in Einstein’s derivation of the law of blackbody radiation.
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continuously variable for the formula (v, T)=
av?E(v, T) and that it be discontinuously variable for the
formula E(v, T) =hv/[exp(hv/kT) — 1]. Nevertheless,
the unqualified success of the radiation formula itself in
matching experimental results, together with the success-
ful application of the fundamental idea of quantization to
other realms of physics, prompted great efforts to remove
the inconsistency. Thiswas finally accomplished by Peter
Debyein 1910. Let ustrace Debye’s argument.

The key to our success will be the elimination alto-
gether of the need for oscillators. Instead, we consider the
cavity of ablackbody furnace to be a resonating chamber
and draw an analogy between the radiation waves in the
electromagnetic field in the cavity and the vibrations of
an elastic fluid in an enclosed container. This idea was,
in fact, proposed in 1900 by J. W. Strutt, better known as
Lord Rayleigh, who was an expert in sound and likened
blackbody radiation to sound waves.

It is known from the theory of sound that a cubic box
of volume L2 supports standing sound waves of vibration
only in modes of wavelength

A =2L/vKZ+12 +m2 (1)

wherek, |, and m are positive integers.

L et R® stand for three-dimensional space. For each posi-
tive number r, consider the sphere of radiusr centered at
the origin and let S denote the segment of the spherein
thefirst octant. Now if amode of vibration inthe cubic box
with wavelength 2 given by Eq. (51) is associated with a
point (k, I, m) in R of distancer = vk2 4 12 + m2 from
the origin, we have from Eqg. (51) that

A=2L/r. (52

In terms of frequency v = ¢/ (c isthe speed of light, the
speed at which we assume el ectromagnetic waves propa-
gate), we can rewrite Eq. (52) as

r =2Lv/c. (53

Let usnow consider aninterval of numbers(r, r + Ar],
and ask how many points (k, |, m) with integer coordi-
natesliein theregion Q(r, Ar) between § and S 4. If
r isvery large, which it isfor the very short wavelengths
in blackbody radiation, then this number of points can be
approximated reasonably by the volume of Q(r, Ar). To
see this, imagine a large region of space filled with unit
cubes centered at the pointsin the region with integer co-
ordinates. These cubesfill space and each containsexactly
one point with integer coordinates. The larger the region,
the better we can approximate its volume with such unit
cubes. In other words, points with integer coordinates oc-
cupy space with a density of one per unit volume.

Now the volume of Q(r, Ar) can be approximated by
the surface areaof § timesthethicknessof Q(r, Ar). So
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we can write that the number of integer points (k, I, m)in
Q(r, Ar) (one-eighth of a spherical shell) is

N, = 4rr2Ar/8. (54)

Each point with integer coordinates determines amode
of vibration of aparticular wavelength, althoughitisclear
from Eg. (51) that several points (modes) can correspond
to the same wavelength. In addition, in electromagnetic
radiation each mode can be polarized in one of two ways,
so that we must double the right-hand side of Eq. (54) to
account for all possible modes of vibration corresponding
to Q(r, Ar). Now let us use Eqg. (53) to rewrite Eq. (54)
in terms of frequency, replacing Ar with (2L /c)Av, to
obtain

Nv = 8rv2L3Av/c3. (55)

Finaly, we allow Av to become infinitesimally small
and divide by L3 to obtain a density function giving the
density of modes of vibration of the electromagnetic field
per unit volume in the blackbody cavity as a function of
frequency:

¢ (v) = 8rv?/c3. (56)

The next step isto consider a unit volume of the cavity
inthermal equilibrium at temperature T and thetotal elec-
tromagnetic energy | (v, T) due to radiation of frequency
v. Then we partition thistotal energy into discrete packets
of value E(v, T) and distribute these packets among the
modes associated with v according to Eq. (56) to obtain a
spectral density function for energy:

l(v, T) = p(v)E(, T) = 8mv2E(w. T)/c®.  (57)

Thus, we arrive once again at Eq. (22), this time with-
out recourse to classical theory of linear oscillators. To be
sure, this step is no less bold than Planck’s original “act
of desperation” cited in Section 111.D. Debye was encour-
aged to use this assumption of quantized energy by the
derivation of Eq. (34) in Einstein’stheory of specific heat.

To obtain Planck’s radiation law it is now necessary
only to consider each mode of vibration to contribute the
quantized value E(v, T) = hv/[exp(hv/KT —1].

Aswe mentioned above, Debye’s derivation of theradi-
ation law is fundamentally more attractive than Planck’s
because, by avoiding arguments based on classical har-
monic oscillators, it is possible to avoid the inconsistency
in Planck’s theory cited by Einstein. By the same token,
this derivation is noteworthy for its lack of any mechni-
cal model to account for the radiation. It is necessary in
Debye’s approach only to break up the variable, energy,
into discrete quantum values and distribute those values
over modes of vibration of a“vibrating” electromagnetic
field. Thequantumtheory, theassumptionthat the physical
quantity, energy, is adiscontinuous variable, appears here
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as a fundamental law of nature, and the role of the clas-
sical mechanical model as nature’s fundamental building
block is thereby diminished.

Debye’s work is noteworthy for another reason. It out-
lines the basic pattern that characterizes all applications
of what we have called the quantum theory. That is, to
apply the quantum theory to a physical phenomenon, first
find a description of the phenomenon that involves both
energy E and frequency v. Second, set energy propor-
tional to frequency, E = hv, where h isPlanck’s constant.
All applications of early-20th-century quantum theory are
variationson thistheme. If E = mc? has becometheinter-
nationally recognized equation symbolizing the theory of
relativity, then E = hv might well deserve the same status
as the symbol of quantum theory.

IV. THE BOHR ATOM

A. The Planetary Atom

Between 1910 and 1913 an important development in
physics was reported from Manchester, England. Ernest
Rutherford had studied the results of bombarding a thin
metallic foil with particles emitted by a radioactive sub-
stance. By observing how these particles were scattered
after they hit thefoil, Rutherford was ableto proposeame-
chanical model of the atomsin thefoil that could account
for the scattering effect.

Rutherford’s atom consists of a nucleus at the center of
an electric field and asystem of electronsthat rotate about
thenucleusinregular orbits, likeplanetsaround asun. The
electrons have small mass compared with the nucleus, and
each one carriesanegative electric charge e, today consid-
ered to have a value of about —1.6 x 10~° coulomb (C).
Sincethe atomiselectrically neutral, the nucleus carriesa
positive charge Z|e|, where Z isthe number of electrons
in orbit. We call Z the atomic number of the atom.

This planetary model was considered quite a success,
although it contained a fatal flaw, recognized even by
Rutherford himself. The flaw is easy to see. A particle
rotating in an orbit must have an acceleration toward the
nucleus at every instant, or elseit must fly off in astraight
line. According to classical laws of accelerating charged
particles, therefore, rotating el ectrons must constantly ra-
diate energy in the form of electromagnetic radiation, as
we mentioned in Section 1.C. This loss of energy must
result in a decrease in the orbital radius of the electron at
such arate that the electron must very quickly fal into the
nucleus.

Thus, Rutherford’s model is untenable, at least for
atoms having only one electron, such as hydrogen. Atoms
with many electrons might avoid collapse because of com-
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plicated interaction among the orbiting electrons, but no
such escape clause can exist in Rutherford’stheory for the
hydrogen atom.

Niels Bohr, a Danish physicist who had visited
Rutherford’slaboratory inManchesterin 1912, appliedthe
guantum theory to the planetary model of theatom. Bohr’s
theory can be conveniently outlined in four postulates.
Like Planck’s postulate about harmonic oscillators, some
of Bohr’s postul ate were controversial because they were
ad hoc, without explanation based on classical physics.
Like Planck’s postul ate, however, they resulted in experi-
mentally verifiable calculations, and so they were difficult
to ignore. Furthermore, his postulates not only addressed
the question of why atoms do not collapse but also intro-
duced new mixtures of ideas relating waves to particles
that were to become general principles of physics. Let us
now examine Bohr’s theory of the atom by paraphrasing
his postulates.

B. Bohr’s Postulates
1. Postulate |

Atoms exist in states of equilibrium, with electrons rotat-
ing in prescribed orbits about the nucleus, but, contrary
to classical laws of electrodynamics, they do not radi-
ate energy while in these orbits. The orbiting electrons
are subject to classical laws of mechanics while in these
states, however, so each possesses a mechanical energy
(potential pluskinetic) E, determined by laws of orbiting
bodies. These states of equilibrium, or nonradiation, are
called “stationary states” of the atom.

2. Postulate Il

Atoms can be made to change stationary states discontin-
uously in violation of classical laws of mechanics.

3. Postulate Il

During transition from one stationary state to another,
atoms emit or absorb quantities of energy (energy quanta)
in “bundles” characterized by frequency. The frequency
v of a quantum of radiant energy emitted or absorbed in
a change from one stationary state of mechanical energy
E; to an adjacent state of energy E; isrelated to Planck’s
constant h by

V= (E]_ — Ez)/h (58)

Notethe pattern: energy = hv, now becoming thehallmark
of quantum theory.

L et us pause hereto note oneideain thisthird postulate
that foreshadows quantum mechanics. We can imagine
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FIGURE 3 Emission spectrum of iron gas.

a bundle of radiant energy emitted from an atom, racing
through spacewith many other bundlesinawavelike beam
of radiation, and each bundle carries a message about the
frequency of the beam according to Eq. (58). This idea
was already well known for Einstein’s light quanta, of
course, but now it appears again in another context. The
generalization of theidea of these “wave-particles’ isone
of the cornerstones of quantum mechanics.

Bohr’s fourth postulate is directly related to the appli-
cation of Rutherford’s model to the study of atomic spec-
tra: radiation emitted from an electrically charged gas.
When an electric charge is passed through a gas, neon,
for example, the gas emits electromagnetic radiation, pre-
dominantly red light in the case of neon. The radiation
emitted covers a continuous set of frequencies, but it is
much stronger at a certain discrete set of frequencies than
itisat others, giving rise to the terms continuous and dis-
continuous spectra, the latter being the set of frequency
values at which radiation is very strong. We shall again
use the more traditional word discontinuous in place of
discrete. If we pass the beam of radiation from a glowing
gasthrough a prism that separates the waves according to
freguency, we can observe part of the spectrum, thevisible
part, asin Fig. 3. The light lines indicate intense light at
freguencies in the discontinuous part of the spectrum.

The spectral lineswerethe object of much research near
the end of the 19th century. Thisresearch resulted in em-
pirical formulasrelating the frequencies of the discontinu-
ous spectrato sets of positive integers. One such formula,
developed by a Swiss schoolteacher, Johann Balmer, and
reformulated by Janne Rydberg in 1890 (Rydberg claimed
originality) can be written

v =R(1/n*—1/m?), (59)

where R is a constant, known as Rydberg’s constant, n
and m are positive integers (with m> n), and v is the
frequency of a line in the discontinuous spectrum. For
n=2andm=3,4,5, ..., frequencies given by Eq. (59)
had been observed for the spectrum of hydrogen gas.

Let us now move to Bohr’s fourth postulate and see
how it leads to an explanation of empirical formula (59).
Consider anelectronincircular orbit of radiusr inanatom
of atomic number Z. At each point in the orbit the force
on the electron due to the attraction of the nucleusis

F=2ze/r (60)

We then apply classical laws of mechanics [Eg. (8)] to
arrive at the kinetic energy of the electron:

KE = Z€?/2r. (61)

The potentia energy of the electron at every point in the
orbit due to the attraction of the nucleusis

PE = —Z&’/r. (62)

This is the negative of the amount of work required to
remove the electron from its orbit to a theoretical infi-
nite distance from the nucleus. Thus, the total mechanical
energy is

E = KE+ PE = —Z€&%/2r. (63)

The absolutevalue of E isthe (positive) amount of energy
requiredto bind an electroninitsorbit, and weshall denote
it, asis customary, by W. We then observe that the value
of W equals the kinetic energy of the electron given by
Eqg. (61). Then, writing that kinetic energy in its classical
form in terms of the rotational frequency w of a particle
of mass m moving in circular orbit of radiusr, we have

W = |E| = KE = 27%mr2e?. (64)

Thisformulafor binding energy was adjusted by Bohr
to account for noncircular orbits and rotating nuclei, but
our simplified form is sufficient to continue with our story
of the Bohr atom.

The next step is based on the pattern characteristic of
applications of quantum theory mentioned at the end of
Section I11. We seek a relation between energy W and
orbital frequency w and Planck’s constant h. Bohr actu-
ally provided severa plausibility arguments|eading to the
fourth postulate, some more convincing than others. We
shall follow two of those arguments, one becauseitissim-
ple, the other because it is based on an important philo-
sophical principle. Remember, however, that these arejust
heuristic arguments. All of Bohr’s postulates are ad hoc
assumptions.

We begin the first heuristic argument by establishing a
relation between orbital frequency » and the frequency v
of radiation emitted during a change between stationary
orbits. Assumethat intheprocessof binding afreeelectron
to the nucleus a binding energy quantum of frequency
v isrequired. If the orbital frequency resulting from the
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binding processisw, then v should bethe average of w for
the orbiting electron and zero for the free electron. Thus,

V= w/2. (65)

Now we can state Bohr’s fourth postulate.

4. Postulate IV

An atom with one electron can exist in stationary states of
equilibrium indexed by natural numbersn=1,2,3,....
In the state associated with number n, the electron orbits
about the nucleus and the mean value of itskinetic energy
in that orbit is given by

KE = nhw/2, (66)

wherew isitsorbital frequency and h isPlanck’s constant.
Note that this postulate is again a variation on the theme
E =hv.

C. The Correspondence Principle

Next we shall examine a second argument leading to
Eq. (66) based on what is how called the correspondence
principle. We begin by assuming that the energy W for
binding an electron into stationary orbit of frequency w is
proportional to hw. We then suppose that there is an orbit
of lowest binding energy W = ahw, where « is a propor-
tionality constant, and that all other orbits have binding
energies Wy, Wy, . .. given by

W, = nahow, (67)

where n is a natural number called the quantum number
for the stationary state. The state with n= 1 is called the
ground state of the atom.

Let us solve Eq. (64) for w? to obtain

w? = W/27%mr? (68)
and replace r? using Eq. (61) and the fact that W= KE
to obtain

w? = 2W3/7?me*Z2. (69)
Now if we index each orbit by its quantum number n

to rewrite Eq. (69) using wn, and W, in place of w and W,
we can substitute Eq. (67) into Eq. (69) and solve for wy:

wn = m°me*z?/20°n%h3 (70)

Using Eg. (67) once more, we abtain
W, = naehw, = 72me*Z22/20?n?h?. (71)
Now let us use postulate 111 and consider the quantum
of radiation with frequency v emitted during a change of
statefrom onewith quantumnumber n + 1tothestatewith

quantum number n. Thisisachangefrom astate of smaller
binding energy W, 1 to one of higher binding energy W,
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(with smaller orbit), which corresponds to a decrease in
mechanical energy from anegativevalue E, ., ; toagreater
negative value Ep.

Then from Eqg. (58) we have that

v = (Eny1 — En)/h
= (=Whi1 + W)/ h, (72)
which from Eq. (71) gives us
_ 72metz2/ 1 1
T 202h3 \n2  (n+1)?
_ 7°me*z2/ 2n+1 . 73)
202h3  \ n2(n + 1)2
This brings us to the correspondence principle:

For very large quantum numbers n, the quantum theory fre-
quency of radiation v should correspond to the classical theory
frequency w of radiation from a charged particle in a circular
orbit of orbital frequency w.

In other words, the frequency v given by Eq. (73) should
equal the frequency wp given by Eq. (70) for large values
of n.

Now for large vaues of n,(2n+41)/n?(n+1)? is
approximately equal to 2/n. If we therefore replace
(2n +1)/n%(n 4+ 1)?in Eq. (73) with 2/n? and use the cor-
respondence principle to set v =w,, we arrive a a = %
We now take another bold step by declaring that what is
true for large n must be true for al n. Thiswill complete
our second heuristic argument leading to postulate IV, for
if the kinetic energy KE of arotating electron in an orbit
of quantum number n isto equal the binding energy W,

we have from Eq. (67) (recall that o = 3) that
KE = nhw/2. (74)

The correspondence principle has been generalized and
restated many times since it was first applied by Bohr
in 1913. A form of this principle is another one of the
cornerstones of quantum mechanics. That iswhy we have
traced thislast argument leading to Eq. (74).

D. Consequences of Bohr’s Theory

First, note that we can rewrite Eq. (74) in terms of angu-
lar momentum | of an orbiting electron with kinetic en-
ergy KE. From Newtonian dynamicsit can be shown that
| = KE/mw for orbital frequency w, and so from Eq. (74)
we obtain

| = nh/27 (75)

for stationary orbit with quantum number n. In other
words, the quantization of thekinetic energy isequivalent
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to the quantization of the angular momentum of the or-
biting electron. Though it would be much easier to derive
Eq. (74) by simply assuming the quantization of angular
momentum, that derivation completely avoids the corre-
spondence principle and obscures a major philosophical
point about Bohr’s contribution to quantum theory.

Let us note also the close resemblance between Bohr’s
formula (73) and Rydberg’s formula (59). As we men-
tioned, Bohr adjusted his value for mass min Eq. (73) to
account for the combined mass of nucleus and electron.
Setting o = % in Eqg. (73) gave Bohr an equation of the
form of Eq. (59) from which he could calculate the value
R=27°me*Z2/hs.

For hydrogen, where Z =1, this formula provided ex-
cellent agreement with the experimentally determined
value for R, using the best-known value for h at the
time. Another major victory had been scored for quan-
tum theory.

V. TRANSITION TO QUANTUM
MECHANICS

There were several important victories for quantum the-
ory between 1913 and 1925. None of them, however, pro-
vided new fundamental principles. So it is at this point
that we conclude our discussion of quantum theory with
a brief look at some of the steps that were required to
make the transition from quantum theory to quantum
mechanics.

Recall that what we have been calling quantum theory
isreally a collection of theories applied to different phe-
nomena by mixing variable amounts of classical physics
and quantum hypotheses. The three themes of quantum
theory—the quantization of energy and the probabilistic
behavior of energy quanta, the wave-particle nature of
some matter, and Planck’s constant—formed an interre-
lated set of ideas that lacked a universality and coherence
necessary for them to constitute a scientific theory. Also
lacking was a system of mathematical expressions com-
mon to all applications of quantum theory from which
one could calculate the values of quantities observed in
experiments.

Quantum mechanics, like Newtonian mechanics, was
born of the necessity to bring mathematical clarity and
order to the chaos of observations of the physical universe.
Although Newtonian mechanics brought order to a set of
observations of the continuous, predictable macroscopic
world, it wasinadeguateto deal with thenew chaoscreated
by quantum theories of the discontinuous, unpredictable
microscopic world.

One step in the transition from quantum theory to
guantum mechanics was a philosophical one. Recall that
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in our discussion of Newton’s contributions to science
(Section I) we cited, as one of the most important, the no-
tion that explanations of hidden, unobserved events come
from precise measurements of observed events. In fact, it
is this deductive power that some people equate with sci-
enceitself. Yet Werner Heisenberg in 1925 saw that it was
theuniversal application of thisnotion that stymied thede-
velopment of aquantum mechanics. By first accepting the
philosophical viewpoint that the only quantitiesof physics
are the observable ones, he was able to produce his kine-
matics of quantum theory, acal culus of “observables” We
now call it matrix mechanics, athough Heisenberg never
used the word matrix to describe the rectangular arrays of
numbersthat appeared in hisequations asthe observables.

One of the results of Heisenberg’s mechanics was a
calculation that involved Planck’s constant in a profound
way. With each observable Heisenberg defined a quantity
called the uncertainty of the observable. He then showed
that, for certain pairs of observables, the product of their
uncertaintiesis at least aslarge as Planck’s constant. Two
observables related in this way are called incompatible
observables. A consequence of this “uncertainty princi-
ple” is that the reduction of the uncertainty in one of the
observables necessarily implies an increase in the uncer-
tainty of the other. Heisenberg took these uncertaintiesto
be afundamental fact of nature, not a consequence of the
inaccuracy of the measuring devices of physicists. Thus,
he took one step farther Planck’s reluctant acceptance
of the fundamentally probabilistic behavior of oscillators
and theimplied uncertainty of that behavior. Heisenberg’s
complete break with the classical Newtonian physics of
certainty sparked years of research that continues to this
day, not only in physics, but also in philosophy, logic, and
mathematics.

Another step in the transition to quantum mechanics
was the theory of wave mechanics developed by Erwin
Schrodinger. Working at the same time as Heisenberg in
late 1925, but compl etely independently, Schrodinger pro-
duced aparameterized set of partial differential equations
that had solutions only for a discrete set of values of the
parameter. The equations involved a differential operator,
and Schrodinger was ableto show that hisequations could
beapplied to any physical system by choosing appropriate
differential operators. He then claimed that, after an oper-
ator was correctly chosen to represent aparticular system,
the discrete parameter valuesfor which theresulting equa-
tion had solutions were all the possible values of energy
for that system. Here, then, was a universally applicable
mathematical formulathat helped change quantum theory
into quantum mechanics.

Although Schrodinger did not supply a convincing the-
oretical foundation for his equations, he was able to show
in 1926 that his egquationswere mathematically equivalent
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to Heisenberg’s matrix mechanics. There was no doubt in
anyone’s mind that the resulting combined theory, quan-
tum mechanics, wasamajor scientific achievement. There
was considerable doubt in the minds of some, however,
Einstein most prominently, that the new mechanics, with
its philosophical roots in the physics of uncertainty, was
as universally applicable as its proponents claimed. Al-
though controversy over itsrange of applicability persists
to this day, quantum mechanics was the final step that
brought Max Planck’s “desperate act” to explain black-
body radiation to the status of a full-fledged scientific
theory.

VI. AFTER QUANTUM MECHANICS:
MODERN DEVELOPMENTS IN
FOUNDATIONS OF QUANTUM
PHYSICS

The guantum mechanics developed by Schrodinger and
Heisenberg provided mathematical formulas with which
to calculate physical values but lacked theoretical under-
pinnings. These were supplied by Max Born, Niels Bohr,
and many othersinthelate 1920sand early 1930s. Thethe-
ories, however, were controversial, and remain so to this
day. While quantum mechani cs has been successful in pre-
dicting the outcomes of some delicate experiments with
photons, electrons, and other nuclear particles, some cru-
cial predictions have not been experimentally confirmed.
These predictions lie at the heart of the quantum theory
controversy that we will explorein this section.

The most famous criticism of the theoretical founda-
tions of quantum mechanics was published in 1935 by
Albert Einstein, Boris Podolsky, and Nathan Rosen in a
paper now called the “EPR paper” after the names of its
authors. The paper describes a“thought experiment”—an
experiment using an apparatus which could not be built at
the time but which could test the theoretical predictions of
guantum mechanics. The authors argued that the theory of

collector A
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guantum mechanics was incomplete because it contained
no counterpart for an “element of reality” present in the
objectsin their apparatus. They were quite precisein their
definition of an “element of redlity”:

If, without in any way disturbing a system, we can predict with
certainty ... the value of a physical quantity, then there exists
an element of physical reality corresponding to this physical
quantity.

We shall describe asimplified version of the EPR thought
experiment. Although our presentation is faithful to the
ideas in the EPR paper, we have taken advantage of the
65 years scientists have had to study the paper to reframe
the discussion for greater clarity.

Two quantum mechanical objects (photonsor electrons,
for example) are sent hurtling through space in opposite
directions by a firing device. A certain measurement is
performed on Object 1 (traveling totheleft in the diagram)
at collector A, and a similar measurement on Object 2 at
collector B (see Fig. 4).

At each collector isadia which can be set at any angle
from Oto 360 degrees. We shall explain theusefor the dial
later. The measurements are arranged so that for every
setting of the dial, every time a pair of objects is fired,
when an object reaches its collector one of two outcomes
isrecorded: “yes”’ or “no.”

It is theoretically possible to design the EPR appara-
tus using special pairs of objects so that the outcomes
of the measurements at the two collectors are corre-
lated if the predictions of quantum mechanics are correct.
Specifically, quantum mechanics predicts the following
correlation:

when the dials are set at the same angle, for each pair of ob-
jectsfired, if ameasurement on Object 1 at collector A registers
“yes,” then one can predict with certainty that the measurement
on Object 2 at B will also register “yes;” whether or not the
measurement at B is actually made.

collector B

FIGURE 4 An EPR apparatus.



Quantum Theory

This implies that Object 2 has an “element of physical
reality.” It is carrying a code of some sort that determines
how the measurement at B will turn out before the mea-
surement takes place. The roles of Objects 1 and 2 could
have been interchanged in our description, so, if we con-
cludethat Object 2 is carrying acode, it is safe to assume
that both objects carry a code as they race toward their
respective collectors.

Einstein, Podolsky, and Rosen cited a basic tenet of
guantum mechanics, which asserts that the objects in the
EPR apparatus cannot carry codes. The theory of quan-
tum mechanics requires that these objects behave proba-
bilistically, and that only a measurement can reduce the
probabilism to a state of certainty. The assumption that
the objects cannot carry outcome-determining codes be-
forethey are measured is crucial to the theory of quantum
mechanics; without it the entire theory collapses.

We can see why the EPR authors called the theory of
guantum mechanics “incompl ete.” Because, after measur-
ing Object 1, one can predict with certainty the value of
the “yes—no” property of Object 2 without in any way
disturbing it, this property has an element of physical re-
ality which has no counterpart in the theory of quantum
mechanics.

There was one response to the EPR paper which
Einstein dismissed immediately, but which has lingered
tothisday asan intriguing possibility. Perhaps the objects
in the EPR apparatus have no codes when they are fired,
but by measuring Object 1 at A we somehow endow both
objectswith acode. Thispossibility is consistent with the
theory of quantum mechanics, because it alows that the
codes are produced by the act of a measurement. Einstein
called this notion “spooky action at a distance” This is
because the apparatus could theoretically be arranged so
that Object 2 was far away from Object 1 at the time of
measurement at A, requiring a “spooky action” to carry
a message about the measurement at A faster than the
speed of light to Object 2 in time to be measured at B,
contradicting the theory of relativity.

Einstein, Podolsky, and Rosen ended their paper by as-
serting that while they had shown the theory of quantum
mechanics to be an incomplete description of physical re-
ality, they believed that a complete, redlistic theory could
be found eventually.

Hundreds of books and papers have been written about
the EPR dilemma, and for years theoreticians searched
for the complete, redlistic theory Einstein and others
believed to exist. In 1964, however, nine years after
Einstein’s death, a Scottish mathematician, J. S. Bell,
poured cold water on the search. He showed that no “real-
istic, local” theory to explain the EPR experiment can ex-
ist that is consistent with the experimental outcomes pre-
dicted by quantum mechanics. A “realistic” theory asserts

459

that the objects in the EPR apparatus carry codes which
determine how the “yes-no” measurements at every an-
gle setting of the dials will come out, whether or not the
measurements are actually made. A “local” theory is one
that prohibits a measurement at one collector from send-
ing asignal across space at speeds greater than the speed
of light to the other object.

We emphasize that the inconsistency demonstrated by
Bell isnot between redlistic, local theories and the current
theory of quantum mechanics, but rather between realis-
tic theories and the experimental results predicted by the
current theory of quantum mechanics. Thus, even if the
current theory of quantum mechanicsisdiscarded, if EPR-
type experimentsresult in the correl ations predicted by the
current theory, then Bell’s proof shows that no redlistic,
local theory can be used to explain those correlations.

Bell’s result can be understood by considering the di-
as on the EPR apparatus. Suppose we assume that there
is aredistic, local theory describing the behavior of the
object pairs. By that we mean that for each pair fired an
element of reality is accounted for by a code carried by
the objects which determinesfor every setting of the dials
which outcome (“yes” or “no”) each collector will record
whentheobject getstoit. Let usset both dialsat 0 degrees.
We know that quantum mechanics predictsthat with these
settings the outcomes at the two collectors will be per-
fectly correlated: each firing will result either in “yes” at
both collectors or “no” at both.

Now supposewemovetheA dial to asetting +n degrees
for some small number n, say 2 or 3, and leave the B dial
at 0. Then if 100 pairs of objects are fired, there might
be aloss of correlation. Let us denote by M; the number
of mismatches (“yes” at A and “no” at B, or vice versa)
in 100 firings. Next, let us leave the A dia at +n, and
move the B dial to —n, (say 357 or 358 degrees), and
fire another 100 pairs with exactly the same codes as the
first 100 had. Bell’s results establish that as long as we
assume that the objects are carrying codes, and that what
isrecorded at one collector cannot affect what is recorded
at the other, then when the dias are set at —n and +n
during 100 firings, the number of mismatches M, in this
new situation cannot exceed 2M;. That is M, < 2M;. The
theory of quantum mechanics predicts, however, that the
number of mismatchesin the second set of firingswill be
more than twice the number of mismatchesin the first set.
That is, M, > 2M;. The predictions of quantum mechan-
ics and realistic, local theories are then in irreconcilable
conflict.

Much modern experimental research is devoted to
turning the EPR-type thought experiments into red
experiments to establish whether or not the predictions
of quantum mechanics actually attain. One such series of
experimentswas performed by ateam of scientists headed
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by Alain Aspect at Orsay, France, between 1982 and 1988.
These experiments provide evidence that the results pre-
dicted by quantum mechanicsdo in fact attain in the phys-
ical world as we know it. The evidence, however, is not
incontrovertible. The Aspect experiments used object de-
tectors which are the best that can be built with mod-
ern technology, yet are only about 15% efficient. That
is, only about 15% (or fewer) of the measurements at
each collector can be guaranteed to be correct. To rule
out the possibility that the results in the Aspect exper-
iments were merely a coincidence produced by experi-
mental error, we would have to build detectors that are
at least 80% efficient. Most experimenters do not see the
possibility of building such detectors in the foreseeable
future.

We seethen that 90 years after Max Planck put forth his
“desperate” quantum hypothesis, the theory behind quan-
tum behavior is still not fully formulated. Current formu-
lations are fraught with ambiguities and counter-intuitive
hypotheses. They are at odds with centuries of Western
thought, including Platonism, classical physics, and most
religions. It is understandable that many people are re-
luctant to throw out al of this tradition merely because
one peculiar model for describing subatomic phenomena
isenjoying high predictive value at the moment. Itislittle
wonder that the theories of quantum physics are the ob-
ject of such intense scrutiny and debate in the worlds of
science, mathematics, and philosophy.

VII. AN ADVANTAGE OF UNCERTAINTY:
QUANTUM COMPUTING

Even though the problems with the quantum theory ex-
posed by the EPR paper and Bell’s Theorem caused a
great stir among philosophers and those fascinated by
the foundations of science, they did not stop physicists
from using quantum mechanics to make many important
discoveries throughout the second half of the 20th cen-
tury. Asthe century drew to a close, however, atroubling
clash between quantum theory and high-speed comput-
ers suddenly turned into what promises to be an exciting
marriage.

In the 1980s and 1990s high-speed computers became
faster and faster, in part because their components became
smaller and smaller. Computer “bits;” the devices used to
store the “zero-one” information at the heart of all com-
putations are becoming so small that they’re beginning
to approach atomic scale. And on that scale the laws of
guantum physics begin to apply.

The most troublesome quantum law facing computer
designers is Heisenberg’s Uncertainty Principle. To say
that acomputer bitis“in astate O or state 1” isaclassical
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notion—one which requires arealistic, local theory of the
physicsgoverningthebit. Aswesaw in SectionsV and VI,
however, realistic, local theories are at odds with quantum
mechanics. Instead, on the quantum level it is essential to
accept the fact that a computer bit existsin aprobabilistic
state. So the best we might be able to say is that a bit
is “in a zero state with a given probability.”” While this
situation might seem to spell doom to theidea of building
computers on the quantum level, it turns out instead to
present a promising new direction for computing.

To see how uncertainty can be used to advantage let’s
look at ageometrical conceptualization of the Uncertainty
Principle. Recall from Section V that Heisenberg’s matrix
mechanics identifies pairs of incompatible observables.
Two observables are incompatible if at every instant the
more certain we are about the value of one of them, the
more uncertain we must be about the value of the other. To
make precisethisnotion of uncertainty of valueslet’scon-
sider aphysical system (a spinning electron, for example)
and an observable O; which can take on two values a and
b (say, “spin-up” and “spin-down” in a certain direction).
We can represent the two values with a perpendicular set
of axes. We say that at every instant in time the system
“exists in a state W,” which we represent as a vector of
length one on our axis system (see Fig. 5).

Thenwemakethestatement whichliesat theheart of the
probabilistic description of quantum mechanics. We say
that when the systemisin state ¥, then a measurement of
observable Oy will yield the value awith probability |12,
which is the square of the length of the projection of the
state vector W onto the a axis. At the same time the mea-
surement will yield value b with probability | x|, whichis
the square of thelength of the projection of the state vector
W onto theb axis (see Fig. 6). (Notethat |A1]2 + |A2]2 =1,
because ¥ has length one. So the probability that a mea-
surement will yield “either a or b” isone.)

If ¥ lies along the positive a axis, we’ll say that the
system isin state a, and if it’s along the positive b axis,

FIGURE 5 Two axes, representing possible values a and b for
observable O, and a state vector W.
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FIGURE 6 The squares of the lengths of the projections of the
state vector ¥ give the respective probabilities that a measure-
ment of observable O; will yield value a or b when the system is
in state W.

we'll say it’sin state b. If it’s not along either axis, we'll
say it’sin a“superposition” of states a and b.

Pay close attention to our description. When a system
isin a superposition state, we don’t say that it “has” the
valuea or thevalue b, and that we’re uncertain asto which
oneit has. Rather, we say that the system has both values
in some sort of mixture, with perhapsagreater probability
of yielding one of these values rather than the other, if we
measure the observablewhile the systemisin that state. If
we don’t measure the observabl e, the system can continue
toexistinthe superposition state, and whenwe do measure
it, thesystem jumpsimmediately into one of itstwo certain
states, either a or b. Because we don’t say that the system
“has” avalue, our descriptionisnot arealistic, local theory,
and we are sidestepping the EPR-Bell dilemma.

Now for the same physical system consider a second
observable O,, which can also take on two values, say X
and y, and is incompatible with O; (for example, “spin-
up” or “spin-down” in a different direction). Let’s repre-
sent X and y with perpendicular axes rotated 45 degrees
counter clockwise from those representing the values of
O, (see Fig. 7).

FIGURE 7 Two pairs of axes, representing possible values for
two incompatible observables, and a state vector ¥ on the positive
a-axis.
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Now we can see adramatic graphical representation of
the Uncertainty Principle. Notice that if the state vector
Y lies along the positive a axis, then its projections onto
the x and y axes have length % (see Fig. 7). Hence if W
isastate for which O, has value a with certainty, then in
that state a measurement of O, will result in x or y with
probability of % for each, a state of maximal uncertainty!
Moreover, we can see the tradeoff between certainty for
0O; and certainty for O, as W assumes various positions.
That is, the more closely ¥ aigns itself with one of the
lines—the x axis, for example—giving greater probability
that a measurement of O, will yield x, the larger will be
the projections of W onto the a and b axes, increasing the
uncertainty of O, for that state. There is no way to put
the system in a state of zero uncertainty for O, and O, at
the sametime. That’s what we mean when we say that O,
and O, are incompatible observables.

Thisgraphic representation of the Uncertainty Principle
isabit oversimplified. In practice physicists use complex
numbers to describe superposition. But we won’t need
complex numbers to illustrate our example of a quantum
computation.

How doesaquantum computer take advantage of uncer-
tainty? The answer lies in our assumption that a quantum
physical system can have both values of a binary observ-
ableat thesametime. We'll illustratethe power of quantum
computing with avery simple example.

Let’s consider a set of n objects S={as, az, ..., an},
wheren isan even number. Supposewe’regiven afunction
f:S— {0, 1}. Thatis, f assignseither Oor 1toeacha; in
S.We'retoldthat f iseither “constant” (i.e. f (aj) = f (ax)
for al j and k), or “balanced” (i.e. f(a;) =0 for exactly
half the &;’s). Our problem is to determine whether f is
constant or balanced. To see how quantum theory can help
us with this problem, first let’s look at it in the language
of states and observables. To keep things simple we'll let
n=2.

At the heart of every classical computer is a binary
bit, a physical device which can be in one of two states;
magnitized or not, on or off, etc. Generaly, the two states
arelabeled 0 and 1. Let’s consider a; and &, as two states
of a binary bit, which we’ll depict as two perpendicular
unit vectors

o 1

a; = 0
and

_ [0

ap = 1

in two-dimensional space. Then we’ll represent our func-
tion f asa2x 2 matrix F with all off-diagonal entries
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FIGURE 8 The function evaluator F flips state a; only if f(a;) =1.

zero, and diagonal entriesd;j = (—1) 7@ for j = 1, 2. For
example, if f(a;)=1and f(az) =0, then

-1 0
F= ,

whereasif f(a;) = f(ap) =1, then

Fz[‘ol _01]

First, we’ll see how aclassical computer can determine
whether a given f is constant or balanced. We can feed
the state vector @; into F to seeif F flips the state vector.
If f(ay)=1, then

Fa—F|* -1] a
1 = 0 - 0 - 1,

s0 g, isflipped (see Fig. 8a). If f(a;) =0, then

Fa_—Fl—l_—a
YT lol T o T

(SeeFig. 8b.)

Similarly, if f(az) =1, then the function evaluator F
flips @z, otherwise it does not (see Fig. 9).

Clearly, to determinewhether f isconstant or balanced
we need to feed both a; and a; to F. Feeding only one
will not give enough information. We need to seeif F flips
both, neither, or only one of the two input states.

Turning now to aquantum computer, we see at its heart
a “g-bit,” a physical device which can be in one of two
states (up or down, for example) or in a superposition of
both states. Then we can prepare our input state in a su-
perposition W = %(a_ﬁra_z), and feed that to F. What
we get out is another superposition state ® with its a;
and a; components flipped or not, depending on the val-
ues of f(a;) and f(ap). For example, if f is constantly

(b)

FIGURE 9 The function evaluator F flips state a; only if
faz)=1.

0(f(a)=f(ay)=0),weget F¥=d =y, If f iscon-
stantly 1, thenwe get F¥ = & = —W (see Fig. 10).

On the other hand, if f isbaanced, then FW is either
® or —®, as shown (see Fig. 11).

All that remains to do to determine whether f is con-
stant or balanced isto measure the magnitude of the vector
inner-product P =|® - W|. If f isconstant, then P =1,
because ® = +W. If f isbalanced, then P =0, because
® isorthogonal to W. The inner product can be measured
physically. Theimportant thing to noticeisthat we needed
tousetheevaluator F only once, not twice. That isbecause
we were able to feed it both states a; and a; simultane-
oudly in a quantum superposition. And we should point
out too that “applying the matrix F” involves only one
physical operation in aquantum computer. It might mean
firing a pul se through an array of polarized lenses. Do not
confuse this operation with computing a matrix product
classically. That takes many computer steps.

az
F =0

/.

az

[¢3]
\J
_Lal - B
az
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1
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=-T

FIGURE 10 The superposition state ¥ goes to =W when f is
constant.
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FIGURE 11 When fed to the evaluator F the superposition state
W goes to ® when f(a;)=0 and f(ay)=1, and to —® when
f(aj))=1and f(ap)=0.

Using superposition to cut down evaluations of f from
two to one might not seem like a revolutionary achieve-
ment. We can, however, apply the same principles to a
set S with avery large (even) number n. Classicaly, we
would need as many as 3 + 1 executions of the evaluator
F to determine whether f is constant or balanced in a
worst-case scenario. Of course, we could be lucky when
we start evaluating f(a;) and f(ay), and get f(a;)=1
and f (a2) =0, and know immediately that f isbalanced.
But if we evaluate f(ai), f(a2), ..., f(ay) and find that
they’re al equal, then still don’t know whether f is con-
stant or balanced. That’s why we need J + 1 evaluations
in aworst case. Using a generalization of the superposi-
tion technique we used for the case n =2, however, we
can design a quantum computer to determine whether f
is constant or balanced with only one evaluation of a ma-
trix F, even if n=2N, where N is any natural number
N. Cutting down the number of required evaluations of f
from 5 + 1 to 1 isavaluable achievement.

While we've illustrated how quantum theory might
bring important advances to computing, we’ve left much
unsaid. As we enter the 21st century, quantum comput-
ersexist mostly in theory. Although rudimentary quantum
computershavebeenbuilt,itisn’tclear if it’swithin human
reach to build one capable of handling serious problems.
For onething, it’s very hard to create a superposition state
in the physical world, and maintain it long enough to be
of value before it breaks down, or is atered by spurious
physical events. Further, physical operations, such asmea
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suring thevector inner product, requireinstrumentsof very
high reliability—much higher than we foresee in the near
future. And finally, it isnot yet known whether there exists
aclass of problemswhich are theoretically easier to solve
with quantum algorithms than they are with classical al-
gorithms. For example, the mathematician Peter Shor has
invented a quantum algorithm which theoretically can be
used to factor large numbers faster than all known classi-
cal algorithms. It has not been proved, however, that there
does not exist aclassical algorithm which can factor large
numbersjust as efficiently asthe quantum algorithm. Fac-
toring is a very important matter, because most computer
security systems are based on the inability to factor large
numbers quickly. Anyone who can build a high-powered
factoring machine might be ableto crack security systems
around the world. That’s one reason quantum computing
iscurrently of great interest to physicists, mathematicians,
and computer scientists.
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I. Space—Time Theories of Physics
Il. Newtonian Mechanics
lll. Special Relativity
IV. General Relativity
V. Gravitational Fields
VI. Observational Tests of General Relativity
VIl. Gravity and Quantum Mechanics

GLOSSARY

Absolute object An element of a physical theory that
affects but is itself unaffected by the other elements of
the theory.

Binary pulsar Double star system, one of whose compo-
nents is a neutron star.

Black hole A concentration of mass whose gravitational
field is so strong that an event horizon forms around
1t.

Doppler shift Fractional change in frequency of light due
to relative motion between source and observer.

Dynamical object Anelement of a physical theory whose
behavior is affected by the other elements of the theory.

Electrodynamics Theory of electric and magnetic fields
and of the interactions of the charged particles that pro-
duce them.

Event horizon Surface formed around a black hole
through which nothing, including light, can penetrate
from the inside. Any object that falls through such a
surface is forever trapped inside it.

Free bodies Material objects that are not acted upon
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by external forces. Used in the construction of both
Newtonian and special relativistic theories.

Galilean relativity The invariance of the laws describing
physical systems with respect to Galilean transforma-
tions between observers moving with uniform velocity
relative to each other.

Hubble constant Ratio of velocity of recession to dis-
tance of galaxies.

Light cone The surface formed by the light rays ema-
nating from and converging on a point in space—time.
Used in the construction of special relativistic theories.

Manifold A continuum of points characterized only by
its global or topological structure.

Mapping Association of points of a space—time manifold
with other points of this manifold.

Newtonian mechanics The basis for the description of
physical systems obeying Newton’s laws of motion.
Perihelion Point in the orbit of a planet when it is closest

to the sun.

Planes of absolute simultaneity The collection of all
point that are simultaneous with respect to one another.
Used in the construction of Newtonian laws of motion.
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Riemannian geometry Geometry in which the distance
between neighboring pointsis defined by a metric and
is quadratic in the coordinate differences between the
points.

Space-time manifold Four dimensional manifold that
underlies the construction of the various space-time
descriptions of physical systems.

Space-time theories Physical theories that make use of
the space-time manifold in the formulation.

Special relativity The invariance of the laws describing
physical systems with respect to Lorentz transforma-
tions between observers moving with uniform velocity
relative to each other.

THE GENERAL THEORY OF RELATIVITY is cur-
rently accepted as our best macroscopic description of the
gravitationinteraction that existsbetween all physical sys-
tems. It is also universal in that all physical systems are
held to interact gravitationally. The predictions of gen-
era relativity differ both quantitatively and qualitatively
from those of the Newtonian theory of gravity. Although
the quantitative differences between the two theories is
for the most part small, so that general relativity contains
Newtonian gravity as an approximation, these differences
have been extensively tested in the solar system and other
astrophysical systems. The agreement between observa-
tion and theory is better than 0.5%. However, the qual-
itative predictions of the theory are its most exciting
and challenging feature. Among others, the theory pre-
dicts the existence of gravitational radiation. Although
this radiation has not been directly observed, the effects
of its emission have been observed in the binary pul-
sar PSR 1913 + 16 and agree with the predictions of the
theory to within 3%. The theory also predicts the phe-
nomenon of gravitational collapse leading to the creation
of black holes. There is strong observational evidence
that such objects exist in the universe. And finaly, the
genera theory serves as the basis for our best descrip-
tion of the universe as awhole, the so-called hot big-bang
cosmol ogy.

I. SPACE-TIME THEORIES OF PHYSICS

A. The Space-Time Manifold

To understand the revolution wrought by the general the-
ory it isuseful to set it in aframework that encompasses
it as well as the other two major structures of physics,
Newtonian mechanics and special relativity. Basic to each
of these structures is the notion of the space-time mani-
fold consisting of afour-dimensional continuum of points.
It is assumed only that any finite piece of this manifold
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can be mapped in a one-to-one manner onto a connected
region of the four-dimensional Euclidean plane. Other-
wise, these points are featureless and indistinguishable
from each other, and the manifold asawholeis character-
ized only by itstopological properties. Whilethismanifold
isnot itself associated with any physical entity, it servesas
the basisfor the construction of the geometrical structures
that are to be associated with such objects.

Since the points of the space-time manifold can be
mapped onto the four-dimensional Euclidean plane, one
can coordinatize the manifold by assigning to each point
the coordinates of itsimage point in the Euclidean plane,
x*, where the index u takes on the values 0, 1, 2, 3. Be-
cause the points of the manifold are assumed to beindis-
tinguishable, this mapping is to a large extent arbitrary
and hence the coordinatization is also arbitrary. Depend-
ing on the topological structure of the manifold, it may be
necessary to cover it with several overlapping coordinate
“patches” to avoid singularities in the coordinates. If, for
example, the manifold has the topology of the surface of
aball, it is necessary to employ two such patches to avoid
the coordinate singul arity one encounters at the pole when
using the customary polar coordinates.

If the manifold is coordinatized in two different ways,
for example, by using Cartesian or spherical coordinates,
the coordinates used for one such coordinatization must
be functions of those used for the other and vice versa.
Thisrelation is called a coordinate transformation. In or-
der to preserve the continuity and differentiability of the
manifold it must be continuous, nonsingular, and differ-
entiable.

B. Geometrical Structures

In space-time theories, physical entities are associated
withgeometrical objectsthat are constructed on the space-
time manifold. These objects can be of many different
types. A curve can be associated with the trajectory of a
particle and is specified by designating the points of the
manifold through which it passes. This can be done by
giving the coordinates of these points as functions x*(A)
of amonotonically varying parameter A aong the curve.
Likewise, a two-dimensiona surface could be specified
by giving the coordinates of the surface as functions of
two monotonic parameters, and similarly for three- and
four-dimensional regions.

In addition to collections of points, one can intro-
duce geometrical objects that consist of a set of numbers
assigned to a point. These numbers are said to constitute
the components of the geometrical object. The compo-
nents of the velocity of a particle at a particular point in
its trgectory would constitute such a collection. If the
components are specified along a trajectory, a surface,
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or any other part of the space-time manifold, they are
said to constitute a field. The temperature in aroom can,
for example, be associated with a one-component field.
Likewise, the electromagnetic field surrounding a mov-
ing charge can be associated with afield consisting of six
components.

The basic requirement that must be met in order that
an object be geometrical is aconsequence of theindistin-
guishability of the points of the space-time manifold. It
isthat under acoordinate transformation, the transformed
components of the object must be functions solely of its
original components and the coordinate transformation.
Thisrequirement is ssimply met in the case of curves, sur-
faces, and so forth; for example, given a curve, the trans-
formed curve can be immediately calculated given the
coordinate transformation.

An especially useful group of geometrical objects for
associating with physical entities are those whose trans-
formed components are linear, homogeneous functions
of the original components. The simplest example is the
single-component object called a scalar ¢(x). Under a
coordinate transformation, its transformed value is just
equal to its origina value. The other linear, homoge-
neous objects constitute the vectors, tensors, and pseu-
doscalars, pseudovectors, and pseudotensors. Vectors and
pseudovectors are four-component objects (they come in
two varieties called covectors and contravectors), while
tensors and pseudotensors have larger numbers of com-
ponents. There are also objects whose transformed com-
ponents are linear but not homogeneous functions of
the original components. Finally, there are objects whose
transformed components are nonlinear functions of the
original components, although such objects have not been
used to any great extent. In all cases, however, the nature
of the object is characterized by its transformation law.

It should be pointed out that not al objects one can
construct are geometrical. The gradient of ascalarisage-
ometrical object whilethe gradients of vectorsand tensors
in genera are not.

C. Laws of Motion

Thebasisfor associating geometrical objectswith physical
entitiesispurely utilitarian—thereisno general procedure
for making this association. The numerical values that
these objects can assume are taken to correspond to the
observed values of the physical entities with which they
are associated. Since not al such values can in general
be observed, it is necessary to formulate a set of rules,
called here laws of motion, that select from the totality of
valuesagiven set of geometrical objects can have, asubset
that corresponds to possible observed values. Thus, if it
is decided to associate a curve with the trgjectory of a
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planet, one would have to discover a system of equations
such as those obtained from Newton’s laws of motion to
select from the totality of all curves the subset that would
correspond to actual planetary trajectories.

Onerequirement that onewould liketo befulfilled by all
lawsof motionisthat of compl eteness—every set of values
alowed by them must, at least in principle, be observable.
It is, after al, the purpose of the laws of motion to rule
out unobservable sets of values. Nevertheless, there are
problems associated with theimposition of such arequire-
ment. There may, for example, be practical limitationson
our ability to observe all the values allowed by a given set
of laws. It is unlikely that we will ever be able to attain
the energies needed to verify some of the predictions of
the grand unified theoriesthat are being considered today.
However, if one of these theories correctly described all
that we can observeabout elementary particleinteractions,
wewould not discard it because we could not directly ob-
serve its other predictions. More troubling, however, are
limitations in principle on what we can observe. When
applied to the universe as a whole, the general theory of
relativity allowsfor many different possibilities, yet by its
very nature we can observe only the universein which we
live. In the strict sense, then, the general theory should
be considered incomplete. Nevertheless, it does correctly
describe avast range of phenomena, and so far there does
not exist amore restrictive theory that does so. Therefore,
probably, the best we can do is to require that a law not
admit values that could be observed if they existed but do
not.

D. Principle of General Covariance

However the laws of motion are formulated, they must be
such as to be independent of a particular coordinatization
of the space-time manifold. Thisrequirementiscalled the
principle of general covariance and was one of the basic
principles employed by Einstein when he formulated the
general theory. For the principleto hold, thelawsof motion
for agiven set of geometrical objects must be such that al
of the transforms of a set of values of these objects that
satisfy the laws of motion must also satisfy these laws.

The principle of general covarianceis not, as has some-
times been suggested, an empty principle that can be sat-
isfied by any set of physica laws. If, for example, the
geometrical object chosen to be associated with a given
physical entity isascalar field ¢(x), thentheonly generally
covariant law that can be formulated involving only this
object isthe trivial equation

¢(X) = const. @

In order to formulate a nontrivial law of motion for ¢
it is necessary to introduce other geometrical objects in
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addition to the scalar field. One possihility isto introduce
a symmetric tensor field g,,(x) and its inverse g"”(x),
which are related by the equation

gupgpv = 855 (2)
where §/ is the Kronecker delta, with values given by
=1 nw=v
Y 3
0 puv (©)

and where the appearance of a double index such as p
implies a summation over its range of values. One can
then take as the law of motion for ¢ the equation

(\/__gglw¢,u)»v =0, (4)

where g is the determinant of g,,, and ,u := 9/9x*. The
tensor field g,,, cannot itself be given as afunction of the
coordinatesdirectly sinceinthat case EqQ. (4) would not be
generally covariant. Rather, it must in turn satisfy alaw of
motionthat isitself generally covariant. If onerequiresthat
thislaw involve no higher than second derivatives of g,,,,
it can be shown that there arein fact only three essentially
different such laws for this object. One can form laws of
motion for ¢ other than Eq. (4), but in each case it is
necessary to introduce other geometrical objects for the
purpose and to formulate laws of maotion for them. In the
general theory, g,, is associated with the gravitational
field and hence couples to al other physical quantities
through their equations of motion.

E. Absolute and Dynamical Objects

To understand the revolutionary nature of the general the-
ory it is necessary to distinguish between two essentially
different types of objectsthat appear in the various space-
time theories. We call them absolute and dynamical, re-
spectively. If the totality of values allowed by the laws of
motion for some geometrical object, such asthetensor g,
introduced above are such that they can all betransformed
into each other by coordinate transformations, we say that
that object is an absolute object in the theory. This can
occur if the law of motion for the object does not involve
any of the other objects in the theory. The remaining ob-
jectsinthe theory are called dynamical objects. The elec-
tric fields associated with different charge distributions,
for example, cannot in general be transformed into one
another and hence must be associated with a dynamical
object.

Given a theory with absolute objects, it is possible to
coordinatize the space-time manifold so that they take on
aspecific set of values. In the case of the tensor g,,,, one
of the three possible laws of motion mentioned above is
such that every set of values allowed by it can be trans-
formed so that, for every point of the space-timemanifold,
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0. =diag(l, —1, —1, —1). If these values are substituted
into the other laws of motion they will nolonger be gener-
ally covariant, but rather they will be covariant with respect
to some subgroup of coordinatetransformations. Thissub-
group will leaveinvariant the chosen val ues of the geomet-
rical object (or objects) and will be called the invariance
group of the theory. The structure of this group will be
independent of which particular set of values allowed by
the laws of motion is chosen for the absolute objects. If
there are no absol ute objects then the invariance group is
just the group of all allowed coordinate transformations.

Absolute objects are seen to play a preferred rolein a
theory—their values are independent of the values of the
dynamical objects of the theory while the converseisin
genera not the case. (If it is, the absolute objects become
superfluous and can be ignored.) A theory with absolute
objects thus violates a kind of general law of action and
reaction. We will see that both Newtonian mechanics and
special relativity contain absolute objects while the gen-
era theory does not.

II. NEWTONIAN MECHANICS

A. Absolute Time and Space

In his formulation of the laws of motion, Newton in-
troduced a number of absolute objects, chief of which
were his absolute space and absolute time. Absolute time
corresponds to the foliation of the space-time mani-
fold by a one-parameter family of nonintersecting three-
dimensional hypersurfaces, which we call planes of ab-
solute simultaneity. All of the pointsin a given plane are
taken to be simultaneous with respect to each other. Fur-
thermore, these planes are such that the curves associated
with the trajectories of particlesintersect each plane once
and only once. The “time” at which such an intersection
takes place is characterized by the value of the parameter
associated with the plane being intersected. These planes
are absolute in that their existence and structure are as-
sumed to be independent of the existence or behavior of
any other physical system in the space-time.

In Newtonian mechanics the interaction of particlesis
assumed to be instantaneous as in Newton’s action-at-a-
distancetheory of gravity. Consequently, suchinteractions
take place between the points on the trajectoriesthat liein
thesame planeof absolutesimultaneity. Asaconseguence,
these planes can be observed by giving an impulse to one
member of agroup of charged particles and noting where,
on the trgjectories of the other particles, the transmitted
impulse acts.

Newton’s absol ute space correspondsto a unique three-
parameter congruence of nonintersecting curves that fill
the space-time manifold; that is, through each point of
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the manifold there passes one and only one such curve.
Furthermore, each curve passes through one and only one
point of each plane of absolute simultaneity. The existence
of such acongruence would thereforeimply that there ex-
ists aunique one-to-one rel ation between the pointsin any
two planes of absolute simultaneity. The “location” of a
space-time point would be characterized by the parame-
ters associated with the curve of the congruence passing
through it.

The notion of absolute space brings with it the notion
of absolute rest: a particle is absolutely at rest if its tra-
jectory can be associated with one of the curves of the
congruence. However, unlike the planes of absolute si-
multaneity that are needed in the formulation of the laws
of motion of material particles, these laws do not require
the existence of the space-time congruence of curvesthat
constitute Newton’s absol ute space, nor do they afford any
way of detecting a state of absolute rest. This property of
the Newtonian laws of motion is known as the principle
of Galilean relativity. Furthermore, since the congruence
is not needed in the formulation of these laws, we can
dispense with it and hence with Newton’s absol ute space
atogether as an unobservable element of the theory.

B. Free Bodies

In his setting down of the three laws of motion, Newton
was careful to give the first law, “Every body continues
in its state of rest, or of uniform motion in a right line,
unless it is compelled to change that state by forces im-
pressed upon it,” as separate and distinct from the second
law. Heclearly did not consider it, asit is sometimestaken
to be, a specia case of the second law. In effect, the first
law supposes a class of curves, the straight (right) lines,
to exist in the space-time manifold. Furthermore, these
curves correspond to the trajectories of a class of objects
on which no forces act, namely, free bodies. As a conse-
guence, these curves are absolute objects of the theory.
Furthermore, they, like the planes of absolute simultane-
ity, are needed to formulate the laws of motion for bodies
on which forces act.

C. Galilean Invariance

One can always coordinatize the space-time manifold in
such away that the parameter t, which labelsthe different
planes of absolute simultaneity, istaken to be one of these
coordinates. When this is done, the equation that defines
these planesis ssimply

t = const. 5)

Furthermore, the remaining coordinates can be chosen so
that the equations of the curves associated with the trgjec-

97

tories of the free bodies are linear in t; that is, they are of
theform

X = vit + Xoi, (6)

where the index i takes on the values 1, 2, 3, and v; and
Xoi are constants. The constants v; are the components of
the “velocity” of the free body whose trajectory is asso-
ciated with this curve and the xg; areitsinitial positions.
When expressed in terms of these coordinates, the laws
of motion of Newtonian mechanics take on their usual
form.

Since the planes of absolute simultaneity and the
straight lines constitute the absol ute objects of Newtonian
mechanics and enter into the formulation of the laws of
motion of al Newtonian systems, the subgroup of coordi-
nate transformations that leave them invariant as awhole
congtitutes the invariance group of Newtonian mechanics.
Inadditiontothegroup of spatial rotationsand trand ations
and time tranglations, this group consists of the Galilean
transformations given by

X =X + Vit (7a)
and
t' =t, (7b)

wherethe V; arethe components of the velocity that char-
acterize a particular transformation of the group. The re-
quirement of invariance under this group of transforma-
tionsis called the principle of Galilean relativity.

Intermsof the primed coordinates, we seethat the equa-
tions of astraight line (6) take the form

Xi/ = Ui/t/ + Xoi, (8

where the transformed velocity components v; are given
by the Galilean law of addition for velocities:

vi/=vi+Vi- 9

lll. SPECIAL RELATIVITY

A. Light Cones

The transition from Newtonian mechanics to special rel-
aivity in the early part of this century involved the aban-
donment of the Newtonian planes of absolute simultaneity
and their replacement by anew set of absol ute objects, the
light cones. With the completion of the laws of electro-
dynamics by Maxwell in the middle of the last century it
became evident that electromagnetic interactions between
charged particles were not instantaneous but rather were
transmitted with a finite velocity, the speed of light. This
fact, coupled with the Galilean vel ocity addition law, made
it appear possiblethat some el ectromechanical experiment
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could be devised for the detection of a state of absolute
rest and thus reinstate Newton’s absol ute space. However,
all attempts to do so, such as those of Michelson and
Morley and Trouton and Noble, proved fruitless. In one
way or another, these experiments sought to measure the
absolute velocity of the earth with respect to this absolute
space. Even though they were sensitive enough to detect
avelocity as small as 30 km/sec, which is much |less than
the known velocity of the earth with respect to the galaxy,
no such motion was ever detected.

Einsteinrealized that if all interactionsweretransmitted
with afinite velocity there was no way objectively to ob-
serve the Newtonian planes of absolute simultaneity and
that they, like Newton’s absolute space, should be elimi-
nated from the theory. It was his analysis of the meaning
of absolute simultaneity and its rejection by him that dis-
tinguished his approach to special relativity from those
of Lorentz and Poincaré. Since, however, unlike absolute
space, the planes of absolute simultaneity were needed in
the formulation of the laws of motion for material bodies,
it was necessary to replace them by some other structure.
Thekey to doing thislay in Einstein’s postul ate that theve-
locity of light isindependent of the motion of the source. If
thisisthe case, and to date all experimental evidence sup-
ports this postulate, the totality of all light ray trajectories
form an invariant structure and can be associated with a
corresponding family of three-dimensional surfacesinthe
space-timemanifold, thelight cones. Just asin Newtonian
mechani cs, wherethrough each point there passesaunique
plane of absolutesimultaneity, inspecial relativity through
each point there passes a light cone that consists of al of
the points on the curves passing through this point that
correspond to the trajectories of light rays.

In Newtonian mechanicstheinteraction of particleswas
assumed to take place between the points on the curves as-
sociated with their trajectoriesthat lay in the same plane of
absolute simultaneity. In special relativity thisinteraction
is assumed to take place, depending on the type of in-
teraction that exists between the particles, either between
pointsthat lie in the same light cone or between one such
point and pointsin theinterior of the light cone associated
with this point. The electromagnetic interaction, for ex-
ample, takes place between pointslying in the same light
cone. Consequently, these light cones can be observed by
giving an impulse to one member of a group of charged
particles and noting where, on the trajectories of the other
particles, the transmitted impul se acts.

B. Free Bodies

In addition to the absolute light cones, special relativity
assumes, like Newtonian mechanics, a family of curves,
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the straight lines, that are associated with the trajectories
of free bodies. Thereis, however, an important difference
between the two theories. In Newtonian mechanics any
straight line that intersects all of the planes of absolute
simultaneity is assumed to correspond to the trajectory of
afreebody. In special relativity, ontheother hand, only the
straight linesthat correspond to free bodieswith velocities
less than or equal to the speed of light are assumed to
correspond to observable free bodies. These straight lines
are such that, given apoint lying on one of them, the other
points lying on it are either interior to or lie on the light
cone associated with that point.

C. Lorentz Invariance

Together, the light cones and straight lines constitute the
absolute objects of special relativity. It can be shown that
one can coordinatize the space-time manifold in such a
way that the pointswith coordinates x* lying on astraight
line are given by the equations

X = v*A + xb, (10)

where the v** and x{ are constants and A is a monotone
increasing parameter along the line. For the straight lines
that correspond to the trajectories of free bodies, the v*
are constrained by the condition that

yofu” >0 (11)
um

wheren,,, =diag(1, —1, —1, —1). Provided that ,,, v*v"
> 0, it is always possible to choose the parameter A such
that n,,, v*v’ = 1. Inthiscasethe v* are said to constitute
the components of the four-velocity of the particle and
7 = A iscalled the proper time along the line.

In addition to the form (10) for the straight lines, coor-
dinates can be chosen so that the points x* lying on the
light cone associated with the point x; satisfy theequation

Ny (X = X5 ) (X" = xg) =0. (12)

For points interior to this light cone the quantity on the
left side of this equation is greater than zero, while for
points exterior to it it is less than zero. In what follows,
coordinates in which the straight lines and light cones
are described by Egs. (10) and (12) will be called inertial
coordinates.

Sincethelight cones and straight lines are absol ute ob-
jects in special relativity, the coordinate transformations
that |eave these structures invariant constitute the invari-
ance group of specia relativity. In an inertial coordinate
system, these transformations have the form

X* = alx" 4+ b, (13)
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wherea!* and b” are constants. The b* are arbitrary while
the /! are constrained to satisfy the conditions

fl,wﬁlga:; = Npo- (14)

These transformations form a group, the inhomoge-
neous Lorentz group, each member of which is charac-
terized by the 10 arbitrary values one can assign to the
a!* and b*. This group contains, as subgroups, the three-
dimensiona rotation group and the group of spatial and
temporal trandlations. It also includesthe group of Lorentz
transformations, now called L orentz boosts. A boost along
the x axis takes the form

X0 = y(x0+ px?)
Xt =y(Bx°+xh)
X/2 — X2
X3 = x3,

(15

where y = (1— p%)~Y? and B is a parameter that char-
acterizes the boost. These transformation equations take
their more familiar form if we set x* =(ct, X, y, z) and
similarly for x'* and 8 =v/c, where c is the velocity of
light, in which case v is the velocity associated with the
transformation. In special relativity, the Lorentz boostsre-
place the Galilean transformations of Newtonian mechan-
ics just as the light cones replace the planes of absolute
simultaneity and the requirement of invariance under this
group is called the principle of Specia relativity. Also,
the Galilean law of addition for velocities, Eg. (9), isno
longer valid. For aboost inthe x direction, thetransformed
components v of the velocity of a body are related to its
original components v; by the equations

vh =y 1o,
(16)

vl =8(v1+v) vy =y v,

where § = (1+ viv/c?)~L,

D. The Space-Time Metric

Equations (10) and (12) for straight lines and light cones
are given in a special coordinate system in which they
assume these simple forms. It is possible to write gener-
aly covariant equations for these objects by introducing a
symmetric second rank tensor g, of signature —2 to-
gether with its inverse g*¥. With its help, the light cones
can be characterized by the surfaces ¢(x) =0, where ¢
satisfies the covariant equation

glqu,uqb,v =0. (17)

To construct an equation for a straight line we first in-
troduce the Christoffel symbols { /. } defined by

{1} =39""(Govo + Do = Gpon)-  (18)
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These quantities constitute the components of a geomet-
rical object that islinear but not homogeneous. With their
help, the equations for the coordinates x# (1) of the points
lying on a straight line can now be written as

d?x*/da? + { 1 }(dx?/dr)(dx?/dr) =0, (19)

where again A is a monotone increasing parameter along
the curve. One can choose A so that g, dx*/didx”/
dA =1, inwhich case it is the proper time along the line.
One can aso use Eq. (19) to characterize the trajectories
of light rays if one adds the condition that g, dx*/dA
dx”/dA = 0. Suchrayshavethe property that they serveas
the generators of the light cones. Equation (19) is usually
referred to as the geodesic equation since it has the same
form astheequation for ageodesic curve, that is, acurve of
minimum length connecting two points in a Riemannian
space with ametric g,,,,.

Having introduced the tensor g,,,,, it now becomes nec-
essary to construct alaw of motion for it. In special rela
tivity thislaw is taken to be

R/wp(r = Oa (20)

where the tensor R,,,,,, called the Riemann-Christoffel
tensor, is constructed from the tensor g,,, according to

1
Ruvpa = Q(gup,vo + Qvo,up — Guo,vp — gvp,;w)

+ (o) = L 0D (21)

It appears in the equation of geodesic deviation that
governs the separation between two neighboring, freely
falling bodies. When all of the componentsof R,,,, van-
ish, this separation remains constant.

It can be shown that every solution of Eg. (20) can be
transformed so that g,,, = 1, everywhere on the space-
time manifold, in which case g, is said to take on its
Minkowski values. In a coordinate system in which g,,,
has thisform, Eq. (17) becomes

nlwd),u(ﬁ,v =0 (173)

It is seen that the surface defined by Eq. (12) satisfies
thisequation. Likewise, inthiscoordinate system, Eq. (19)
reduces to

d2x* /da2 = 0 (19a)

and has, asits solution, the curves defined by Eq. (16).
Since g,,, can aways be transformed to its Minkowski
values, it is seen to be an absol ute object in the theory and
the group of transformationsthat leaveit invariantisagain
the inhomogeneous Lorentz group. In all respects g, is
equivalent tothestraight linesandlight conesof thetheory.
Furthermore, one can either construct laws of motion that
employ inertial coordinates and that are covariant with
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respect to the inhomogeneous L orentz group or construct
generally covariant laws with the help of the g,,. When
0. is transformed to take on the values n,,, the latter
equations reduce to the former.

The Riemann-Christoffel tensor arose in the study of
the geometry of manifolds with Riemannian metrics. In
such ageometry one defines a distance ds between neigh-
boring points of the manifold with coordinates x* and
x* + dx* to be

ds? = g, (x) dx* dx", (22)

where g,,,,, @ sSymmetric tensor field, is the metric of the
manifold. The vanishing of the Riemann-Christoffel ten-
sor can be shown to be the necessary and sufficient con-
dition for the geometry to be flat; that is, the metric can
aways be transformed to a constant tensor everywhere on
the manifold. Since the tensor g,,, introduced aboveis an
absolute object it is sometimes referred to as the metric of
the flat space-time of special relativity. Although we will
not need to make use of this geometrical interpretation, it
will sometimes prove convenient to give an expression for
ds asaway of specifying the components of g,,, .

IV. GENERAL RELATIVITY

A. The Principle of Equivalence

After Einstein formulated the special theory of relativity
he turned his attention to, among other things, the prob-
lem of constructing a Lorentz-invariant theory of grav-
ity. Newton thought of gravity as an action-at-a-distance
force between massive bodies and as transmitted instanta-
neously between them. Since special relativity required a
finite speed of transmission, Einstein sought to construct
ardativistic field theory of gravity. The simplest object
to associate with the gravitational field was a scalar field.
However, adifficulty presenteditself when hecameto con-
struct a source for this field. In the Newtonian theory, the
gravitational attraction between bodies was proportional
to their masses. In special relativity, however, energy has
associated with it an equivalent mass through the relation
E = mc2. Consequently, Einstein argued, mass density by
itself could not bethe sole source of the gravitational field.
At the same time, energy density could not be used since
it is not, by itself, associated with a geometrical object
in specia relativity but rather with one component of a
tensor field.

While thinking about the problem of gravity, Einstein
was struck by a peculiarity of the gravitational interaction
between bodies, namely, the constancy of the ratio of the
inertial to the gravitational mass of all material bodies.
In Newtonian mechanics, mass enters in two essentially
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different ways—asinertial massin the second law of mo-
tion and as gravitational mass in the law of gravitational
interaction. Logically, these two masses have nothing to
do with one another. Inertial mass measures the resistance
of abody to forcesimposed on it while gravitational mass
determines, in the same way as electric charge determines
the strength of the electrical force between charged bod-
ies, thestrength of the gravitational force between massive
bodies. Galileo wasthe first to demonstrate this constancy
by observing that the accel eration experienced by objects
in the earth’s gravitational field was independent of their
mass. In 1891, Evtvos demonstrated it to an accuracy of
one part in 108. More recent determinations by groupsin
Princeton and Moscow have established this constancy to
better than one part in 10,

While there was no explanation for this constancy,
Einstein realized that it called into question the existence
of one of the absol ute objects of both Newtonian mechan-
ics and special relativity, the free bodies. If indeed this
ratio was auniversal constant, then there could be no such
thing asagravitationally uncharged body since zero gravi-
tational masswouldthenimply zeroinertial mass. Einstein
aso redlized that this constancy meant that it would be
impossible to distinguish locally, that is, in a sufficiently
small region of space-time, between inertial and gravita-
tional effects through their action on material bodies. An
observer in an elevator being accelerated upward with an
acceleration equal to that produced by the earth’s gravity
would see objects fal to the floor of the elevator in ex-
actly the same way that they fall on earth, that is, with an
acceleration that is independent of their mass.

After this realization, Einstein made a characteristic
leap of imagination. He postulated that it is impossible
to distinguish locally between inertial and gravitational
effects by any means. One of the consequences of this
postulate, called by him the principle of equivalence, is
that light should be bent in a gravitational field just as
it would appear to be to an observer in an accelerat-
ing elevator. But if this is the case, the light cones of
special relativity would no longer be absolute objects
either, and this in turn would mean that the metric of
special relativistic space-time would not be an absolute
object.

The principle of equivalence however, implied even
more. If inertial and gravitational effectsareindistinguish-
able from each other locally, then one and the same ob-
ject could be used to characterize both effects. Sinceit is
the metric g,,, that is responsible for the inertial effects
one observes in special relativity, g,, should aso be as-
sociated with the gravitational field. In effect, geometry
and gravity became simply different aspects of the same
thing. Actually, one never needsto interpret g, asamet-
ric. One can identify it solely with the gravitationa field.
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This identification has, as a consequence, that g, must
be a dynamical object since the gravitational field clearly
must be such. Having recognized this fact, Einstein then
turned his attention to the problem of constructing alaw
of motion for this object.

B. The Principle of General Invariance

In his attempts to construct a law of motion for g,,,
Einstein proposed that these laws should be generally co-
variant. However, we have already seen that the laws of
motion of special relativity could be cast in generally co-
variant form with the introduction of a metric satisfying
Eg. (20). But such a metric was absolute and Einstein
wanted a law of motion for a dynamical g,,. Conse-
quently, what Einsteinwasreally requiringwasnot general
covariance but rather general invariance, that is, that the
invariance group of thelaws of motion should be the same
astheir covariancegroup, namely, thegroup of al arbitrary
coordinatetransformations. Aswe have argued above, this
can bethe case only if there are no absol ute objectsin the
theory. The absence of absolute objects in the theory sat-
isfiesaversion of Mach’s principle which states that there
should be no absolute objects in any physical theory.

Although Einstein did not use precisely the reason-
ing outlined above, it was his recognition of the pre-
ferred role played by the inhomogeneous Lorentz group
in specia relativity that was crucia to the development
of the genera theory of relativity. And athough he for-
mulated his argument in terms of the relativity of motion,
it is clear that he was referring to the invariance proper-
ties of the laws of motion. His argument that all motion
should be relative—hence the term genera relativity—
wasreally arequirement, in modern terms, that these laws
shouldbegenerally invariant. Thisisnot an empty require-
ment, as some authors have suggested, but rather severely
limits the possible laws of motion one can formulate
for g,..

C. Dynamic Laws
1. Field Equations

The search for agenerally invariant law of motion for gy,
occupied a considerable portion of Einstein’s time prior
to the year 1915. At one point he even argued that such
alaw could not exist. However, he did succeed in that
year in finaly formulating this law. If one requires that
this law contain no higher than second derivatives of the
0,» and furthermore that it be derivable from avariational
principle, thenthereis, infact, essentially only onelaw that
fills these requirements. Thisisin marked contrast to the
situation in electrodynamics, where there are an infinite
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number of laws of motion for the vector potential A,, that
satisfy these requirements.

To formulate the law of motion for g,,,, we first con-
struct from the Riemann-Christoffel tensor (21) the Ricci
tensor R,,, where

R = 9" Rypupw (23)
and the curvature scalar R, where
R=g¢g""Ry. (24)

In terms of these quantities this law can be written as
Ruv — 30w R+ AQuy =k Ty, (25)

where A and « are constants and T,, is the energy—
momentum tensor associated with the sources of the grav-
itational field.

In general, the components of the Riemann-Christoffel
tensor will not vanish even when all of the components of
the Ricci tensor do. Asa consequence, it followsfrom the
equation of geodesic deviation that the separation between
neighboring freely falling masses will change with time.
Since such changes appear due to tidal forces in many-
practicle systems, the Riemann-Christoffel tensor isthus
ameasure of such forces and vice versa.

The so-called cosmological term Ag,, was originaly
not present in the Einstein field equations. It was later
added by him to obtain a static cosmological model with
matter. When it was discovered that the universe was ex-
panding and that there were solutions of thefield equations
without the cosmological term that fit the then available
data, Einstein dropped this term and for the most part it
has not been included in the field equations. However,
recent data suggest that the expansion of the universe is
accelerating instead of slowing down asit doesintheolder
cosmological models. Oneway to takeinto account such a
discovery would be to reintroduce the cosmological term
in the field equations.

In addition to the law of motion for g, it is necessary
to formulate generally invariant laws of motion for the
other geometrical objects that are to be associated with
the physical quantities being observed. Oneway to dothis
issimply to take over the generally covariant form of the
lawsformulated for these objectsin special relativity. The
law of motion for the electromagnetic field, whenthisfield
isassociated withavector A, can, for example, bewritten
intheform

(\/ —g g,upgva Fpa),u = 477] v’ (26)

where g is the determinant of g,.,, j* the current density
associated with the sources of the electromagnetic field,
and

Foo=A,—AL. (27)
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Such laws of motion are said to involve minimal coupling
to the gravitational field. It is also possible to construct
laws of motion that do not couple minimally to the gravi-
tational field. In the case of the electromagnetic field, for
example, one could include a factor of 1 + R, where R
is the curvature scalar, inside the parentheses in Eq. (26).
The only requirement these laws of motion should satisfy
is that they reduce to their specia relativistic form when
the Riemann-Christoffel tensor vanishes.

2. Particle Dynamics

When Einstein proposed the general theory in 1915 he
took the geodesic Eq. (19) to be the equation of mo-
tion for atest particle moving in an external gravitational
field. Such a particle was assumed to have no effect on
the sources of this external field. Since, however, even
a test particle has a finite mass it cannot avoid having
some small but finite effect on these sources. Hence, the
geodesic equation yields at best an approximation to the
true motion of both the test particle. Furthermore, this
equation cannot be applied at all in the important case
of the mutual interaction of bodies of comparable mass.
And finally it cannot deal with gravitational radiation
effects.

In 1939 Einstein together with Banesh Hoffmann and
Leopold Infeld (hereafter referred to as EIH) made afun-
damental advance in the problem of particle dynamics
in general relativity. They were able to derive approxi-
mate equations of motion directly from the Einstein field
equations for slowly moving, compact bodies without
the need of additional assumptions. In the lowest, so-
called Newtonian approximation, they obtained equations
of motion identical in form to those of Newton for com-
pact bodiesinteracting according to hisinverse square law
of gravitation. This result shows incidentally that general
relativity encompassesall of the results of Newtonian me-
chanics. The EIH calculations aso yielded directly the
equivalence of inertial and gravitational masses.

Higher-order, post-Newtonian correctionsto these laws
correctly predict, among other observed effects, the per-
ihelion advance of the planetary orbits. It is also possi-
ble to extend the EIH approximation method to obtain
corrections that include the radiation reaction effects that
have been observed in binary pulsar systems. Also, this
author was able to derive the el ectromagnetic interaction
force law between charged particles from the combined
Einstein-Maxwell field equations.

In their original work EIH derived their equations of
motion for bodies moving in an everywhere constant
(9uv = 1) external gravitational field. One can also use
their approach to derive approximate equations of mo-
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tion for compact bodies moving in externa fieldsthat are
slowly varying in space and time. In particular one can
derive an approximate version of the geodesic Eq. (19)
for a single body, making it unnecessary to postulate the
latter equations.

To better appreciate the significance of the EIH results
it is useful to compare the problem of mation in general
relativity to that in special relativity and Newtonian me-
chanics. In those theories one must postulate not only the
force law between bodies, such as the Lorentz force law
in electrodynamics, but also the form of theinertial terms
in the equations of motion for these bodies. General rela-
tivity is unigue among field theoriesin that both the force
laws and inertial terms follow from the field equations of
the theory.

D. Clocks, Rods, and Coordinates

It has been argued that some kind of postulate concerning
the behavior of clocks and measuring rods is required in
general relativity. For example, it has been suggested that
aclassof objects, ideal clocks, measure proper time along
their trajectories, where the proper time along atrajectory
is defined to be the integral of the distance ds, given by
Eqg. (22), aong this trgjectory. In this view, clocks, and
also measuring rods, are assumed to be primitive objects
in the theory.

Actually, al such postul atesare unnecessary, in both the
special and genera theories. Clocks, and similarly mea-
suring rods, are, in fact, composite physical systems with
laws of motion governing their behavior. Once these laws
have been established, there is no need to add additiona
postulates governing their behavior. It can be shown, for
example, that if one takes, asamodel for aclock, aclas-
sical hydrogen atom, then as long as the forces acting on
thisclock are small compared to the internal forces acting
on its constituents and its dimensions are small compared
to the curvature of its trajectory, it will indeed measure
approximeately the proper time along thistrajectory. How-
ever, if the forces acting on it are sufficiently strong, the
atom will be ionized and cease to measure any kind of
time along its trgjectory. Thus, the behavior of clocks is
seen to be adynamical question that cannot be decided a
priori from any kinematic postul ate.

In this view, then, clocks and measuring rods, and in-
deed al measuring devices, are considered to be physi-
cal systems with the geometrical objects associated with
them obeying their own laws of motion. Furthermore, a
physical description would have to be considered incom-
plete if it did not supply these laws of motion. To avoid
the necessity of having to formulate and solve the laws of
motion for aparticular kind of clock, one may assumethat
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it does satisfy the conditions for measuring proper time,
with the proviso that if these conditions are violated it will
no longer do so. If this assumption results in inconsisten-
ciesit does not mean that a principle of general relativity
has been violated but only that these conditions have not
been met.

While clocks and rods can be used to measure times
and distances, it should be emphasized that these mea-
surements bear no direct relation to the coordinates em-
ployed in the formulation of the laws of motion. Since, in
all space-time descriptions, these laws are generally co-
variant, there are no preferred coordinate systems. Conse-
quently, it follows that the predictions of a theory cannot
depend on a particular coordinatization. In effect, the co-
ordinates play the same role in space-time theories as do
the indices that characterize the various components of a
geometrical object and hence, like these indices, are not
associated with any physical objects.

It is, however, often convenient to choose a particu-
lar coordinatization. Thus in Newtonian mechanics one
usually chooses coordinates such that one of them is the
parameter that characterizes the planes of simultaneity,
and likewise in specia relativity one usualy employsin-
ertial coordinates. In general relativity one also can em-
ploy acoordinatization that is particularly convenient for
some purpose. One can, for example, choose coordinates
in such a way that one of them corresponds to the time
and distance intervals measured by a particular family of
clocks and rods. Alternatively, one can choose coordi-
nates so that certain components of the gravitational field
have simple values. For example, one can choose coor-
dinates so that goo =1 and go1 = Qo2 = goz = 0. But in all
cases such a choice is arbitrary and devoid of physical
content.

V. GRAVITATIONAL FIELDS

A. Newtonian Fields

Since Newtonian theory describes, to a high degree of ac-
curacy, the phenomenaassociated with weak gravitational
fields, it is essential that this theory be an approximation
to the general theory. Although originally formulated as
an action-at-a-distance theory, the Newtonian theory of
gravity can aso be formulated as a field theory analogous
to electrostatics. The gravitational field is characterized,
in thisversion of the theory, by asingle scalar field ¢ that
satisfies, in suitable coordinates, the field equation

V2¢ = 47 Gp, (28)

where p isthe mass density of the sources of the field and
G =6.673 cm® g~! sec? is the Newtonian gravitational
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constant. For a point particle of mass m this equation has
the well-known solution

¢ =—-Gm/r. (29

In the general theory we assume that, in the case of
weak fields, there exists a coordinate system such that
Ouv = Nuv + hy, whereh,,, < 1. We also assume that the
velocities of the sources of the gravitationa field are al
vanishingly small compared to thevelocity of light. Inthis
case, theonly nonvanishing component of T,,,, is Top = pC?
and Eqg. (25) can be shown to reduce to Eq. (28) if we set
A =0,k =—-81G/c* where G isthe Newtonian gravita-
tional constant, and take

¢ = (c*/2)heo. (30)

B. The “Flat” Field

The simplest exact solution of the empty-space Einstein
equations with vanishing cosmological constant (Eq. (25)
with T,,, =0and A = 0) isthe so-called “flat” field. It sat-
isfiesEg. (20), whencethe appellation “flat,” and in appro-
priate coordinates takes the form g,,, = n,,,. By itself this
solution would berather uninteresting if it were not for the
fact that it isthe only stationary solution that is asymptot-
ically flat and everywhere regular (no singularities) on the
whole space-time manifold —oo < x* < oo as was first
shown by A. Lichnerowicz. One consequence of this re-
sult is that there do not exist regular, stationary solutions
of the empty-space field equations that are asymptotically
flat and that could be interpreted as “particle” solutions,
that is, solutions that are nonflat only in some localized
region of space. Einstein had hoped that such solutions of
his field egquations existed so that he could dispense with
the matter stress-energy tensor T+ that appears in these
equations.

C. The Schwarzschild Field, Event
Horizons, and Black Holes

In spite of their enormous complexity, the Einstein field
Eq. (25) possesses many exact solutions. One of the first
and perhaps still the most important of these solutionswas
obtained by Schwarzschildin 1916 for thecase A =0 and
T,w = 0 by imposing the condition of spherical symmetry
on g,,,. The nonvanishing components of g,,, are givenin
spherical coordinates by

Qoo =1—2M/r
O = 12

where M isaconstant of integration. Thissolution is seen
to beindependent of the coordinate x° and henceisastatic

o =-1/(1—-2M/r)
Oas = —r2sine, (31)
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field. The condition that the field be independent of x°
was originally imposed by Schwarzschild in obtaining his
solution of the field equations but has since been shown to
be a consequence of the condition of spherical symmetry.

The importance of the Schwarzschild solution lies in
the fact that it is the genera relativistic analog of the
Newtonian field (29) of a point mass. By making use of
Eq. (30) and Eq. (31) for goo We see that M = Gm/c?.
The constant 2M s refferred to as the Schwarzschild ra-
dius of the mass m. The Schwarzschild radius of the sun
is2.9 km and of the earth is 0.88 cm. For comparison, the
Schwarzschild radius of a proton is 2.4 x 10752 cm and
that of atypical galaxy of mas~10% gis~10% cm.

The Schwarzschild field has a property that distin-
guishes it from the corresponding Newtonian field: at
r =2M it becomes singular. Indeed, at this radius g1;
isinfinitel However, thisis not a physical singularity, as
Eddington first showed in 1924, but rather what iscalled a
coordinate singularity. A final clarification of the structure
of the Schwarzschild field came in 1960 with the work of
M. Kruskal. He found a coordinate transformation from
the Schwarzschild coordinates (x°, r, 6, ¢) to the set (u, v,
0, ¢), where

"
o

r

r<2m

r>2m

t=-2m
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u=acosh(x’/4M) v =asnh(x’/4M) (32

witha=[(r/2M) — 1]¥/? exp(r /4M), such that the trans-
formed components of the Schwarzschild field were given
by

Qoo = f Ou = —f O = 172

Gas = —r2sin’ ¢, (33)

where f =(8M/r)exp(—r/2M). In these latter expres-
sions, r is a function of u and v obtained by solving
Eq. (32) for this quantity. In this form the field is seen
to be singular only a r =0, which is atrue physical sin-
gularity.

Figure 1 depictsanumber of the features of the Kruskal
transformationin what iscalled aKruskal diagram. Inthis
diagram, curves of constant Schwarzschild r correspond
to the right hyperbolas u? — v? = const, while curves of
constant x° correspond to straight lines passing through
theorigin. Theregion | totheright of thetwor = 2M lines
corresponds to the entireregionr > 2M, —oo < X% < co.
Hence it follows that the transformation from Kruskal
to Schwarzschild coordinates must be a singular trans-
formation, and indeed it is the singular nature of this

p =2m

t=0

trdn

r=2m

<2m

111 1
1V

FIGURE 1 Kruskal diagram for the Schwartzschild field. The hyperbola r =0 represents a real singularity of the

field.
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transformation that is responsible for the singularity of
0w @ r =2M in Schwarzschild coordinates.

Many of the properties of the Schwarzschild field can be
understood by referringtotheKruskal diagram. In Kruskal
coordinates, light rayspropagate along straight linesat 45°
with respect to the u, v axes. Asaconsequence, it is seen
that all of the rays emitted at apoint Py in region |1 above
the two linesr =2M will ultimately reach the singular
curver =0, sonoinformation can betransmitted fromthis
pointintoregion|. Likewise, inward-directed raysemitted
at a point P, in region | will also reach ther =0 curve
while outward-directed rays will continue their outward
propagation forever. And finally, some of the rays emitted
from apoint P; in region 1V below the two linesr =2M
will ultimately reach points in region | while others will
reach the region 111 to the left of the two linesr =2M.

Because of these features, the surfacer =2M issaid to
form an event horizon: an observer in region | can never
receive information about events taking place in regions
I1'and Il of the diagram. In addition, it isseen to bealight
cone.

Finally, we note that a material body starting from rest
at P, will fall into thesingularity at r = 0 along the dashed
path indicated in Fig. 1. Even though it reaches the event
horizonat x° = oo, theproper timeal ong the curvefrom P,
to the point where it reaches the singularity isfinite. A lo-
cal observer falling with the particle would notice nothing
peculiar as he passed through the horizon. Aslong asthe
particle is outside this horizon it is possible to reverse its
motion so that it does not cross it. However, once it does
its fate is sealed; its motion can no longer be reversed
and it will ultimately reach the r =0 singularity in a fi-
nite amount of proper time. For this reason the source of a
Schwarzschildfieldissaid to beablack hole—nothing that
fallsintoit can ever get out again and any radiation gener-
ated inside the horizon can never be seen from the outside.

D. Kerr—-Newman Fields, Naked Singularities

In addition to the Schwarzschild family of solutions, each
member of which is characterized by a value of the pa-
rameter M, other stationary solutions of the empty-space
Einstein field equations have been found by Kerr and
Newman. Like the Schwarzschild solution, the Kerr—
Newman solutionsareasymptotically flat; that is, thevalue
of the Riemann-Christoffel tensor goes to zero as the co-
ordinate r approaches infinity and also the physical sin-
gularity in the solution is surrounded by an event hori-
zon. This family of solutions is characterized by three
continuously variable parameters, which, because of the
asymptotic form of these solutions, can be interpreted as
the mass, angular momentum, and electric charge of the
black hole.
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After the discovery of the Kerr—-Newman solutions it
was shown by the work of Israel, Carter, Hawking, and
Robinson that the Kerr—-Newman solutions are the only
asymptotically flat, stationary black hole solutions, that
is, solutionswith event horizonsthat depend continuously
on afinite set of parameters. Thisresult is aversion of a
conjecture of Wheeler to the effect that “a black hole has
no hair.” What is still lacking is a proof of uniqueness of
the Kerr—-Newman solutions, that is, that not more than
three parameters is sufficient to characterize completely
all stationary, asymptotically flat black hole solutions. To
date, the best one can do in this respect is to show that
the only such static solutions and the only such neutral
solutions bel ong to the family of Kerr—Newman solutions.

In addition to the Kerr—Newman family of solutions
there are solutions of the empty-space field equations that
do not have event horizons surrounding the physical sin-
gularity in the solution. One such solution is obtained by
|etting the parameter M in the Schwarzschild solution be-
come negative. Also, a charged Schwarzschild field has
no horizon if the charge Q < M. In both cases the only
singularity occurs at r = 0. Because of the absence of a
horizon surrounding this point, it is referred to as a naked
singularity.

E. Fields with Matter—Gravitational Collapse

In addition to the empty-space solutions discussed here
there are numerous solutions of the Einstein equations
with nonvanishing energy—momentum tensors. One can,
for example, construct a spherically symmetric, nonsin-
gular interior solution that joins on smoothly to an exte-
rior Schwarzschild solution. The combined sol utionwoul d
then correspond to the field of anormal star, awhite dwarf,
or a neutron star. What distinguishes these objects is the
equation of state for the matter comprising them. It issur-
prising that no interior solutions that could be joined to a
Kerr—Newman field have been found.

Normal stars, of course, arenot eternal objects. They are
supported agai nst gravitational collapseby pressureforces
whose sourceisthethermonuclear burning that takesplace
at the center of the star. Once such burning ceases due to
the depletion of its nuclear fuel, a star will begin to con-
tract. If itstotal massisless than approximately two solar
masses it will ultimately become a stable white dwarf or
a neutron star, supported by either electron or neutron
degeneracy pressure. If, however, its total mass exceeds
this limit, the star will continue to contract under its own
gravity down to a point, a result first demonstrated by
Oppenheimer and Snyder in 1939. Although they treated
only cold matter, that is, matter without pressure, their
result would still hold once the star has passed a certain
critical stageevenif therepulsion of the nuclel comprising
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the star were infinite. This critical stage is reached once
the radius of the star becomes |ess than its Schwarzschild
radius. When this happens, the surfacer =2M becomes
an event horizon and the matter istrapped inside, forming
ablack hole. Even an infinite pressure would then be un-
able to halt the continued contraction to a point because
such a pressure would contribute an infinite amount to
the energy—momentum tensor of the matter, whichinturn
would result in an even stronger gravitational attraction.

Because of the disquieting features of black hole for-
mation (neither Eddington nor Einstein was prepared
to accept their existence), theorists looked for ways to
avoid their formation. However, theorems of Penrose and
Hawking show that collapse to a singularity isinevitable
oncethegravitational field becomes strong enough to drag
back any light emitted by the star, that is, when the escape
velocity at the surface of the star exceeds the velocity of
light.

What has not been proved to date is what Penrose calls
thehypothesisof “cosmic censorship.” Thishypothesisas-
sertsthat matter will never collapseto anaked singularity,
but rather that the singularity will always be surrounded
by an event horizon and hence not be visibleto an external
observer. Whilethe hypothesisis suported by both numer-
ical and perturbation calculations, it has so far not been
shown to be arigorous consequence of the laws of motion
of the general theory.

The detection of black holes is complicated by the fact
that they are black—by themselves they can emit no ra-
diation. If they exist at al then, they can be detected only
through the effects of their gravitational field on nearby
matter. If ablack hole were amember of adouble star sys-
tem, it would become the source of intense X rays when
its companion expanded during the later stages of its own
evolution. As matter from the companion fell onto the
black holeit would become compressed and thus heated to
temperatures high enough for it to emit such high-energy
radiation. Of course, it is not enough to find an x-ray-
emitting binary system in order to prove the existence
of ablack hole. It is also necessary that the mass of the
X-ray-emitting component be larger than the upper limit
on the mass of a stable neutron star, that is, larger than
3 Mg, (Mg, denotes a solar mass of 1.99 x 10%° kg).

Thefirst object to be definitely identified asablack hole
in 1971 was a member of abinary system Cygnus X-1in
the constellation Cygnus which was an intense emitter
of x-rays. Measurements established that the mass of the
compact component of the system was about 8 M. Since
then eight more black holes have been found in binary
systems. In addition to stellar mass black holes there is
now compelling evidence that massive black holes exist
in the centers of galaxies. By measurements of the orbital
speed of the gaseous disk around the nucleus of the spiral
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galaxy NGC 4258, Makoto Miyoshi and his collaborators
were able to establish in 1995 that the mass of the central
objectis4 x 10’ M, anditsdiameter isahalf alight year,
thereby establishing its identity as a black hole. Our own
galaxy has been shown to contain ablack hole at its center
of mass 2.6 x 106 M,. To date, there are about 15 masses
that have been determined for black holes in the centers
of nearby galaxies. The most massive such candidate for
a black holeis in the giant eliptic galaxy M87 with an
estimated mass of 3 x 10° M, although it is not certain
that this object is indeed a black hole. Finaly it is now
believed that the energy source of quasarsis the inflow of
vast amounts of gasinto massive black holesin the centers
of very young galaxies.

F. Gravitational Radiation,
the Quadrupole Formula

Shortly after he formulated the genera theory, Einstein
showed that, when linearized around the flat field g,,, =
N, the empty-space field equations with zero cosmolog-
ical constant possessed planewave solutionssimilar tothe
plane wave solutions of electromagnetism. These waves
propagate along the light cones defined by 7,,,, that is, at
the speed of light. Liketheir el ectromagnetic counterparts,
they are transverse waves and possess two independent
states of polarization. However, unlike the dipole struc-
ture of plane electromagnetic waves, gravitational waves
have aquadrupol estructure, aswould be expected fromthe
tensor nature of the gravitational field. Using coordinates
suchthat g,,, = 1, + h,,, and thedirection of propagation
asthe z axis, the two states of polarization are character-
ized by hf, =hy, and hg, =hJ, with, in the two cases,
the other components having the value zero.

Although the empty-space field equations have been
shown to possess exact solutions with wavelike proper-
ties, the so-called planefronted waves, neither they nor the
approximate wave solutions found by Einstein are associ-
ated with sources. |n electromagnetic theory it is possible
to find exact solutions of the field equations associated
with sources with arbitrary motions. So far, no such solu-
tions have been found for the highly nonlinear equations
of the general theory. In order to construct radiative so-
lutions associated with sources it is necessary to employ
approximation methods.

Thefirst attemptsto carry out such approximationswere
made by Einstein and Arthur Eddington. Einstein tried
to calculate the energy radiated by alocalized system of
masses by i ntroduci ng apseudo-energy-momentum tensor
for the gravitational field. However, this object was not a
truetensor and in fact it waslater recognized that it wasin
genera not possibleto introduce atrue energy-momentum
tensor for thegravitational field. Asaconsequence, evenif
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itscomponentswereall zeroin one coordinate system they
could be non-zero in some other system of coordinates.
Using radiative solutions of the linearized gravitational
field equations similar to the Liénard-Wiechert solutions
of Maxwell’s equations for an arbitrarily moving point
charge, he derived the now famous quadrupole formula
for the “energy” emitted by these masses. The derivation
however was unsatisfactory because of itsuse of apseudo-
tensor to calculate the energy radiated by the system and
the assumption that this “energy” loss was equa to the
change in the energy of the radiating system. Eddington,
on the other hand worked directly with the near field of
a spinning rod held together with cohesive forces, which
were assumed to be large compared to the gravitational
forcesbetween partsof therod. Heal so used thelinearized
equations to calculate this field and used it together with
the conservation laws derivable from the field equations
to calculate the force exerted by one part of the rod on
another. He was thus able to calculate the energy loss by
the rod without having to make use of Einstein’s pseudo-
tensor. The result he obtained for the rate of energy loss,
LkI28, where k= 2.7 x 10~% for cgs units, o is the
angular frequency of therod and | isitsmoment of inertia
about the axis of rotation, agreed with the result obtained
by Einstein. Eddington was careful to point out that this
result could not be applied directly to systems such as
binary stars held together by gravitational forces because
in such systems non-linear gravitational effects can not be
ignored.

After these initia derivations of Einstein and
Eddington, much work went into a satisfactory derivation
of the effects of gravitational radiation on gravitationally
bound systems. In fact, for atime Einstein and others be-
lieved that real gravitational radiation did not exist. Be-
cause of the need to take account of the non-linear terms
in the field equations many different approximation pro-
cedures were employed for this purpose. Today the best
that can be done isto use an extension of the EIH proce-
dure using matched asymptotic expansions and multiple
time scale methods to calculate these effects. Asaconse-
guencethese results can only be applied to systemswhose
component velocities are small compared to the speed of
light and for which the separations between the compo-
nents are large compared to their size. The net result of
these calculations is the so-called quadrupole radiation
formula

dE/dt = —%(G/Cs)(dsQij/dtsdsQij/dt3>, 39

where the angle brackets denote an average over a pe-
riod of oscillation of the source and the indicesi and j
take on the values 1 through 3. The quantities Q;; are the
components of the mass quadrupole moment:
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Qij = /p(x)(Xin — %Sij(sklka) dv, (35)

where p(x) isthe mass density of the source. Finaly, the
quantity E appearing on the left side of this equation is
the total Newtonian energy, kinetic plus potential, of the
source. As a consequence, the quadrupole formula can
be interpreted as an expression of energy conservation,
in which case the quantity on its right side becomes the
energy carried away by gravitational waves.

The quadrupole formula gives the main contribution to
the energy loss of a system due to gravitational radiation.
Changes in higher multipoles of the mass will also con-
tribute to this loss, although in general their contribution
will be much smaller than that of the quadrupole. How-
ever, unlike the electromagnetic case, there is no dipole
contribution, since both the total momentum and angular
momentum of the radiating system are conserved. And in
both theories there is no monopole radiation because of
conservation of charge in the one case and conservation
of massin the other.

The amount of energy emitted by slow-motion sources
is in most cases very small. A beryllium rod of length
170 m and weighing 6 x 107 kg, spinning on an axis
through its center as fast as it can without disintegrat-
ing (w~ 10° sec™?), would radiate energy at the rate of
approximately 10~ erg/sec. For the earth-sun system
Eq. (34) yields arate of energy loss of about 200 W. Only
in the case of extremely massive objects moving at high
speeds such as in the binary pulsar will the amount of
energy radiated be significant.

VI. OBSERVATIONAL TESTS
OF GENERAL RELATIVITY

A. Gravitational Red Shift

In general relativity the apparent rate at which clocks run
is affected by the presence of a gravitational field. Like
its counterpart in specia relativity, thisis akinematic ef-
fect and hence is independent of any direct effect of the
gravitational field on the internal dynamics of the clock.
Only if gradients of thisfield result in tidal forcesthat are
comparable to the nongravitational forces responsible for
the functioning of the clock will thisinternal dynamicsbe
atered.

The amount of red shift is most easily calculated
inthe case of astatic gravitational field and for two clocks
that are at rest in this field. We suppose that one clock,
the emitter, sends out light waves whose frequency vem
isthe same asitsown frequency. A receiving clock, which
isidentical in construction to the emitting clock, that is,
has the same internal dynamics, is used to measure the
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frequency v Of the received radiation. Then it can be
shown that

Z = (Vrec — Vem)/Vem = (1/C2)(¢em — drec)s (36)

where gem and ¢re are the gravitational potentials at the
locations of the emitter and receiver, respectively. If ¢em
is less than ¢ then the quantity Z is negative, hence
the emitted light appearsto be red shifted. This effect can
be understood by noting that, in going from the emiter
to the receiver, a photon will, in this case, gain potential
energy. Since its total energy is conserved, its kinetic en-
ergy, which is proportional to its frequency, will decrease
and hence so will itsfrequency. If either the emitter or re-
celver ismoving with respect to the background field then
Eq. (36) must be amended to take account of the Doppler
shift produced by such motion.

The first attempts to observe the gravitational red shift
were made on the spectral lines of the sun and known
white dwarfs. For the sun, Z = —2.12 x 10~ while for
white dwarfs it would have values 10-100 times as large.
In the case of the sun the shift was masked by the Doppler
broadening of the spectral lines due to therma motion.
However, observations near its edge are consistent with a
red shift of the magnitude predicted by Eq. (36). Inthecase
of the white dwarfs, it was not possible to measure their
massesand radii with sufficient accuracy to determine genm,
although again red shiftswere observed whose magnitudes
were consistent with estimates of these quantities.

The first accurate test of the red shift prediction was
carried out in a series of terrestrial experiments by Pound
and Rebkain 1960, using the Mossbauer effect. The emit-
ter and detector used by them were separated by avertical
height of 74 ft. In this case the gravitational potential can
be taken equal to gz, where g is the local acceleration
due to gravity and z is the height above ground level.
Equation (36) then yields the value Z =2.5x 10715, In
spite of its small value, Pound and Rebka were able to
observe ashift equal to 1.054 0.10 timesthe predicted Z.
Later experimentswith cesium beam and rubidium clocks
on jet aircraft yielded similar results.

The possibility of testing the red shift prediction has
improved dramatically with the development of high-
precision clocks. In 1976 Vessot and L evine used arocket
to carry a hydrogenmaser clock to an atitude of about
10,000 km. Their result verified the theoretical value to
within 2 partsin 1074,

It has been argued that red shift observations do not
bear on the question of the validity of general relativity
but rather only on the validity of the principle of equiva-
lence. Thisis, in fact, only partially true. If one assumes
that the gravitational field of the earth is uniform over
the 74 ft that separated the emitter and receiver of the
Pound-Rebka experiment, then indeed their result can be
calculated using only this principle. However, one cannot
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use it alone to determine the result of the Vessot-L evine
experiment. In thiscase it is hecessary to make direct use
of Eq. (36). The derivation of Eq. (36), however, makes
use of Eq. (19) for alight ray, which, in turn, is a con-
sequence of the field equations (25) of general relativity.
Also, although the present red shift measurements are not
sufficiently accurate to distinguish between different pos-
sible equations for the gravitational field, there is nothing
in principle that would preclude such atest.

B. Solar System Tests—The PPN Formalism

The first arena used for testing general relativity was the
solar system and it remains so to this date. What has
changed dramatically over the years, due to the rapid
growth of technology, isthedegree of accuracy withwhich
the theory can be tested. It isin the solar system that the
gravitationa field of the sun is of sufficient strength that
deviations from the Newtonian theory are observable, but
just barely.

In calculating the size of these effects one assumes that
the trgjectories of planets and light rays obey Egs. (19).
However, rather than takethe sun’sgravitational fieldto be
the Schwarzschild field in evaluating the Christoffel sym-
bols appearing in these equations, it is useful to use what
has become known as the parametrized post-Newtonian
(PPN) formalism. In this formalism, first developed by
Eddington and extended by Robertson, Schiff, Will, and
others, one assumes a more general form for the post-
Newtonian correctionsto the gravitational field of the sun
than those given by general relativity. These corrections
are allowed to depend on a number of unknown parame-
tersthat one hopesto determine by solar system and other
observations. The reason for proceeding in this manner is
that it allows one to test the validity of other competing
theories of gravity in which these parameters have differ-
ent valuesfrom those they would haveif genera relativity
werevalid.

In the most extreme versions of thisformalism as many
as 10 parameters are employed. However, a number of
these parameters can be eliminated if one requires that
the equation of motion (19) are a consequence of the field
equationsfor the gravitational field, asthey arein general
relativity. Also, some of these parameters are known to be
small from other experiments. In what followswewill use
an abbreviated version of the PPN formalism employed by
Hellings in his analysis of the solar system data. In this
version the components of the gravitational field have the
form

Joo = 1 — 2U[1— J(Ro/r)*Pa(6)]

+2B8U2% + a1U (w/c) (37a)
g = osUw' /c (37b)
gj = —(1+2yU)s;, (37¢)
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where 8, v, and 1 are PPN parametersU = GM, /rc? is
the Newtonian gravitational potential of the sun, and R,
and M, are the radius and mass of the sun. Included in
Eqg. (37a) is a term proportional to J,, a dimensionless
measure of the quadrupole moment of the sun. In this
term P, isthe Legendre polynomial of order 2 and 6 isthe
angle between the radius vector from the sun’s center and
the normal to the sun’s equator. The so-called preferred
framevelocity w' istaken to betheaverage of the determi-
nations of the solar system velocity relative to the cosmic
blackbody background. Ingeneral relativity 8 =y = 1and
o1 = 0.

1. Bending of Light

One of the more spectacular confirmations of the general
theory came in 1919, when the solar eclipse expedition
headed by Eddington announced that they had observed
bending of light from stars as they passed near the edge
of the sun that was in agreement with the prediction of
the theory. Derivations of the bending that use only the
principle of equivalence or the corpuscular theory of light
predict just half of the bending predicted by the general
theory.

The angle of bending for light passing at a distance d
from the center of the sun can be computed by using the
equation of motion (19) with g,, dx*/dA dx”/di=0.
Usingtheformfor the gravitational field given by Eq. (37),
the angle of bending is given by

® = (1+ y)2GM,, /c*d. (38)

For light that just grazes the edge of the sun ® =1".75
when y = 1. Because of thissmall valueit is necessary to
observe stars whose light passes very close to the edge of
the sun, and this can be done only during a total eclipse.
The apparent positions of these stars during the eclipse
are then compared to their positions when the sun is no
longer in the field of view in order to measure the amount
of bending. Unfortunately, such measurements are beset
with a number of uncertainties. Thus the measurements
made by Eddington and his co-workers had only 30%
accuracy. The most recent such measurements were made
during the solar eclipse of June 30, 1973, and yielded the
value

1+y)=095+011 (39)

The use of long-baseline and very-long-baseline in-
terferometry, which is capable in principle of measur-
ing angular separations and changes in angle as small as
3 x 10~4, has made possible much more accurate tests of
the bending of light. These techniques have been used to
observe anumber of quasars such as 3C273 that passvery
closeto the suninthe course of ayear. Beginningin 1970,
these observations have yielded increasingly accurate de-
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terminations, and the most recent, in 1984, agreeswith the
general relativistic prediction to within 1%.

2. Time Delay

In passing through a strong gravitational field, light not
only will bered shifted but alsowill takelonger to traverse
a given distance than it would if Newtonian theory were
valid. Thereasonfor thisdelay isthat thegravitational field
acts like a variable index of refraction, so the velocity of
light will vary asit passesthrough such afield. Thiseffect
wasfirst proposed by Shapiroin 1964 asameansof testing
general relativity. It can be observed by bouncing a radar
signal off aplanet or artificial satellite and measuring its
round-trip travel time. At superior conjunction, when the
planet or satellite is on the far side of the sun from the
earth, the effect is a maximum, in which case the amount
of delay isgiven by

8t = 2(1+ y)(GMg /c®) In(4rerp /d?),  (40)

wherere, rp, and d are, respectively, the distance from the
sunto the earth, the distance from the sun to the target, and
the distance of closest approach of the signal to the center
of the sun. Since one does not have a Newtonian value
for the round-trip travel time with which to compare the
measured time it is necessary to monitor the travel time
asthetarget passes through superior conjunction and look
for alogarithmic dependence.

The use of a planet such as Mercury or Venus as a tar-
getiscomplicated by thefact that itstopography islargely
unknown. As a consequence, a signal could be reflected
from avalley or a mountaintop without our being able to
detect the difference. Such differences can introduce er-
rors of as much as 5 psec in the round-trip travel time.
Artificial satellites such as Mariners 6 and 7 have been
used to overcome this difficulty. Furthermore, since they
are active retransmitters of the radar signal they permit an
accurate determination of their true range. Unfortunately,
fluctuations in the solar wind and solar radiation pressure
produce random accelerations that can lead to uncertain-
tiesof upto 0.1 usecinthetravel time. Finally, spacecraft
such as the Mariner 9 Mars orbiter and the Viking Mars
landers and orbiters have been used as targets. Since they
are anchored to the planet they will not suffer such accel-
erations. The most recent measurements by Reasenberg
etal. in 1979 have yielded avalue

(1+ y)/2 = 1.000 = 0.001. (41)

3. Planetary Motion

Long before the general theory was proposed, it was
known that there was an anomal ous precession of the per-
ihelion (distance of closest approach to the sun) of the
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planet Mercury that could not be accounted for on the ba-
sis of Newtonian theory by taking into consideration the
perturbations on Mercury’s orbit due to the other planets.
At the end of the last century, Newcomb calculated this
residual advance to have avalue of 417.24 + 2”.09 of arc
per century.

The field values given by Eqg. (37) and the equation of
motion (19) together yield an expression for the perihelion
advance per period that is given, to an accuracy commen-
surate with the accuracy of the observations, by

3o = (6rGMoy/c2p)[3(2+ 2y — B)
+ %(R3c?/12GMg p) ], (42)

where p = a(1 — €?) isthe semi-latus rectum of the orbit,
aitssemimagjor axis, and e its eccentricity. Using the best
current values for the orbital elements and physical con-
stants for Mercury and the sun, one obtains from Eq. (38)
aperihelion advance of 42”.95), of arc per century, where
Ap=[3(2+2y — B)+3x 10°J].

The measured value of the perihelion advance of Mer-
cury isknownto aprecision of about 1% from optical mea-
surements made over the past three centuries and of about
0.5% from radar observations made over the past two
decades. If one assumesthat J, hasthevalue ~1 x 107,
whichitwould haveif it were the consegquence of centrifu-
gal flattening due to auniform rotation of the sun equal to
its observed surfacerate of rotation, then, using thisvalue,
Shapiro gives

1(2+ 2y — B) = 1.003 + 0.005, (43)

which is in excellent agreement with the prediction of
general relativity.

This agreement has been called into question by some
researchers, notably Dicke and Hill. Observations of
the solar oblateness by Dicke and Goldenberg in 1966
led them to conclude that J, actualy has a value of
(2.47+0.23) x 105, leading to a contribution of about
4" per century to the overal perihelion advance. If true,
thiswould put the prediction of general relativity into se-
rious disagreement with the observations. On the other
hand, it would agree with the prediction of the Brans-
Dicke scalar tensor theory of gravity if an adjustable pa-
rameter in that theory were suitably chosen. However, a
number of authors have disagreed with the interpretation
of their observations by Dicke and Goldenberg. These
authors argue that the observations could equally well
be explained by assuming a standard solar model with
J,~ 107" and a surface temperature difference of about
1° between the pole and the equator. More recently Hill
has given a value of J, =6 x 107, based on his mea-
surements of normal mode oscillations of the sun. If true,
the general relativistic prediction for Mercury would be
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inconsistent with the observed value by about two stan-
dard deviations. Unfortunately, the present measurements
of the orbit of Mercury are not sufficiently accurate to
separate the post-Newtonian and quadrupol e effects.

A resolution of this difficulty has come from an anal-
ysis of the ranging data for the planet Mars. Since the
quadrupole contribution to the perihelion advance has a
different dependence on the semimajor axisfromthegrav-
itational effect, it isin principle possible to separate the
two by observing theadvancefor different planets. In spite
of the smallness of these effects on the orbit of Mars, the
accuracy of the Viking data from Mars, which are accu-
rate to within 7 km, combined with the radar data from
Mercury allowssuch adetermination. Usingasolar system
model that includes 200 of the largest asteroids. Hellings
has found, with J, =0, that

B—1=(-02+10)x 1073 (44a)
y—1=(-12+16)x 1073 (44b)
oy = (2.2 +1.8) x 1074, (44c)
When J, was allowed to have afinite value, he found that
Jo=(-14+15) x 10°° (453)

and
B—1=(-29+31) x103 (45b)
y—1=(-07+£17)x 103 (45¢0)
o1 = (214 1.9) x 1074, (45d)

Hellings al so used these data to analyze the nonsymmetric
gravitational theory of Moffat, which was consistent with
the Mercury data and Hill’s value for J,. The result was
that

Jo=(17+24) x 107", (46)

From theseresultsit appearsthat the predictions of gen-
eral relativity are confirmed to about 0.1%. However, by a
suitable adjustment of parameters, several competing the-
ories also share this property. What distinguishes general
relativity from these other theories is that, aside from the
valuefor the gravitational constant G, it contains no other
adjustable parameters.

4. Time Varying G

In addition to the tests discussed above, the solar system
datacan beused to test the possibility that the gravitational
constant varies with time. Such apossibility was first sug-
gested by Dirac in 1937 on the basis of his large number
hypothesis. He observed that one could form, from the
atomic and cosmol ogical constants, several dimensionless
numberswhosevalueswereall of theorder of 10%°. Rather
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than being a coincidencethat was valid only at the present
time, Dirac proposed that the equality of these numbers
was the manifestation of some underlying physical prin-
ciple and that they held at all times. Since one of these
numbers involves the present age of the universe through
its dependence on the Hubble “constant” and hence de-
creases as one moves back in time, the other constants
must al so change with timein order to maintain the equal-
ity between the large numbers. One of these numbers,
however, involves only atomic constants, being the ratio
of the electrical to the gravitational force between an elec-
tron and a proton. Hence the Dirac hypothesis requires
that one of these atomic constants must be changing on
acosmic time scale. The constant that is usually taken to
vary with timein theoretical implementations of the large
number hypothesisis the gravitational constant.

There are several ways of constructing a theory with
an effective time-varying gravitational constant. In the
Brans-Dicke theory, the effective gravitational constant
itself varies with time:

Get = G[1+ (G/G)(t — to)]. (47)

An dternative proposal by Dirac assumed that cosmic ef-
fects couple to local atomic physics so that the ratio of
atomic to gravitational time is not constant. The rate of
change of gravitational time g with respect to atomic
time za isthen given as

drg/dta = 1+ &(t — to), (48)

where ¢ is some cosmological field that is supposed to be
responsible for the effect. In both cases, the net effect is
to produce an anomalous accel eration in the equations of
motion for material bodies.

Since the change in atomic constants is tied to cosmic
evolution in the large number hypothesis, the expected
rate of change in G should be proportional to the inverse
Hubble time:

G/G — Ho = 5x 10 M year? (49)

On the basis of the Viking lander data, Hellings concludes
that

G/G = (0.2+0.4) x 10 1 year? (50a)
$=(014+08) x 10 yeart  (50h)

Since these limits are an order of magnitude smaller than
what one would expect from simple cosmic scale ar-
guments, they cast serious doubt on the large number
hypothesis.

C. The Binary Pulsar

A new, and essentially unique, opportunity for testing gen-
eral relativity camewith the discovery of the binary pulsar
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PSR 1913+ 16 by Hulse and Taylor in 1974. It consists
of apulsar in orbital motion about an unseen companion
with a period of 7.75 hr. Its relevance for general rela
tivity is twofold: because v?/c? ~5 x 10~ isafactor 10
larger than for Mercury, relativistic effects are consider-
ably larger than any that have been observed in the solar
system. Also, the short period amplifies secular changesin
the orbit. Thus the observed periastron advance amounts
t04°.2261 + 0.0007 of arc per year compared tothe43” of
arc per century for Mercury. Furthermore, the pulsar car-
ries its own clock with a period that is accurate to better
than one part in 10*2. As a consequence, measurements of
post-Newtonian effects can be made with unprecedented
accuracy. If thiswere al, the binary pulsar would still be
an invaluable tool for testing general relativistic orbit ef-
fects. However, it also provides usfor the first timewith a
meansfor testing an essentially different kind of prediction
of general relativity, namely the existence of gravitational
radiation.

Considerable effort has gone into identifying the pul-
sar companion. It was soon found that the pulsar radio
signals were never eclipsed by the companion. Also, the
dispersion of the pulsed signal showed little change over
an orbit, implying the absence of a dense plasma in the
system. These two facts together ruled out the possibil-
ity of the companion being a main sequence star. Another
possibility is that it is a helium star. However, since the
pulsar is at a distance of only about 5 kpc from us, such
a star would have been seen. In spite of intense efforts,
no such star has been observed in the neighborhood of the
pulsar. Theremaining possibility isthat itisacompact ob-
ject, either awhite dwarf, another neutron star, or a black
hole.

In the case of conventional spectroscopic binaries, itis
usualy possible to measure only two parameters of the
system, the so-called mass function of the two masses
M; and M, of the components and the product of the
semimajor axisa; and the sine of theanglei of inclination
of the plane of the orbit to theline of sight. However, inthe
case of the binary pulsar one can use general relativity to
determineall four of these parametersfrom measurements
of the periastron advance and the combined second-order
Doppler shift and gravitational red shift of the emitted
signals. One finds from these combined measurements
that M1 = M, =(1.41+ 0.06) M. From the fact that the
Chandrasekhar limit on the mass of a nonrotating white
dwarf is about 1.4 Mg, it appears likely that the unseen
companion is either a neutron star or a black hole.

In addition to the measurements discussed above, it was
discovered that the orbital period P was decreasing with
time. Later measurements gave avaluefor P = (—2.30+
0.22) x 10712 sec/sec™* or about 7 x 10~ sec/year. If one
computes the period change due to loss of energy by the
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emission of gravitational radiation using the quadrupole
formula (34) one obtains a value for P =—2.40x
1012 sec/sec2, in excellent agreement with the observed
value.

Of course, there are other effects that could change the
orbital period, such astidal dissipation, masslossor accre-
tion onto the system, or acceleration relative to the solar
system. Furthermore, there could be other contributionsto
the periastron advance such asrotational or tidal deforma-
tion of the companion. Only in the case of a helium-star
companion would any of these effects contribute signifi-
cantly to the calculated or observed period change. Fur-
thermore, it would be truly remarkable if some combina-
tion of these effects should conspireto give avauefor the
period change equal to that predicted by the quadrupole
formula. It therefore appears safe to say that for the first
timewe have evidence of aqualitatively new prediction of
generd relativity, namely gravitational radiation. Finaly,
the data from the binary pulsar seem to rule out a num-
ber of competing theories of gravity such as the Rosen
bimetric theory. In such theories this system can radiate
dipole gravitational wavesthat result in aperiod increase.
Only a very artificia mechanism could then give rise to
the observed period decrease.

D. Gravitational Wave Detection

The first comprehensive attempt to detect gravitational
waves impinging on the earth was begun by J. Weber in
1961. His antenna consisted of a large aluminum cylin-
der ~1.5 m long with a resonant frequency of ~1660 Hz.
In the early 1970s Weber announced the detection of co-
incident pulses on two of these antennae separated by a
distance of ~1000 mile. However, attempts to duplicate
these results by a number of other groups, using some-
what more sensitive detectors than those used by Weber,
proved fruitless, and it is now generally agreed that the
events recorded by Weber were not caused by gravita-
tional waves.

Since Weber’s pioneering efforts, about 15 different
groups from around the world have undertaken the con-
struction of gravitational wave detectors. The sensitivity
of a detector can be expressed in terms of the smallest
strain AL /L, where AL isachangein thelength L of the
detector, that can just be measured. This change in length
is produced by tidal forces associated with the incident
gravitational wave and hence its measurement leads to a
determination of the Riemann-Christoffel tensor of the
wave. Since this strain is approximately equal to the di-
mensionless amplitude h of a gravitational wave incident
onthedetector, thesensitivity of adetector isusually given
as the minimum value of h that can be detected.

The original Weber bars had a sensitivity h ~ 10~16, At
present one of the main limitations on the sensitivity of
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Weber bars is thermal noise. As a consequence, second-
generation Weber bars are being constructed that will be
cooled to liquid helium temperatures. Such bars are esti-
mated to have sensitivities of h~ 1071°. It is technically
feasible to construct bars for which h~ 10~2!, although
that would require cooling to the millidegree level. The
latter value appears to be a lower limit to what can be
attained with presently available technology.

One of the drawbacks of Weber bar detectors is that
they are only sensitive to the Fourier component of the
incoming signal whose frequency is equal to the resonant
frequency of the bar. Furthermore, most bars have res-
onant frequencies in the kiloherts range with a smallest
reported frequency of 60.2 Hz. Unfortunately, most con-
tinuous wave sources such as binary star systems have
much lower frequencies. In an attempt to overcome this
difficulty and to increase sensitivity, a number of groups
have undertaken the construction of laser interferometer
detectors. In these devices, a gravitational wave would
change the lengths of the interferometer arms and one
would measure the resulting fringe shifts. Such detectors
can, in principle, record the entire waveform of an in-
coming wave rather than a single Fourier component. It
is possible that sensitivities as low as h ~ 10~22 might be
achieved. The most ambitious of these projectsto date is
the LIGO (for laser interferometer gravitational wave ob-
servatory) project which is building two such detectorsin
the United States and is expected to go on line in the next
few years. It has aso been suggested that gravitational ra-
diation could be detected by the accurate Doppler tracking
of spacecraft. Such a scheme would, in principle, be able
to detect waves with frequencies in the 1 to 10~ range.
Present technology is within one or two orders of magni-
tude of the sensitivity needed to detect possible signalsin
this frequency range.

Possible sources of gravitational waves can be divided
into two groups, those that emit continuously and those
that emit in bursts. Possible continuous wave sources are
binary stars and vibrating or rotating stars. In the case of
binary stars, the strongest emitter known is o Scorpii,
for which h=2.1x 102, However, its frequency is
1.6 x 107 Hz. The largest binary frequency known is
1.9 x 10~2 Hz. However, for this system h~5 x 10722,
Other possible continuous wave sources have values for
h that are this small or smaller. Thus, estimates of h for
wavesfromthe Crab and Velapulsarsare of order 10~2* to
10~%, at frequencies between 10 and 100 Hz. In spite of
these low amplitudes, signal integration over an extended
time can effectively increase the sensitivity of a detector
by an order of magnitude or more, so the detection of such
signalsis not totally out of the question.

Bursts of gravitational radiation can be expected to
accompany cataclysmic events such as supernova explo-
sions, stellar collapse to form neutron stars or black holes,
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or coalescence of the neutron stars or black holesin abi-
nary system at the end stage of its evolution. One of the
problems in dealing with such systems is the determina-
tion of the efficiency with which other forms of energy
can be converted into gravitational radiation. Estimates
range from a maximum of 0.5 to as low as 0.001. Such
events would have characteristic frequencies in the range
107 to 10° Hz and those occurring in our galaxy would
have amplitudes estimated to be in the range h ~ 10~%8
to 1077, Here the problem for detection is not so much
the frequency or the intensity, asit isin the case of con-
tinuous emitters, but rather the scarcity of such events.
Thus, the supernovaratein our galaxy has been estimated
to be 0.03 per year. If one includes such events in other
galaxies the rate increases. For example, at a distance of
10 Mpc the estimated supernovarateisoneper year. How-
ever, the corresponding amplitudewouldbeh =~ 3 x 102
t03x 1072,

By combining the sensitivity estimatesfor gravitational
wave detectors now under construction and the expected
amplitudes and fregquencies of possible sources we see
that the possibility for detection in the near futureis good.
Furthermore, as the technology improves, an era of grav-
itational wave astronomy may soon be possible. Since
gravitational waves are not absorbed by intervening mat-
ter as is electromagnetic radiation, such an astronomy
may alow us to explore regions of the universe, such
as the centers of galaxies, that are now blocked to our
view.

E. Gravitational Lenses

In many of its effects, a gravitational field acts like a
medium with a variable index of refraction. Thus, two
of the observed effects discussed above, the bending of
light and the time delay of signals as they pass through a
gravitational field, can be understood on this basis. A fur-
ther conseguence of this notion is that there should exist
gravitational lenses with properties similar to those of or-
dinary optical lenses. The most likely candidates for such
lenses are galaxies. If placed between us and a distant
point source such as a quasar, agalaxy can, in effect, pro-
vide more than one path along which light from the source
may reach the observer. Asaconsequence, onewould see
multiple images of the source. Applied to a galaxy, the
bending formula (38) (with y = 1) gives typica bending
angles of about 1 arcsec.

The first gravitational lens, predicted by Einstein in
1936, wasobserved in 1979. In 1998 acomplete ‘Einstein’
ring was observed and the Californian-Arizona Space
Telescope Lens survey lists 43 probable examples of lens-
ing including the most distant galaxy so far observed. In
addition, a study of the multiple images produced by the
light passing through a galactic cluster has enabled as-
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tronomersto calcul ate the mass distribution in this cluster
including the contribution due to ‘dark matter.

VII. GRAVITY AND QUANTUM
MECHANICS

A. Hawking Radiation and Black
Hole Thermodynamics

For most of its history, general relativity has stood apart
from quantum mechanics. Early attempts to quantize the
gravitational field proved to be largely unsuccessful and
quantum theory usually neglected the presence of gravi-
tational fields. For most problems one could justify this
neglect. The radius of the first Bohr orbit of a hydrogen
atom held together by gravitational rather than electrical
forces, for example, would be about 5 x 10*° m, which
is amost four orders of magnitude larger than the ra-
dius of the visible universe! However, one is not justi-
fied in ignoring the effects of strong gravitationa fields,
such as those that occur near the Schwarzschild radius of
a black hole, on the behavior of quantum systems since
gravity couples universally to all physical systems. When
one takes account of the gravitational field in the quan-
tum description of a system, qualitatively new features
emerge. One such feature is the phenomenon of Hawking
radiation.

Even in the vacuum, where there are no real quanta,
pairsof virtual quantaof the various matter fieldsobserved
in nature are being continually created and destroyed in
equal numbers. Their presence is manifested in such phe-
nomena as the Lamb shift in hydrogen and the Casimir
effect. According to Hawking, a black hole can absorb
one member of such avirtual pair, leaving its partner to
propagateasareal quantum of thefield. Theenergy needed
for this process to occur is supplied by the gravitational
energy of the black hole. Hawking was able to show that,
asablack holeformed, such aflux of real quantashould be
produced and that it would be equal to the flux produced
by ahot body of temperature T given by

kT = hg/2rc, (51)

where k is Boltzmann’s constant, h is Planck’s constant,
and g isthe gravitational accel eration at the Schwarzschild
radius of the black hole and is equal to ¢*/4GM, where
M isits mass.

For a solar mass black hole this temperature would be
2.5 x 10 K. However, for a 10* kg mass black hole it
would be5 x 10'? K. Such ablack holewould emit energy
at arate of about 6000 MW, mainly ingammarays, neutri-
nos, and electron-positron pairs. Hawking has suggested
that “primordal black holes” with such masses might have
been formed by the collapse of inhomogeneities in the
very early stages of the universe and that some of them
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might have survived to the present day. If so, they prob-
ably represent our only hope of observing Hawking ra-
diation. However, measurements of the cosmic-ray back-
ground around 100 MeV place an upper limit for black
holes with masses around 10 kg of about 200 per cubic
light-year.

Thefact that ablack hole can radiate real quanta might
seem to contradict the fact that no radiation can escape
from a black hole. However, that restriction is only true
classicaly. One can think of the emitted radiation as hav-
ing come from inside the event horizon surrounding the
black hole by quantum mechanically tunneling through
the potential barrier created by its gravitational field. Ac-
tually, it is possible for a black hole to emit aimost any
configuration of quanta, including macroscopic objects.
Since we cannot have direct knowledge of the interior of
ablack hole, all we can determine are the probabilitiesfor
the emission of such configurations. The overwhelming
probability is that the emitted radiation is thermal with a
temperature given by Eq. (50).

That a black hole should have associated with it a
temperature fits in with some analogies between black
holesand thermodynamicsdiscovered by Bardeen, Carter,
Hawking, and Bekenstein. If the energy density of the
meatter that went to make up the black hole is nonnega-
tive, it can be shown that, classically, the surface area of
the event horizon surrounding it can never decrease with
time. Moreover, if two black holes coalesceto form asin-
gle black hole, the area of its event horizon is greater than
the sum of the areas of the event horizons surrounding the
two original black holes. These propertiesare very similar
to those of ordinary entropy. Furthermore, when a black
hole forms, all information concerning its structure ex-
cept its mass, charge, and angular momentum is lost, and
when ordered energy is absorbed by a black hole it too
is forever lost to the outside world. These considerations
led Bekenstein to associate with a black hole an entropy
Sgiven by

S=ckA/4h, (52)

where A isthe surface area of the event horizon surround-
ing the hole.

The existence of Hawking radiation raises the question
of the ultimate fate of ablack hole. Asit radiates, its mass
decreases. Its temperature therefore increases, and hence
so doesthe rate of emission of radiation. What isleftis, at
this point, speculation. It might disappear completely, it
might cease radiating when its mass reaches some critical
value, or it might continueradiatingindefinitely, creatinga
negative-mass naked singularity. Whilethe | atter two pos-
sibilities seem unlikely, the first oneimpliesthat whatever
matter went into making the black hole initially would
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simply cease to exist. In deriving the emission from black
holes, the gravitational field was treated classically while
the matter fields were treated quantum mechanically. It
has been suggested that when the mass of the black hole
becomes comparable to the Planck mass (Mp), that is,
the mass one can form from the constants c, h, and G,
namely, (hc/G)Y?~5x 101° g, the gravitationa field
can no longer be treated as a classical field. If o, the fate
of ablack holewill be decided only when we have a con-
sistent theory of quantum gravity.

B. Quantum Gravity

The search for aconsistent quantum theory of gravity still
stands as a mgjor challenge for physics. Because of the
extreme weakness of the gravitational force compared to
the other fundamental forces in nature, the electro-weak
and the strong, it is clear that the quantum effects of grav-
ity would manifest themselves only at extremely short
distances and correspondingly high energies. It has been
argued that one measure of such adistanceisthe so-called
Plank length L p formed from G, h, and ¢ and given by

1
Gh): —35

sincethisistheradiusat which the Compton wavel ength of
ablack holeisequal toits Schwarzschild radius. To probe
such a small length would, it is further argued, require
energies of the order of a Plank mass which, in energy
units is about 10'® GeV. Thus one might expect that the
effects of “quantum gravity” would become important for
instance when the radius of the early universe was of the
order of aPlank length. Put another way, onewould expect
that the laws of classical gravity would no longer be ap-
plicable within such small distances so that any attempt to
describe the evolution of the universe during this “Plank”
erawould require somekind of quantum theory of gravity.
Furthermore the search for a “unified” theory of elemen-
tary particles could not be considered complete without
the inclusion of the gravitational field and since such a
theory must, of necessity be a quantum theory, it must in-
clude aquantum theory of gravity. The other argument for
guantizing the gravitational field is that, if it were strictly
aclassical field, one would be able to determine both the
position and momentum of its sources simultaneously and
thus violate the uncertainty principle.

One possible approach to the construction of a quan-
tum theory of gravity is to proceed aong the lines used
to quantize other fields such as the electromagnetic field.
One constructs a Hamiltonian version of the theory and
then applies the rules of quantum mechanics. The fields
and their conjugate momenta are taken to be operators
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and onewritesdown an appropriate Schrodinger equation.
However, when one attemptsto apply this prescription one
runsinto apparently insurmountable difficulties. Theclas-
sical Hamiltonian theory possesses a number of so-called
constraint equations, algebraic relations between the field
variables and their conjugate momenta, which have been
studied by Peter Bergmann and his students and by Paul
Dirac. Theseconstraintsare generatorsof theinfinitesimal
coordinate transformations under which the theory isin-
variant and as such must satisfy a specific Poisson bracket
algebra. Unfortunately, in the quantized version of thethe-
ory using the gravitational field asthe basic field variables
no factor ordering of the constraints satisfies an analogous
commutation algebra. Furthermore, only “observables,”
i.e., quantities that are themselves invariant under the in-
variant transformations of the theory are quantized. The
problem of finding such observables in general relativity
isadtill an unsolved problem.

If, on the other hand, one proceeds to quantize the lin-
ear Einstein equations and treat the nonlinear terms as
perturbations one also runs into serious difficulties. Asin
al quantum field theories one encounters divergent inte-
grals. In successful theories such as quantum electrody-
namics wherethere only afinite number of such integrals,
they can be “renormalized” away. However, in the gravi-
tational field case one encounters new divergent integrals
at each new order of approximation making the theory
non-renormalizable.

In recent times there have been several new attemptsto
construct agquantum theory of gravity. One such approach
is supergravity.

It isan extension of supersymmetric quantum field the-
ory in which every boson in the theory has associated
with it afermion and vice versa. Furthermore, the theory
isinvariant under the interchange of bosonsand fermions.
Such theories have been used to construct a unified theory
of the strong and electrowesk interactions between ele-
mentary particles. In supergravity, one associates a spin
3/2 particle caled the gravitino with the quantum of the
gravitational field. Thistheory has been shown to have no
logarithmic divergences in the lowest two orders of per-
turbation theory even when gravity is coupled to matter.
Whether supergravity or one of its extensions provesto be
aviable theory is amatter for future investigation.

The two most recent attempts to construct a quantum
theory of gravity are Superstring theory and canonical
(Hamiltonian) quantization using so-called Ashtekar vari-
ables. Both approaches show considerable promise at this
time. Superstring theory replaces the point particles of
quantum field theory by strings, membranes or higher di-
mensional extended structures called p-branes. In these
theories p-brane excitations correspond to particle states
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and since one of these excitations corresponds to a mass-
less spin 2 state, that state was identified with a graviton,
the putative quanta of the gravitationa field. Also, the
metric used to construct the string or p-brane action must
satisfy the Einstein equations, albeit in eleven or more di-
mensions, in order to insurethe cancellation of adilational
anomaly in the theory. Most recently it was shown by
A. Strominger and C. Vafa that by counting the energy
levels of the superstring gravitational field for ablack hole
one obtainsthe Bekenstein formula (52) for the entropy of
ablack hole. What is till lacking in the theory at thistime
however isareduction, in some classical limit, of the full
Einstein field equations. Such aderivationwould show just
how theclassical gravitational field arisesasan ‘emerging’
property of amore basic underlying structure in much the
sameway asthe hydrodynamic variables of fluid mechan-
ics arise from the Boltzmann equation, which itself arises
from classical many-body theory. It might even show how
the very notion of a space-time point arises from such a
structure.

The Ashtakar approach to constructing a theory of
quantum gravity is much less radical than that taken by
string theory. Ashtakar starts from the classical Einstein
equations but rather than working with the gravitational
field asthe fundamental variable he triesto recast the the-
ory into a form resembling a Yang-Mills gauge quantum
field theory. In effect he uses the connection which, in
terms of the field g,, is given by Eq. (18) and an addi-
tional tetrad field. In addition the connection is complexi-
fied, that is, treated asacomplex field. They resulting field
equations, though equivalent to the Einstein equations as
far as their physical content is concerned, have the form
of Yang-Mills equations. As in the hamiltonian version
of the Einstein equations, the Ashtakar variables satisfy a
number of algebraic constraints. These latter constraints
however are not as formidable as those between the g,,,
and their conjugate momenta and it appears that they can
by solved nonperturbatively.

Thetwo approaches, string theory and canonical quanti-
zation using Ashtakar variables, appear to beincompatible
sincetheformer isbased on elementary excitations (gravi-
tons) while the latter, being nonperturbative, does not. At
present, however, the physical consequences of neither
theory have been explored sufficiently to allow oneto de-
cideif indeed they are equivalent or whether in fact either
one agrees with observation.

SEE ALSO THE FOLLOWING ARTICLES
CELESTIAL MECHANICS e COSMOLOGY e GRAVITA-

TIONAL WAVE PHYSICS ¢ MANIFOLD GEOMETRY e
MECHANICS, CLASSICAL ¢ MOSSBAUER SPECTROSCOPY
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GLOSSARY

Antiparticle The partner of a subatomic particle which
has the same mass but has electric charge (and certain
other quantum numbers) of the opposite sign.

Conserved quantity A quantity which, although it may
be different in different inertial reference frames, does
not change with time as viewed in any particular inertial
frame.

Event A pointin space-time, i.e., the mathematical ideal-
ization of “something happening” at a particular point
in space at a particular moment in time.

Inertial frame A reference frame in which Galileo’s law
of inertia holds—an object that is at rest and subject
to no external forces remains at rest, and an object
in motion continues to move at a constant velocity.
(An inertial frame is also sometimes called a Lorentz
frame.)
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Invariant quantity A quantity that is the same in all in-
ertial frames.

M echanics The science of the laws governing the motion
of material objects.

Proper length Length as observed in a frame which is at
rest with respect to the length being measured.

Proper time Time (between two events) as measured by
a clock carried at constant velocity from one event to
the other.

Referenceframe A spatial coordinate system, along with
synchronized clocks which are at rest in that coordinate
system.

World line A curve representing a series of events in
space—time (for example, the history of a particle).

SPECIAL RELATIVITY is the branch of physics formu-
lated by Albert Einstein in 1905 that successfully describes

117



118

the motion of objects, even when they are moving at ex-
tremely high speeds with respect to each other. At the be-
ginning of the 20th century many physicists were aware
that there were some difficulties in existing physics the-
ories. On the one hand there was a theory of mechan-
ics (the theory of motion of bodies) that had been devel-
oped by Galileo, Newton, and others in the 17th century.
Thistheory waswell established and had many successes.
There was also anewer but also very successful theory of
electromagnetism that had been put forth by the Scottish
physicist James Clerk Maxwell in 1861. However, these
two theories were hard to reconcile with certain experi-
mental observations, and they did not seem to fit together
consistently.

One symptom of the problems was the fact that the
speed of light in empty space seemed to be aways the
same, no matter how fast the source of the light and/or
the observer were moving. Based on Newtonian mechan-
ics (and on everyday experience with velocities), it was
expected that if an observer istraveling in the same direc-
tion as a beam of light, the light should appear to him/her
to have a slower speed than it does to an observer mov-
ing opposite to the direction of the light. Of course, since
light movesat extremely high speed, it requiresvery sensi-
tive experiments to accurately measure its speed and look
for a dependence on the motion of the source and/or the
observer.

Asweshall see, it turnsout that Newtonian mechanicsis
really only an approximate theory, useful when the veloc-
ities involved are not too high. Special relativity replaces
Newtonian mechanics and is consistent with Maxwell’s
theory of electromagnetism. Although special relativity is
elegant, logical, and one of the cornerstones of modern
physics, some of its consegquences can seem bizarre and
paradoxical at first. This is because our everyday expe-
rience and perceptions involve objects that have speeds
much less than the speed of light. The speed in light
in empty space, denoted by ¢, is equal to 2.99792458 x
108 m/sec (this number is exact, since the meter is now
defined to make it s0). At this speed, a beam of light can
travel al the way around the earth about seventimesin a
second.

When velocities are much lower than ¢, the differ-
ences between the predictions of special-relativistic and
Newtonian mechanics are very slight. However, in situa-
tions where the differences between the two theories are
large enough to be measured, special relativity has always
turned out to beright. Special relativity isnow an essential
tool in many scientific and technical fields, including nu-
clear physics and reactors, astrophysics, acceleration and
control of high-energy particles, and our fundamental the-
ories of the elementary particles from which the universe
is made.
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. OBSERVERS, REFERENCE FRAMES,
AND OTHER PRELIMINARIES

The process of making measurements and observations
involves some subtletiesin relativity. In everyday life we
don’t normally worry about the distinction between “when
an event happens” and “when we see an event happen”
because the speed of light is so high that the time for it
to travel to our eyesis undetectably small. When dealing
with velocities near the speed of light, asin relativity, we
must be more careful. So to begin, we need to discuss
observersin the context of relativity.

We define an observer’s reference frame to be a spa-
tial coordinate system in which the observer is at rest,
along with clocks at locations of interest. These clocks
are at rest in the spatial coordinate system, and we as-
sume aclock is conveniently located in the vicinity of any
event whose time of occurrence we need to measure. An
event is the mathematical idealization of the concept of
something happening at a particular place at a particular
time. Obviously an event (e.g., a handclap) has an exis-
tence independent of anyone’s frame of reference. But to
specify an event in a given reference frame, we can give
three spatial coordinatesto tell where it occursand atime
coordinate to tell when.

The observer can specify where an object is located
by giving its spatial coordinates (x, y, z) in his coordi-
nate system. We will use bold-faced notation to denote
such three-dimensional vectors, in particular we use x as
ashort-hand for the position vector (x, y, z). Our observer
also needs a fourth coordinate so that he can specify the
timer when the object is at the location (x, y, z). The ob-
server in agiven reference frame may specify the motion
of anobject by giving itsthree spatial coordinates(x, y, z)
in that frame as a function of the time. We imagine that
the time of arrival at a given spatial location isto be read
from anearby (“local”) clock.

The observer (or observers) in a given reference frame
are assumed to have access to the data in a given frame,
even if the events being measured are distantly located.
However, if the space and time coordinates of a number
of eventsarerecordedin that frame, it may take sometime
for an observer located at a given place to gather together
all that data. The observer cannot instantaneously find out
what is happening at distant |ocations—it takes time to
transmit information to him. For instance, if a lightning
flash occurs at timer at adistance D from the observer, he
will not actually see the lightning flash with his eyes until
timer + D/c, where c isthe speed of light. Nevertheless,
wesay heobservesit to occur at timez, sinceheisassumed
to be able to measure how far it is away, and he can take
the light travel time into account. Alternatively, another
observer in the same frame could record the time on a
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local clock in that frame (i.e., from aframe clock located
very near the lightning flash). Assuming the clocks have
been properly synchronized (we will discuss thisin more
detail later), he/she can simply report the time read from
that clock.

Typically we shall be concerned with reference frames
moving at constant velocity with respect to each other.
The velocity is a vector v representing the rate of change
of position with respect to time, i.e.,

v = dx/dt = (dx/dt,dy/dt, dz/dt). (1)
The speed, which is just the magnitude of the velocity, is
V| = V(dx/dt)? + (dy/dt)2 + (dz/dt)>.  (2)

The acceleration isthe rate of change of velocity, i.e.,
a=dv/dt = d°x/dr?. ()

When an object is moving at constant velocity, its accel-
eration is therefore zero.

Wherever possible, we will keep things simple by
choosing coordinate systems so that all motiontakes place
aong just one axis, which we will take to be the x-axis.
Suppose there is a second observer moving along the x-
axis at constant velocity v with respect to the first ob-
server. [NOTE: Here and elsewhere in this article, when
we are talking about motion confined to a line, typically
chosen to be the x-axis, we will represent the velocity by a
nonboldface symbol (in this case v) which, unlike a speed,
does have a sign according to whether the motion is in the
positive or negative x-direction.] We may attach a second
coordinate system to the second observer. To distinguish
space and time coordinates in this system from those in
the first system, we put a prime on them, i.e., we write
x',y,7,t instead of x, y, z, 1.

Throughout this article we shall often use two such
coordinate systems oriented so that corresponding axes
are paralel. The “primed” frame is moving with con-
stant velocity v along the x-axis of the unprimed frame
(see Fig. 1). We choose our reference of time in each
system so that t =+'=0 at the moment when the ori-
gins of thetwo spatial coordinate systems are at the same
place.

Il. HISTORICAL BACKGROUND
AND MOTIVATION

A. Pre-relativity Mechanics of Newton
and Galileo
1. The Galilean Transformation

As a simple example, suppose the primed frame is fixed
with respect to a passenger coach on a train, and the
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FIGURE 1 Two reference frames in motion with respect to each
other at constant velocity. Coordinates are chosen so that the
primed frame (x’, y’, z’) moves with velocity v along x-axis with
respect to unprimed frame (X, y, z).

unprimed frame is fixed with respect to the train tracks
(assumed to be straight). We choose the x direction
to be along the tracks. If a bal is thrown forward at
speed dx’/dt’ =30 km/hr by a passenger sitting on the
train, and the speed of the train with respect to the
tracks is v=90 km/hr, then the ball will have speed
dx /dt =120 km/hr as observed by a person standing be-
side the tracks.

This conclusion follows not only from common sense
but also from an essential part of Newtonian mechanics—
the Galileantransformation. Giventhetwo coordinate sys-
tems described above, the Galilean transformation takes
the form:

X =x—vt

y=y

, 4)
7=z

' =1t.

This transformation makes explicit some of our common
sense ideas about space and time. Time flows at the same
rate for observers in both frames. Furthermore, differen-
tiating the first equation with respect to time (and using
the fact that, from the last equation, d /dt = d /dt’) shows
that if the Galilean transformation isvalid, then vel ocities
aong the same line of motion combine as we expect from
everyday experience:

dx'/dt’ = dx/dt — v. (5)

Inother words, if anobject hasvelocity V' = dx’/dt’ dong
the x axis according to an observer in the primed frame,
then its speed along the x-axis according to an observer
in the unprimed framewill be V =V’ +v.



120

Before special relativity, it was generally assumed that
the Galilean transformation is exactly true. For the train
and ball example, it is an extremely good approximation.
But suppose the train were instead a very futuristic rocket
moving away from some star at 90% of the speed of light.
Suppose also that the ball were moving toward the front
of the rocket at 30% of the speed of light (with respect to
the rocket). Then, aswe shall see, it would be completely
wrong to conclude that the ball is moving away from the
star at 120% of the speed of light.

2. Mass, Energy, and Momentum
in Newtonian Mechanics

Beforeproceeding further intorel ativity we need to briefly
review the concepts of mass, energy, and momentum in
Newtonian mechanics. Themassisameasureof theinertia
of a body, which may be thought of asits “resistance” to
the action of aforce. In Newtonian mechanics, the total
amount of massin anisolated system (that is, asystem that
has negligible interaction or exchange with the rest of the
universe) is a conserved quantity, i.e., it does not change
with time. Also, the mass of an object does not depend on
how fast it is moving or on its temperature.

In Newtonian mechanics, the momentum p of an object
is defined to be mv where v is the velocity of the object
and m isits mass. Thus momentum is a vector with three
components

px = mdx/dt, p,=mdy/dt, p,=mdz/dt. (6)

Thetotal amount of momentuminanisolated physical sys-
temisalso conserved. However, theamount of momentum
depends on the reference frame. As avery simple exam-
ple, consider a single object with mass m that is at rest
in some reference frame. If it isisolated from all outside
influences, it remains at rest—its momentum is zero. In
areference frame moving with velocity v with respect to
the object’s rest frame, the object has momentum equal
to —mv, also unchanging with time.

A system consisting of several objects interacting with
each other can have the objects’ momenta redistributed,
but the sum of the momenta remains constant. For exam-
ple, in a system consisting of two bodies, the Newtonian
law of momentum conservation says

MVyi + MaVo i = MiVy ¢ + MaVo ¢, (7)

where the subscript “i” labels quantities before the col-
lision and the subscript “f” labels quantities after the
collision.

There aretwo basic formsof energy: (1) kinetic energy,
the energy of motion of abody, whichisdefined in Newto-
nian mechanics by %mvz; and (2) potential energy, which
may be regarded as “stored” energy. A common example
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of potential energy is the energy a ball has by virtue of
being held above the ground, in the gravitationa field of
the Earth. A soon astheball islet go, it acceleratestoward
the Earth, gaining kinetic energy and losing an (approxi-
mately) equal amount of potential energy. The reason we
say “approximately” isthat the friction of the air through
whichtheball fallsdissipatesasmall amount of the energy
asheat. Heat is“internal” kinetic energy, i.e., theenergy of
motion of the molecules comprising the ball and the sur-
rounding air. In an isolated system, the total sum of &l the
different forms of energy isaconstant in any given frame
of reference. Thisisthe law of conservation of energy.
Newton’s Second Law tells how the momentum p of an
object changes with time when aforce F is applied:

F = dp/dt. G)

In Newtonian mechanics, thiscan aso bewritten F = ma,
where a = dv/dt isthe acceleration of the object.

3. Galilean Relativity Principle

A principle of relativity had been formulated by Galileo
long before Einstein devel oped the special theory of rela-
tivity. Galileo considered the example of aship in smooth
waters, carrying passengers who cannot see out, but who
have with them abow! of fish, abottle dripping water into
abowl, and some birds and butterflies. From their obser-
vations, the passengers cannot tell whether the ship is at
rest or moving forward in astraight line at constant speed.
AsGalileo said,

... thelittleanimalsfly with equal speedto all sidesof the cabin.
The fish swim indifferently in all directions, the drops fall into
thevessel beneath, and in throwing something to your friend you
need throw it no more strongly in one direction than another. . . .

Moreformally, thismeansthat theif thefundamental laws
of motion hold in one reference frame, then they aso hold
in any reference frame moving at constant velocity with
respect to the first frame. This is the Galilean relativity
principle.

To see one exampl e of this, consider the law of momen-
tum conservation as expressed in Eq. (7). If we change
to a frame of reference moving with velocity V with re-
spect to the original frame, then according to the Galilean
transformation we simply subtract V from each of the ve-
locitiesin EQ. (7). to get the velocities in the new frame
(Vi =V —V, etc.). The masses m; and m; are not
changed by transforming to a different reference frame.
Thus, transforming to the new frame is equivalent to sub-
tracting (my + my)V from both sides of Eqg. (5). So, mo-
mentum conservation also holds in the new frame:

mvy; + mzv’zyi = mlv’Lf + MyV5 ;. (9)
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As another example, we can check that Newton’s Second
Law isinvariant under Galilean transformations. Differ-
entiating Eq. (5) gives d?x’/dt’? =d?x/dt?, sincet =t’
and v isconstant. Thisjust saysthata=a’, i.e., the accel-
eration of an object is the same as measured in any two
frames moving at constant velocity with respect to each
other. Furthermore, in Newtonian mechanics, the masses
and forces are the samein the two frames. Thus Newton’s
Second Law is valid in the primed frame, if it isvalid in
the unprimed frame.

B. Propagation of Light

Maxwell’s theory of electromagnetism showed how elec-
tric and magnetic fields are related to each other and to
the presence and motion of electric charges. The heart
of the theory is Maxwell’s equations for the fields, along
with an equation (Lorentz electromagnetic force law) that
gives the force on a charge in terms of the local elec-
tric and magnetic field and the velocity of the charge. In
Maxwell’stheory, light isawave consisting of undulating
patterns of electric and magnetic fields. Visible light is
just asmall slice of a spectrum of electromagnetic waves
ranging from long wavelength radio waves to very short
wavelength gamma rays. We use the term “light” to refer
to electromagnetic waves of any wavelength, even if they
are outside the range visible to our eyes.

Special relativity was originally motivated by the ob-
servation of several fairly subtle effects involving light.
To understand the issues involved, we must review some
of what was known about light. Early in the 19th century
(1801-1804), Thomas Young carried out a quantitative
demonstration of interference in light, using a double-
dlit experiment. Interferenceis characteristic of waves—it
simply meansthat when two wavesinteract, they reinforce
or cancel each other depending on their relative phases of
oscillation. Young’s experiments were followed by de-
tailed studies of interference, diffraction, and polarization
of light, by A. J. Fresnel and others. Thus by Maxwell’s
time, it was well established that light exhibited many of
the properties of awave.

1. The “Luminiferous Ether” Hypothesis

All waves familiar at that time (e.g., sound waves, water
waves) were known to take place in a material medium.
All thesewaves havethe property that their apparent speed
depends on the motion of the observer with respect to the
medium. It was natural to assume that there exists some
kind of medium to “carry” light waves. It was difficult
to account for the properties of such a medium in terms
of a mechanical model. It was known that the speed of
light was very high (which would imply that the medium
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exerts very strong restoring forces when displaced from
equilibrium and yet there was no direct evidence for its
existence). Nevertheless, it was assumed by many people
that there does exist a“luminiferous ether” permeating al
space, to play thisrole. It was expected that the speed of
light should appear different depending on the observer’s
motion with respect to the ether.

The ether hypothesis ran into difficulties, athough it
managed to survive a number of experimental tests by
introducing further hypotheses. For example, in order to
avoid contradictions with some of the experiments, it was
necessary to assume that the ether is partially dragged
aong with moving material mediain avery specific way
that depends on the index of refraction of the medium.

2. The Michelson—Morley Experiment

It was important to look for direct evidence of the pre-
ferred frame of reference that the ether was supposed to
provide (if it existed at all). The most famous such at-
tempts were carried out by A. A. Michelson and E. W.
Morley. Their goal wasto detect an effect on the measured
speed of light due to motion of the observer through the
ether. The experiments used an interferometer invented by
Michelson (1881), and later refined in collaboration with
Morley (1887).

Thebasicdesign of theinterferometerisshowninFig. 2.
It is essentially a device in which a beam of monochro-
matic (single-wavelength) light is split, follows two

M1

iE

I

FIGURE 2 Schematic of Michelson—Morley experiment.
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different paths, and is recombined. A small difference in
the two optical pathlengths (i.e., a difference in the num-
ber of wavelengths of light along the two paths) can be
detected by looking at the interference pattern created by
the recombined beams. The beam of monochromatic light
originatesfrom asource S. The plate P partly reflectsand
partly transmits the light. Thus there is one path that re-
flects from P to mirror M; and goes back through P to
the observation telescope T. There is a second path that
goes through P to the mirror My, is reflected back to P
where it is reflected to the observation telescope T. The
distances from P to M; and to M, respectively are L;
and L.

When the interferometer isrotated the optical path dif-
ference along the two arms would change, if the ether
hypothesis is correct. The expected change depends on
its speed v with respect to the ether and on its orientation
with respect to the direction of motion. For example, if the
interferometer isfirst oriented so that one arm is pointing
along the direction of motion through the ether, and isthen
rotated by 90° so that the other arm is along the direction
of motion, one can show that the change in optical path
difference would be

(L1 + Lo)v?

R —,
AcC?
where X is the wavelength of the light. Michelson and
Morley expected that for at least some orientations of the
apparatus and some times of year, the speed v of the appa-
ratus through the ether should be greater than or equal to
the earth’s orbital speed of about 30 km/sec. Theresulting
value of Aé§ should have been large enough for them to
detect, but their result was null—no changein the optical
path difference was observed, no matter how the apparatus
was rotated.

A (10)

C. Lorentz—Fitzgerald Contraction
and Lorentz Transformations

1. Lorentz—Fitzgerald Contraction

It appeared to beimpossible to detect and measure motion
with respect to an ether. Shortly after the conclusion of the
Michelson-Morley experiments, a possible explanation
for their null result was proposed separately by both H. A.
Lorentz and G. F. Fitzgerald. Their suggestion wasthat an
object is contracted along its direction of motion by the
factor (1 — v?/c?)Y2, where v isthe speed with respect to
the ether. Thiswould lead to adifference in the lengths of
thetwo arms of the interferometer that would be just right
to cancel the expected effects of motion through the ether.
At first this proposal seemed to be little more than another
ad hoc assumption introduced to keep alive the notion of
an ether.
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2. Lorentz Transformations

L orentz and other physicistshad al so been alsotroubled by
the fact that Maxwell’s equations are not invariant when
a Galilean transformation of the coordinates is applied.
However, Lorentz and the mathematician H. Poincare no-
ticed that Maxwell’s equations were invariant under adif-
ferent transformation, whose significance and fundamen-
tal nature were not clear at the time. This transformation,
which has come to be known as the Lorentz transforma-
tion, isasfollows:

X = y[x — vt]
y=y
, (11)
7=z
t' = y[t — (v/cAx].
Here y isdefined by:
= ! (12)

U

and is called the Lorentz factor. Note that > 1 and that
1/y isthe Lorentz—Fitzgerald contraction factor. As dis-
cussed earlier for the Galilean transformation, we have set
up our coordinate systems so that the primed system with
respect to the unprimed system has velocity v along the x
axis, and the origins of the two coordinate systems coin-
cideattimet = 0. Atthetime, thisinvariance of Maxwell’s
equations under the Lorentz transformation was intrigu-
ing, but thefull implicationsof thetransformationwerenot
understood. It does predict an apparent contraction along
thedirection of motion, just asisneeded to explainthenull
result of the Michelson-Morley experiment. However, if
the last of Eq. (11) is correct, time flows differently for
different observers—a major departure from Newtonian
mechanics!

The Lorentz transformation, if valid, also suggests that
the constant ¢, the speed of light in vacuum, isa““‘universal
speed limit.” As v approaches c, the factor y approaches
infinity. If v were to become larger than c, y would be the
sguareroot of anegative number, which suggeststhatv > ¢
does not occur in redlity. All existing experiments and
observationsareindeed consistent with the hypothesisthat
no material object or causal influence propagates faster
than c.

One of the key contributions of Einstein was to derive
the Lorentz transformation from basic principles and to
show that it, rather than the Galilean transformation, is
the correct way to relate the coordinates in two reference
frames in uniform motion with respect to each other. He
then proceeded to build a theory that ended up revising
many of the accepted ideas in physics.
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3. Invariance of Transverse Distances

Aswe have just discussed, physicists were forced to con-
sider the possibility that observed lengths may be con-
tracted along the direction of motion. Note that in both
the Galilean and the Lorentz transformations, distances
transverse (i.e., at right angles) to the direction of motion
do not change. The necessity for this invariance of trans-
verse dimensions follows from simple symmetry consid-
erations.

For example, suppose a piston fits exactly inside a
cylinder when it is at rest. Then suppose the piston and
cylinder are moving toward each other at very high speeds
as shown in Fig. 3. What happens when the piston and
cylinder meet? We might choose to analyze the situation
in either therest frame of the piston or therest frame of the
cylinder. If the observed transverse coordinates of a mov-
ing object either grew or shrank, then according to one of
the frames the piston would be smaller transversely, and
should be ableto sail into the cylinder and make adent in
the back wall. In the other frame, the piston would have
the larger diameter, so it would collide with the outer rim
of the cylinder and never reach the back wall at all. But the
result cannot depend onthe observer’sframe—either there
isadent onthe back wall or thereisn’t! So the assumption
that the transverse dimensions depend on the frame must
be wrong.

Even more fundamentally, there is no sensible way to
define an axis toward which the transverse coordinates
in a given frame would grow or shrink—it was redly
quite arbitrary to choose this to be the axis of symmetry
of the piston and cylinder in Fig. 3. In summary, if we as-
sume the direction of relative motion is along the x-axis,

FIGURE 3 A situation illustrating the invariance of transverse
dimensions.
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thereis no consistent way to define a transformation of y
and z other than the identity transformation

y =y

/ (13)
Z =17

[ll. FOUNDATIONS OF
SPECIAL RELATIVITY

A. Inertial Reference Frames

In order to develop relativity, we first need to revisit the
concept of the observer and his reference frame. Specif-
ically, we need to define what we mean by an “inertial
reference frame.”

Galileo postul ated, based upon simple experiments, that
a body which is moving at constant velocity (i.e., in a
straight line at constant speed) continues to move with
that same velocity provided that no forces act upon it.
Thisis known as Galileo’s law of inertia (and was later
postulated by Newton as his First Law). We define an
inertial reference frame to be a reference frame in which
Galileo’slaw of inertia holds.

Oneexampleof aninertial frameisan unpowered space
capsule drifting freely through space. The interior of an
elevator that has broken loose from its cable and is freely
faling in the gravitational field of the earth is adso a
good approximation to an inertia frame until the elevator
crashes into the ground. An observer inside the falling el-
evator will find that if an object is given a small push, it
will movein astraight line as seen in aspatial coordinate
system fixed in the elevator.

Strictly speaking, an inertial frame is aways only an
approximation to reality since it can never be completely
free of extraneous influences. If the observer’s measure-
ments are sensitive enough, deviationsfrom Galileo’slaw
of inertia can in general be detected. In the freely falling
elevator, if position and time measurements are sensitive
enough it will be possible to observe small effects due to
the fact that the strength and direction of the gravitational
field arevery dightly different at different locationsin the
elevator.

Inthe context of both Newtonian mechanicsand specia
relativity, it is common to think of an inertial frame as a
frame that is moving with “constant velocity.” Of course
(asNewton himself realized) this|eaves open the question
“constant velocity with respect to what?” With the above
definition of an inertial frame, we are able to leave aside
the question of whether motion at constant velocity has
a meaning in any absolute sense (for example, with re-
spect to the average distribution of matter in the universe).
There is no requirement that the motion be at constant
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velocity with respect to therest of the universe. Thefreely
falling elevator is an example of an inertial frame that is
not moving at constant velocity—it is accelerating toward
the center of theearth. All that werequireof aninertial ref-
erence frameisthat Galileo’slaw of inertiahold to within
the sensitivity of our measurements, in the region of space
and for the duration of time that we are concerned with.

Hereafter when we say “reference frame” or just
“frame,” we shall mean an inertial reference frame unless
otherwise specified.

B. Postulates of Relativity

According to the Galilean relativity principle, the laws
of motion are the same in al inertial frames. Einstein
extended the relativity principle to ALL the laws of
physics, not just the laws of motion, and took it as one of
the basic postulates of his special theory of relativity.

1. Postulate 1 (Principle of Relativity): The funda
mental laws of physics are the same in every inertial ref-
erence frame.

Einstein, in recalling a paradox he had first thought about
when he was sixteen, wrote;

If | pursue abeam of light with the velocity c (velocity of lightin
avacuum). | should observe such a beam of light as a spatially
oscillatory electromagnetic field at rest. However, there seemsto
be no such thing, whether on the basis of experience or according
to Maxwell’s equations.

In other words, Einstein began to question whether it was
possible even in principle to “catch up with” a beam of
light. This, along with the failure of all experiments to
detect any changes of the speed of light in empty space,
motivated him to assume.

2. Postulate 2 (Invariance of the Speed of Light):
The speed of light in vacuum isthe same in all reference
frames.

In particular, the observed speed of light depends neither
on the speed of the source of light nor on the speed of
the observer. As noted earlier, Newton’s Laws were as-
sumed to be valid in al inertial frames, and these laws
of motion are invariant under Galilean transformations.
Specia relativity modifiesthisby assuming that ALL cor-
rect fundamental laws of physics are valid in al inertia
frames, and the fundamental laws of physics are invari-
ant under Lorentz transformations. Newton’s Laws and
the Galilean transformation are good approximations in
many situations, but fail badly when dealing with speeds
close to the speed of light.
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C. Synchronization of Clocks

In order to make meaningful comparisonsof timeat differ-
ent locationsin agiven frame, it is necessary to synchro-
nize the clocks being used in that frame. Since the speed
of light ¢ is constant in any frame if Postulate 2 is true,
we could proceed as follows. Choose one of the clocks
to be the reference clock, and set its time to zero. Set the
time on each of the other clocks to time D; /c, where D;
is the distance from the reference clock to clock i, and
hold clock i’s time at this value. Now let a flash of light
be emitted from the reference clock, and at the sametime
let it begin to run starting at time t = 0. At the moment
when the flash arrives at any other clock, let it begin to
run starting at its preset value. In this way, al the clocks
will be synchronized, since the time lag needed for the
flash to reach each clock will be exactly the preset value
for that clock. It is important to note that this procedure
synchronizes the clocks according to observers at rest in
a particular reference frame. As we shall see, the clocks
will be noticeably out of synchronization according to ob-
servers in a frame moving at high speed with respect to
the first frame.

D. Time Dilation in Relativity

The postulate that the speed of light in empty space is
constant isthebasisfor many of theresultsinrelativity that
go against our normal intuition. As one example of this,
consider the following situation. Suppose that there are
two parallel mirrors adistance D apart. We can use them
to make a clock consisting of a light flash that bounces
back and forth between the two mirrors. The clock “ticks”
each time the light flash hits either mirror. Suppose that
this clock is put on a high-speed rocket.

First consider how the clock looksto an observer (whom
weshall call O’) whoismovingwiththerocket andisat rest
withrespect totheclock. Observer O’ seesthelight moving
straight up and down along thedistance D betweenmirrors
asshown in Fig. 4(a). According to observer O, each tick
of the clock takesatime T'=D/c.

Let the rocket be moving to the right at speed v with
respect to another observer whom we shall call observer
O (see Fig. 4(b)). Common sense would lead usto expect
that each tick of the clock takesthe sametimefor observer
O asit doesfor O, but from the following arguments we
see that this cannot be true if relativity isvalid.

First, the dimensions transverse to the direction of mo-
tion are invariant. In the present situation this means that
observer O agrees with observer O’ that the distance be-
tween the two mirrorsis D.

Next, we note that while the light is going from one
mirror totheother, therocket movestotheright in observer
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(a)
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-Vl —»

FIGURE 4 Clock consisting of a light flash bouncing back and
forth between two mirrors. (a) Path of light flash as seen by an
observer at rest with respect to the clock. (b) Path of light flash as
seen by an observer with respect to whom the clock is moving to
the right with speed v.

O’s frame by the distance vT, where v is the speed of
the rocket with respect to observer O and T is the time
that observer O says it takes the light to travel between
mirrors. So according to observer O, the light must travel
alonger path between mirrorsthan it travels according to
observer O'. From Einstein’s second postul ate, the speed
of light has the same value c in the frame of the observer
O as it does for the observer O'. Therefore, observer O
will say that a tick of the clock takes longer than does
observer O'!

It is straightforward to derive the factor by which
the time per clock tick differs for these two observers.
From the Pythagorean theorem, the distance travelled
by the light during one tick, as seen by observer O,
is +/D2+02T2. Thus the time for one tick is T =
+/D2+4v2T2/c. Using D = cT’ to eliminate D, we find

1
T=——ooT =T, (14)

V1—v2/c?

where y isthe Lorentz factor. The faster the rocket goes,
the more slowly the clock ticks, according to observer O.

Although we have been talking about a particular type
of clock, it follows from the principle of relativity that al
other clocks must run slow by the same factor. For if they
did not, then the very fact that clocks get out of synchro-
nization in a moving frame could be used to distinguish
a moving frame from one at rest. This would contradict
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the postulate that the laws of physics are the same in all
inertial frames.

Furthermore, there is no inherent asymmetry between
observers O and O'. From the point of view of O, itisO
who is moving (at velocity —v along the x-axis). By the
same kind of argument as given above, observer O will
observe clocks that are moving with O to run slow (by the
factor y) compared to his own clocks.

E. Derivation of the Lorentz Transformation

The Lorentz transformation, originally postulated in an ad
hoc manner to explain the Michel son-Morley experiment,
can now be derived. Assuming Einstein’s two postulates,
we now show that the Lorentz transformation is the only
possible transformation between two inertial coordinate
systems moving with constant velocity with respect to
each other.

The transformation must be linear in the time and
space coordinates because of the Principle of Relativity
(Postulate 1). If the transformation were not linear, then
uniform motion in a straight line in one frame would no
longer appear as uniform straight-line motion in another
frame moving at constant vel ocity with respect to thefirst.
This would contradict the requirement that Galileo’s law
of inertiahold in all inertial frames.

We use the fact that the transformation must not change
the coordinates transverse to the axis of relative motion of
the two frames (which, as usual, we take to be along the
x and x” axes for simplicity). Theny' =y and Z = z, just
as in the Galilean transformation. With this choice, the
transformation equationsfor x and t must be independent
of thetransverse coordinatesby symmetry (thereisnoway
to single out a particular location or direction of rotation
relative to the axis of motion).

Therefore the transformation in x must be of the form

X = AX' + Bt'. (15)

Our analysis of the light-flash clock showed that when
x'=0 we have t =yt’ so that x=vyt’. Thisis consis-
tent with Eq. (15) only if B =y v. Furthermore, the mo-
tion of the origin of the unprimed system (x =0), as ex-
pressed in the coordinates of the primed system, is given
by x’ 4+ vt’ = 0. Again comparing with Eq. (15) we must
have B/ A= v, resulting in

x = y(X + vt). (16)

Since we can invert the roles of the primed and unprimed
coordinates by reversing the sign of v, we must also have

X' =y (x — vt). (17)

Equations (16) and (17) may be solved for t in terms of
the primed variables:
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/ v !
and for t’ in terms of the unprimed variables:
’ v

Thus we have reproduced the Lorentz transformation
given previously as Eq. (11). It may be summarized in
a dightly different form—it is often useful to regard all
four spacetimedimensionsashaving the sameunits, either
conventional length units (e.g., meters) or conventional
time units (e.g., seconds). We can do this by multiplying
the time in conventional units by c. Then ct would be re-
placed by t (and ct’ by t") in Eq. (11). Or we could equally
well divide each of the space dimensions in conventional
unitsby c. In either case, the Lorentz transformation with
timeand space expressed inthesameunitstakesthesimple
form

X' =y(x—pt)

%=y 20
7=z

t' = y(t — Bx).

Here B =v/c is the velocity of the primed frame with
respect to the unprimed frame, expressed as a fraction of
the speed of light,andy =1//1— 2=1/,/1—v?/c?is
the Lorentz factor. Theinverse transformation, again with
time and space in the same units, is obtained by simply
reversing the sign of v (and thus of 8) when the roles of
the primed and unprimed cooordinates are reversed:

X = y(x' + Bt)

y=Y -
z=7

t =yt + BX).

Note that the Lorentz transformation reduces to the
Galilean transformation when v <« ¢ and x/t « c.

F. The Invariant Interval

The space and time coordinates differ in different frames,
but there is an important function of the coordinates that
isaninvariant, i.e., thesamein all frames. Thisquantity is
called the space-time interval (or just interval) between
two events. For two events with space-time coordinates
(t1, X1, Y1, z1) and (t2, X2, V2, Zo) we define the square of
the interval by
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(AS)? = P (ty — t2)? — (X1 — X2)?
— (1= ¥2)? — (21 — )?
= (cAt)? — (AX)? — (Ay)? — (AZ)%. (22

With a bit of algebra one can show that the interval is
invariant under Lorentz transformations. In other words,
the interval between two events is the same regardless of
whichinertia frameitiscalculated in:

(CAt)? — (AX)? — (Ay)* — (AZ)?
= (CAt)? — (AX)? — (AY)? — (AZ)? (23)

if the primed and unprimed coordinates are related by a
Lorentz transformation.

If (As)? > 0, we say theinterval istime-like. When the
interval between two eventsistime-like it is possible for
an observer to be present at both events, since he does not
need to travel faster than the speed of light ¢ to get from
one event to the other. If (As)? =0, we say theinterval is
light-like—alight ray can depart from Event 1 and arrive
exactly at the right time to be present at Event 2, or vice
versa. If (As)? < 0, wesay theinterval isspace-like. When
the interval between two events is space-like then no ob-
ject or signal can get from one event to the other because it
would be necessary to exceed the speed of light. Sincethe
speed of light is assumed to be the maximum speed with
which any physical influence can propagate, there cannot
be a causal connection between two such events. Further-
more, it can be shown that if two events have spacelike
separation, then and only then isit possible for observers
in different reference frames to disagree about the time
ordering of the two events.

G. Minkowski Diagrams and World Lines

Diagrams in space-time are often referred to as
Minkowski diagrams, after H. Minkowski who pointed
out a “geometric” way of looking at relativity. The con-
cept of distancein ordinary space is replaced by the con-
cept of the interval between two events in space-time.
Just as distance between two points in ordinary space is
an invariant regardless of rotations of the coordinate sys-
tem, the interval between two eventsin Minkowski space
(i.e., space-time) is an invariant regardless of the inertial
frame. Of course, the presence of the relative minus sign
between space and time coordinates in the definition of
interval means that the geometry of Minkowski space is
fundamentally different from that of ordinary Euclidean
space.

Figure5isanexampleof suchadiagram (wherefor sim-
plicity only one of the three space dimensionsis depicted.
Theentire “history” of amoving particleisrepresented by
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FIGURE 5 A Minkowski diagram (including only one spatial di-
mension), showing the world-line of a particle and the past and
future light-cones of the event at O. [Reproduced with permission
from Jackson, J. D. (1975). “Classical Electrodynamics,” 2nd ed.,
p. 519, Wiley, New York.]

acurve in space-time. This curve is called the particle’s
world line. An example of aworld line starting at event A
and proceeding to event B isshown in Fig. 5.

Note that the absolute value of the slope of aworld line
must never belessthan one (when plotted with timeon the
vertical axis as shown), since the particle may not exceed
the speed of light. For a particle which passes through
O, al points in the white region marked “future” are in
principle reachable by the particle at later times, since it
could get to any of these events without exceeding the
speed of light. Similarly, aparticleat O could in principle
have taken a path that allowed it to have been present at
any event in the white region marked “past.” However, all
events in the cross-hatched region are inaccessible in the
sensethat they cannot causally influence, nor beinfluenced
by, an event at O. Thisregion is sometimes referred to as
“elsewhere” with respect to event O.

H. Proper Time

We saw earlier that an observer who is in motion with
respect to a clock will aways observe it to run slower
than clocks at rest in his own frame. This leads us to the
notion of proper time. Suppose that the time between two
events is to be measured. Assume also that the space-
time interval between the two events is timelike, so that
is possible for a clock to be present at both events. If
the clock is carried at constant velocity from Event 1 to
Event 2, then the time between the events as read by that
clock is called the proper time between the events, i.e., t
is equa to t, —t; in that frame (we use the Greek |etter
tau (t) to represent proper time). Both events occur at the
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same place in the rest frame of the proper clock, that is,
the spatial separation (Ax)? + (Ay)? + (Az)? between the
two eventsiszero. Thereforethe proper time At issimply
related to the space-time interval between two time-like
events by

At = As/c. (29)

Carrying a clock at constant velocity from one event to
another means that the portion of the clock’s world line
between the two events is a straight line in Minkowski
space. If theMinkowski diagramisplottedintherest frame
of the clock, the lineis vertical—thereis no changein any
of the spatial coordinates anywhere along the path—not
only is AX=Ay=Az=0 for the path as a whole, but
dx=dy=dz=0 for any short segment along the path.
Thus, in thisframe

dr = dt (25)

for each short segment along the path.

Suppose the clock instead takes a less direct route, but
is gtill present at both events, i.e, the clock still departs
fromxy, y1, 3 a timet; and arrivesat x, s, 7, a timet,
but it doesnot travel at constant velocity. Inthiscaseit will
not be true that dx =dy=dz =0 for all segments along
the path. Thetotal elapsed time on the clock isobtained by
integrating the proper time along the new path. We assume
that the proper time along each short space-time segment
of the path may be calculated treating each sufficiently
small segment of the world-line as astraight line, and we
calculate the proper time assuming the clock moves with
constant velocity along each short segment. The proper
time along each such segment is then

dr = /(cdt)? — (dx)2 — (dy)2 — (d2)%/c.  (26)

Comparing segments that range over the same values of
the time coordinates, it is obvious that the proper time
aong the indirect path (Eg. (26)) is less than the proper
time aong the direct path (Eg. (25)) We see that taking
a more circuitous route in spacetime will make the inte-
grated proper time less than it is if the clock takes the
most direct route! This peculiar feature of the geometry of
space-time is due to the relative minus sign between the
space and time coordinates.

IV. CONSEQUENCES OF THE
LORENTZ TRANSFORMATION

A. Proper Length and Lorentz Contraction

A well-known result of relativity is that objects are ob-
served to be shorter along their direction of motion than
when they are at rest. This follows directly from the



128

Lorentz transformation, but may also be derived by the
following simple argument involving time dilation.

Theproper length of an object isdefined to beitslength
as measured in its own rest frame, Suppose the object is
a straight stick having proper length Lo. Let a bee fly
directly from one end of the stick to the other at constant
speed v with respect to the rest frame of the stick. Then
according to an observer in the stick rest frame, the trip
will take atime to= Lo/v. The bee sees the stick going
backwards, also at speed v. But according to the bee, from
our previous discussion of time dilation, the trip will take
less time—the time as measured in the frame of the bee
iSthee =to/y =1gy/1 — v2/C2. Therefore, in the frame of
the bee, the distance travelled in going from one end of
the stick to the other isonly L = vty i.€,,

L =Lo/y. (27)

Of course, for real bees, the factor y isso close to 1 that
thee aNd tp are for al practical purposes indistinguishable.
However, subatomic particlesare often accelerated in high
energy physics laboratories to speeds very close to ¢, so
that y > 1. For example at Stanford University, electrons
are accelerated in a 3-km (approximately 2-mile)-long
straight machine called a linac. By the time an electron
gets to the end of the linac, its speed is so close to ¢ that
the Lorentz factor y ~ 10°. In the rest frame of an elec-
tron with this speed, the apparent length of the linac is
only about three centimeters (little more than an inch!).

B. Velocity Combination Formula

Consider two inertial frames such that the velocity of one
frame (the primed frame) with respect to the other frame
(the unprimed frame) is v along the x-axis. We now sup-
pose there is an object having velocity V', aso aong the
x-axis, as observed in the primed frame. What is the ve-
locity V of the object as observed in the unprimed frame?
Commonsense experience would lead us to expect that
the velocity in the unprimed frame is just V=v+V'.
As shown earlier, thisiswhat the Galilean transformation
gives. However, relativity tells us that the correct trans-
formation between frames is the Lorentz transformation,
which gives

dx = y(dx' + v dt)
/ % !
dt:y(dt +§dx>. (28)
Dividing the first equation by the second, and using the
fact that V' = dx’/dt’ and V = dx/dt, we obtain

v+ V/

= 29
1+vV//c? 29
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Thecloser thevelocities areto the speed of light, the more
this expression disagrees with simple addition of veloci-
ties. Notethat if either of the velocitiesv or V’ isequal to
¢, then V isequal to c. So thisis consistent with the postu-
late that the speed of light in vacuumlooksthe samein all
reference frames. We al so seethat so long asboth v and V’
arelessthan c, the magnitude V of the combined velocity
will also belessthanc. Moregeneral vel ocity combination
formulas, where the velocities are not all along the same
axis, may similarly be derived from the Lorentz transfor-
mation, and these conclusions still hold.

C. Relativistic Doppler Effect

It isfamiliar from our everyday experience that the pitch
of asiren ishigher when it approaches and lower when it
recedes. Thisis an example of the Doppler effect, which
is a change in the observed frequency of a periodic dis-
turbance, arising from the motion of the source and/or the
observer. |n the case of sound waves, the observed speed
of the waves, as well as the observed frequency, depends
on the motion of the observer with respect to the transmit-
ting medium. In other words, sound waves have a “pre-
ferred” frame, namely, the framein which thetransmitting
medium, typically air, is at rest. Light and other electro-
magnetic waves, however, do not haveapreferred frame—
we have seen that attemptsto find an “ether” failed.

For comparison, we will first derive the nonrelativistic
Doppler formula for sound waves. Then we will derive
the relativistic Doppler effect for light, i.e., for electro-
magnetic waves. Throughout the discussion we use the
genera relationship

V = f (30)

between the propagation speed V, wavelength A, and fre-
quency f of awave or other periodic disturbance. Also,
the frequency of the wave is just the reciprocal of its
period T:

f=1/T. (31)

1. Nonrelativistic Doppler Effect for Sound Waves

The speed of sound is much less than c, so if we assume
the speeds of the source and observer are aso much less
than ¢, then Newtonian mechanicsisvalid to an excellent
approximation. Suppose that a source of sound waves S
and areceiver R are moving along the samelinewhichwe
taketo bethe x-axis, and supposethat their vel ocitieswith
respect to the air are vs and vg, respectively (we speak of
velocities vg and vs here rather than just speeds, since
these quantities do have a sign according to whether they
arein the direction of the positive or negative x-axis). Let
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(a)
S —» R »
Vs Vi
transmitting medium at rest
(b)

no transmitting medium

v is velocity of R with respect to S

FIGURE 6 (a) Diagram for analyzing nonrelativistic Doppler ef-
fect for sound waves. The effect depends on the velocities of
the source S and the receiver R with respect to the transmit-
ting medium (typically air). (b) Diagram for analyzing relativistic
Doppler effect for electromagnetic waves. The effect depends only
on the relative velocity of the source S (whose rest frame is the
unprimed frame) and receiver R (whose rest frame is the primed
frame).

R be to the right of S, as shown in Fig. 6(a). Let S be
emitting a sound wave of frequency f (and thus period
T =1/f), and suppose that the speed of soundintheair is
w. The time between emission of successive crests of the
waveis T =1/f. Thedistance between crests of thewave
would be A = w/f if the source were at rest. However, the
velocity of these crestsrelative to the sourceisw — vs. SO
for nonzero vs the distance between crestsis modified to

Amod = (w — vs)/f. (32

If R were at rest, the time between the arrivals of suc-
cessive crests would be Ameq/w. But for nonzero vg, the
velocity of the wave with respect to R is w — vg, so that
the time between arrivals of successive crests is Tiod =
Amod/(w — vR). The received frequency fmog IS just
1/ Tmod, SO that we end up with

— vR/W

1
fmod = f

1—vs/w’ 33

Thisformularelatesthefrequency f emitted by Sand the
frequency fmoq received by R. The velocities vg and vs
are positive toward the right and negative toward the | eft.
Note that the effect depends on both vr and vs and cannot
be reduced to an expression involving only their relative
velocity vg-vs.
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2. Relativistic Doppler Effect for
Electromagnetic Waves

We now analyzetherelativistic Doppler effect for el ectro-
magnetic waves. We again assumethat thevel ocitiesof the
source and observer are aong the x-axis, and we choose
the unprimed frame to be the rest frame of the source and
the primed frame to be the rest frame of the receiver [see
Fig. 6(b)].Then the velocity v of the primed frame with
respect to the unprimed frame is just the relative vel ocity
of the source and receiver. In the frame of the source, let
the period of the wave be T, i.e., T is the time between
emission of wave crests as seen in the source frame. The
wavelength in the source frameisthen A =cT.

Now let usconsider two eventsand how they look inthe
two frames. Let Event 1 be the arrival of the crest of the
nth wave at the receiver, and let Event 2 be the arrival of
thecrest of then + 1st wave at thereceiver. From the point
of view of the source frame, the velocity of the wavetrain
with respect to the receiver is ¢ — v. Thus, in the source
frame, the time separation between Event 1 and Event 2
is

Ao T
c—v C—v
Since the receiver is traveling at velocity v in the source

frame, the distance between the two events in the source
frameis

At=t,—t; = (34)

vCT
AXEXz—X]_:UAtzc .

(35
Now we need only Lorentz transform from the source
frame (the unprimed frame) to the receiver’s frame (the
primed frame) to find the time separation between the two
events as observed in frame of the receiver. Thisis just
the period of the waves as seen by the receiver:

Tiod = At = y(At - éAx). (36)

Substituting for At and Ax from Egs. (34) and (35), we
find

cT v vecT cT v2
Tmod:V< >— 4 (l—§>. (37)

c—v cc—v/) c—v

Using the usual definitions 8 =v/c, y =1/4/1 — B2, and
f=1/T aswell as fnog =1/ Tmod We may simplify this

to
B 1- ﬂ 1/2
fmod = <—1+,3> f. (38)

Note that v (and thus B) is positive if the source and re-
ceiver are moving away from each other, and is negative
if the source and receiver are moving toward each other.
Since there is no “preferred frame” as there was in case
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of sound waves, the result depends only on the relative
velocity of the source and receiver.

D. Relativity of Simultaneity: Einstein’s
Train Paradox

It is necessary to be extremely careful about using the
phrase “at the same time” when dealing with relativity.
The Newtonian and Galilean concept of an absolute time,
flowing uniformly and at the sameratefor all observers, is
not strictly true. Thenotion of an absolutetimeisan excel-
lent approximation in our everyday experience. However,
it bresks down when considering situations involving
relative motion at very high speed.

To see this, we examine a situation sometimes referred
to as “Einstein’s train paradox.” Consider a (very high-
speed!) train moving along a straight track. Let awoman
be at sitting on the train exactly equidistant from its two
ends, and let a man be standing on the ground right next
to the tracks. Suppose that the man sees the flashes from
two bolts of lightning striking the ends of the train at the
exact samemoment when thewomanispassing himonthe
train. At thismoment the man knows heis also equidistant
from both ends of the train (from symmetry, assuming he
knows the woman is sitting equidistant from both ends).
So, knowing that the speed of light is ¢, he concludes that
the light flashes from each end will take the same amount
of time to reach him and therefore the strikes at each end
of the train occurred simultaneously. He also concludes
that the flash from the front of the train will arrive at the
woman before the flash from the back arrives, because she
is moving toward the front flash and away from the back
flash.

Now, what does the woman say about these events?
The mere fact of changing reference frames, e.g., from
the man’s frame to the woman’s frame, cannot change the
time ordering of events which occur at the same location
in some frame (in this case, at the location of the woman
in her frame). To see this, suppose for example that the
woman is carrying a device which does nothing if it re-
ceives the front flash first, and explodes if it receives the
back flash first. Obviously, the functioning of the device
must be independent of whose frame the situation is ana-
lyzed from—the explosion either occurs or does not occur
in both frames. So the device must receive the flashes in
the same order in both frames.

At first glance there is nothing surprising about the
fact that the woman sees the front flash before the back
flash. Based on our ordinary experience with velocities
we would be tempted to say that in the woman’s reference
frame, the front flash travels faster than ¢ and the back
flash travels slower than ¢, if ¢ isthe speed of light in the
man’s frame. However, one of the postulates of relativity
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isthat the speed of light is observed to be the samein any
frame, regardless of the state of motion of the observer.
So the front and back flashes also both travel with speed
¢ inthewoman’sframe. A consequence of thisisthat the
two observers do not agree about whether the two flashes
are simultaneous.

This may seem paradoxical at first, because it is not
something we arefamiliar with from everyday experience.
We see that accepting Postulate 2 (invariance of the speed
of light) forces us to revise the concept of simultaneity.
Relativity of simultaneity appliesto any two eventswhich
are separated along the line of relative motion of two dif-
ferent inertial frames: If the two events are simultaneous
in one of the frames, they will not be simultaneousin the
other—thisfollows directly from the L orentz transforma-
tion. The train “paradox” is just one illustration of this
general statement.

Most “paradoxes” in relativity canintheend bereduced
to some confusion arising from thefact that whether or not
two events are simultaneous depends on the observer’s
frame of reference. With thisin mind, it is instructive to
look at two more famous relativistic paradoxes and how
they are resolved.

E. The Twin Paradox

According to the principle of relativity, all processesin a
given frame, including the biol ogical workingsof ahuman
body, must undergo the same amount of time dilation as
all the other clocks and physical processesin that frame.
Any inertial frameissupposed to follow the same physical
laws as any other inertia frame, and this would be vio-
lated if a person saw aclock in his own frame run slower
with respect to his own heartbeat when he changed his
speed (of course, if this happensto arace car driver, it is
apsychological and not arelativistic effect!)

A very famous paradox involving relativistic time dila-
tion is the twin paradox. Suppose there are twins, Astro
and Homer, and that Astro makes around trip journey to
a star 20 light-years away while Homer remains on the
Earth. A light-year is the distance light travelsin 1 year.
[Herewe use the convenient device of measuring timeand
distance in the same unit, the year.] To make the analy-
sis simple, we assume that Earth and the destination star
are both at rest in the same inertial frame, and that Astro
travels at constant speed (say 80% of the speed of light)
straight to the star, instantaneously reversesdirection upon
getting there, and returns at the same speed. Sincethe one-
way distance L is20light-yearsin Homer’srest frame and
B =v/c=0.8, Homer calculates that the total time T for
the trip will be 2L /v =50 years.

However, from the Lorentz timedilation, Homer knows
that Astro’s clock will be running slow by the factor
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y =[1-(0.8)?]"¥?=5/3~ 1.67 compared to his own,
on both the outbound and inbound parts of the trip. So
he would expect Astro to have experienced an elapsed
timeof T'=T/y =50/(5/3) = 30 years, and indeed this
iswhat would happen. Another way to see thisisto note
that from Astro’s point of view, the one-way distance
isLorentz contractedto L’ =L /y =20/(5/3) =12 light-
years. Astro sees Earth and the star speeding past himself
at speed v =0.8c, so according to him the journey takes
T’ =2L’/v =30 years. The net effect is that when Astro
returns he is 20 years younger than Homer.

The “paradox” consists of the fact that in accord with
Lorentz time dilation, Astro should also expect Homer’s
clock to be running slow relative to his own, by the same
factor y, since Homer is in motion with respect to Astro
at the same speed v. So, exactly how does the difference
in their ages come about?

We already know the answer if we recall our discus-
sion of proper time. We saw that the time between two
events is maximized for a clock which goes from one
event to another by staying in the same inertial frame
al the way. It is true that while each twin isin an in-
ertial frame, and thus moving at constant velocity with
respect to other twin, each will observe the other’s clock
to be ticking more slowly than his own. The differenceis
that Homer remains in the same inertial frame through-
out, while Astro changesinertial frameswhen hereverses
direction. There are real physical effects felt by Astro
when this acceleration occurs—he is dragged toward one
end of the ship as it turns around (in fact the extreme
acceleration assumed in this example would kill a real
humant).

Thechangeof inertial framesisassociated withashiftin
Astro’s definition of simultaneity at locations away from
him along hisline of motion. In particul ar, hisdefinition of
which events on earth are simultaneous with events ocur-
ring at his location will abruptly shift when he changes
reference frames. To see this, let us denote the rest frame
of Homer by S, the rest frame of Astro on the outbound
leg by S, and the rest frame of Astro on the inbound
leg by S’. Take frame S to be moving with speed v in
the positive x direction with respect to S, and take frame
S’ to be moving with speed v in the negative x direc-
tion with respect to S. A space-time diagram of the trip
as viewed in the S frame is shown in Fig. 7. The solid
lineis Astro’s world line—he travels 20 light-yearsin an
elapsed time of 25 years, then reverses direction and re-
turns to his starting point in another 25 years of elapsed
time. In Fig. 7, dl events lying on any given horizontal
line are simultaneous in the S frame since they have the
samet coordinate. But observers in frames moving with
respect to the S frame have different definitions of simul-
taneity. If an observer is moving along the x direction of
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FIGURE 7 Spacetime diagram of Astro’s journey, as seen in the
rest frame of Homer. The heavy line is Astro’s world-line. The
dotted lines show the lines of simultaneity with the turnaround
point, in Astro’s outgoing and ingoing frames.

frame S, hislines of simultaneity will not be horizontal in
Fig. 7.

The upward-sloping dotted linein Fig. 7 istheline con-
taining events simultaneous with the turnaround event,
according to observersin frame S. We may easily calcu-
late the slope of this line by applying the Lorentz trans-
formation. Let t;, x; and tp, X» be the coordinates of any
two events in the S frame. Then the time coordinates
in the S frame are given by the Lorentz transformation,
which, with time and distance measured in the same units,
becomes

ty = y(t1 — Bx1) (39)
ty = y(t2 — BX2). (40)

S0 that
At =y (At - %Ax), (41)

where At=t; — t, AX=X; — X, and At' =t; —t). If
the two events are simultaneousin S’ (i.e.,, At’=0), then
At/Ax =B =v/c. Thusdl linesof simultaneity in frame
S, the frame of Astro during his outbound journey, have
slopev/cin Fig. 7. We show one such line, in particular,
the line of all events simultaneous with the turnaround
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event, according to Astro while he is in the outbound
frame.

Thisline of simultaneity for the outbound frame S’ in-
tersects the t-axis, where x =0 (i.e, at the location of
Earth), at t =9 years. Thisisin agreement with the asser-
tion that Astro sees Homer’s clock run slow by the factor
y—the outbound trip takes 15 years according to Astro,
thus 15/y = 9 years should elapse on Homer’s clock, ac-
cording to Astro’s definition of simultaneity.

By similar reasoning, thelinesof simultaneity for frame
', the frame of Astro during his inbound journey, have
slope —v/c. The downward-sloping dotted lineisthe line
of all events simultaneous with the turnaround event, ac-
cording to Astro when he is in the inbound frame. The
intercept on the t-axisisat t =41 =50 — 9 years, again
consistent with Astro’s expectation that 9 years should
elapse on Homer’s clock during Astro’s return journey.
However, Astro’sdefinition of simultaneity with eventson
Earth jumps ahead by 41 — 9 = 32 years when he changes
frames! Of course, no sudden jump occurs on the clocks
inany frame! It isjust that the definition of simultaneity
of events is relative—it depends on the observer’s frame
of reference. Clocks at a given location (say at the earth)
which have been synchronized in different frames will
in general have different readings. Suppose that the twins
wereexactly 30 yearsold when Astro departed on hisjour-
ney. If Astro hasjust reached the turnaround point, he will
say that it is his own 45th birthday and if heis still in the
outbound frame, he will say that back on Earthitis“now”
Homer’s 39th birthday. However, if aninstant later he has
made the transition to the inbound frame, he will say that
Homer is“now” celebrating his 71st birthday. According
to Astro’s clocks it takes 15 years to return, making him
60 years old at the twins reunion. As noted before, ac-
cording to Astro, 15/y =9 years will elapse for Homer
during the return journey, making Homer 80 years old at
their reunion.

We can gain further insight by looking at how the sit-
uation evolves if each twin is periodically sending out a
light flash at some frequency f as measured by his own
clock, say one flash at each birthday. Then each twin can
count the flashes received from the other, and by the time
the twins come back together again, each twin must have
received all thesignalssent out by the other during thetrip.
To be consistent with Homer’s faster aging, Astro should
receive a total of 20 more flashes than Homer does over
the course of thetrip.

First consider what Homer sees. He says each leg of the
trip takes 25 years. Thus the flash from the turnaround
event originates 25 years after Astro’s departure from
Earth, according to Homer. However, he doesn’t seeit un-
til 45 years after Astro’s departure from Earth because the
turnaround point is 20 light-years away and so this flash
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takes another 20 yearsto get back to Earth. According to
the Doppler formula, Homer receives pulses originating
during the outbound leg at the rate

1-8 1/2
<m> - (1 flash per year) = 1/3 flash per year.
(42)

Therefore he receives atotal of
(45 years)(1/3 flash per year) = 15 flashes. (43)

During the inbound leg he receives pulses at the rate

1+ 8\Y?
<m> - (1 flash per year) = 3 flashes per year.
(44)
He receives these flashes over the course of the remaining
5years, for atotal of 5- 3= 15 more flashes. Thus he has
received atotal of 15 4 15 = 30 flashes, ashe should since
Astro ages 30 years and therefore sent Homer 30 flashes
during the trip.

Now let us calculate how many flashes Astro sees. Ac-
cording to him the outbound leg of the trip takes 15 years,
during which time hereceivesflashes at therate of 1/3 per
year, for atotal of 5 flashes. The inbound trip also takes
15 years, during which time he receives flashes at the rate
of 3 per year, for atotal of 45 flashes. Thus over the course
of theentiretrip hereceives 45 + 5 = 50 flashes, in agree-
ment with the fact that Homer has aged 50 years when
they are reunited.

If areal human were going on such a journey, he or
she would need to be accelerated gradually rather than
instantaneously. The calculation of the age difference of
the twins, although more complicated, could still be done
and would still show Astro to end up younger than Homer.
Our civilization does not yet have the technology and re-
sourcesto send living beings on such high-speed journeys,
so this particular experimental test has not been done!
However, time-dilation effects have been experimentally
verified by observing subatomic particles. For example,
thereisatype of particle called amuon, which hasonly a
short lifetime before it disappears, producing other parti-
cles. (The produced particles are the familiar electron and
particles called neutrinos.)

It cannot be predicted exactly when this “decay” of a
given muon will occur, but the average lifetime before de-
cay isabout 2 x 10~° sec. Thisisthelifetime of amuon as
observed in itsrest frame. However, muons often travel at
speedsvery closeto the speed of light relative to observers
on the Earth. When a large number of muons having a
given speed are observed, it is found that the average of
their lifetimes does indeed increase by the factor .

Time dilation is the reason that significant numbers of
muons from cosmic rays are observed at the Earth’s sur-
face. Muons are produced high in the atmosphere of the
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Earthwhen cosmicraysenter from outer space.lf their life-
times were not increased due to travelling near the speed
of light, very few of them would reach the surface of the
Earth before decaying.

F. The Pole and Barn Paradox

Another famous paradox has to do with Lorentz contrac-
tion of moving objects. Suppose that there are along pole
and a barn which both have proper length L. The barn
has a door at each end that may be quickly opened and
closed. An unbelievably fast runner carries the pole and
runs through the barn with it, with the pole horizontal
and pointed in the runner’s direction of motion. In therest
frame of the barn, the pole is moving and so it would ap-
pear shorter than the barn. Thereforethepoleshould easily
fit into the barn. It should be possible to close both doors
for ashort time, with the pole entirely inside the barn. But
in the rest frame of the pole, it isthe barn that is moving,
and so it would appear shorter than the pole. Therefore
the pole should be too long to fit completely inside the
barn at any time. At first glance, it seems that we have a
contradiction.

The resolution of course has to do with the differing
definitions of simultaneity in the two frames. To be def-
inite, suppose that the pole is being carried so fast that
the Lorentz factor y = 2. Then the moving pole, as seen
in the rest frame of the barn, is contracted to haf its
proper length. [This would mean that in the barn frame
B=v/c=+/3/2,i.e, thepoleis moving at about 87% of
the speed of light.]

A spacetime diagram plotted in the frame of the barn
(which we take to be the unprimed frame) is shown in
Fig. 8(a). The world lines of the front door of the barn
(labeled F), the back door of the barn (labeled B), the head
of the pole (Iabeled H), and thetail of the pole (labeled T)
are straight lines as shown. We assume that the front door
is closed immediately after the tail of the pole has passed
throughit. Theworldlineof thefront door iscross-hatched
while the front door is closed. We also assume that the
back door is opened immediately before the head of the
pole passes through it. The world line of the back door is
cross-hatched while the back door is closed.

We label four events as follows:

1. Event HF. Head of pole passes through front door of

2. E?/rgnt TF. Tail of pole passes through front door of

3. té?/rgnt HB. Head of pole passes through back door of

4, Ef\i/rgm TB. Tail of pole passes through back door of
arn
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FIGURE 8 (a) Spacetime diagram in rest frame of barn. (b) Spa-
cetime diagram in rest frame of pole. H labels world-line of head of
pole, T labels world-line of tail of pole, F labels world-line of front
of barn, and B labels world-line of back of barn. Event HF = “head
of pole passes through front door of barn,” event TF = “tail of
pole passes through front door of barn,” event HB = “head of pole
passes through back door of barn,” event TB = “tail of pole passes
through back door of barn.” Cross-hatching on the world line of a
door means the door is closed.

We have chosen the origin of coordinatesto bethe at event
TF. Figure 8(a) shows that in the frame of the barn, the
four events take place in the order in which we have just
listed them. In thisframe both doors are closed during the
time interval between TF and HB. This is fine, since in
this frame the pole is only half as long as the barn, so it
easily fitsinside for the period of time between events TF
and HB.

Figure 8(b) depictsthe same situation plotted in the rest
frame of the pole (the primed frame, moving at velocity
v = +/3c/2with respect to theunprimed frame. Thisfigure
shows that the time order of the events TF and HB is
different in the two frames! In the pol€e’s rest frame, the
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back door is opened, allowing the head of the pole to
pass through before the tail of the pole passes through the
front door. In this frame, there is never atime when both
doors are simultaneously closed. There had better not be,
because in this frame the pole istwice aslong asthe barn,
so it cannot fit completely inside at any time. In neither
frame does the pole touch either door. Something would
be wrong if our reasoning told us the pole could dent a
door in one frame but not in the other. We could look
at the doors after the fact, and whether or not there is a
dent cannot depend on the observer’s frame of reference.
However, the answer to the question “Was the pole ever
entirely inside the barn?” does depend on the observer’s
frame of reference.

Suppose that an observer in the barn rest frame decides
she will “prove” that the pole is “really” shorter than the
barn by suddenly bringing it to rest while (according to
her) itistotally insidethe barn. However, “suddenly bring-
ing the poleto rest” meansthat all pieces of it are brought
to rest simultaneously. Aswe aready know, events along
the direction of motion—in this case along the length of
the pole—that are simultaneous in the barn frame are not
simultaneous in the pole frame. Furthermore, no causal
influence can go faster than c. It would not be sufficient
for the barn-frame observer to just grab the pole at itscen-
ter with asingle short clamp. Thereisnoimmediate effect
on the rest of the pole—it takes a nonzero amount of time
for the ends of the poleto even “know” that the clamp has
taken hold of the middle, since no causal influence can go
faster than ¢. Thus we need many clamps stationed along
the path of the poleif we want to stop all parts of the pole
simultaneously.

S0, let usassumethat the observer inthe barnrest frame
times her clamps so that al parts of the pole stop at the
sametimein her frame. When the pol e hasbeen brought to
restinthebarn, it hasbeen crushedtoalength of L /2. This
isnow the proper length of the polesincethepoleisnow at
rest in the barn frame. The structure of the polereally has
been changed—the barn observer has crushed the pole to
half its original proper length using her stopping method.

How does this look to an observer in the original rest
frame of the pole?Hisframe continuesto move at vel ocity
v =+/3c/2 with respect to the barn. According to him,
clamps near the head of the pole take hold before clamps
near thetail of the pole. So he agrees that the pole will get
crushedto ashorter length. But thefinal length asobserved
in his frame is not its proper length, since the pole does
not end up at rest with respect to his frame. He continues
to move at speed v with respect to the barn frame, which
is the new rest frame of the pole. Therefore the pole is
Lorentz contracted from its new proper length of L /2 by
another factor of y =2, to an apparent length of L /4 in
his frame.
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Other stopping methods are of course possible. All seg-
ments of the pole could be brought to rest with respect to
the barn by stopping each piece simultaneously as mea-
sured in theinitial rest frame of the pole. This means that
each segment of the pole is given a backwards velocity
of —v asobserved in theinitial rest frame of the pole. The
length of the polein theinitial pole rest frame would still
be L but thiswould no longer be its proper length since it
endsup moving at —v with respect tothat frame, and hence
isLorentz-contracted by the factor y = 2. Once again, the
pole has been deformed to anew proper length—thistime
it is stretched or pulled apart to a new proper length of
yL=2L.

Stopping the pole while maintaining its original proper
length throughout the transition from the origina pole
rest frame to the barn rest frame is more complicated to
analyze. In this case, the pole moves smoothly through an
infinite sequence of different Lorentz frames. Einstein’s
genera theory of relativity is better suited to handling
such situations involving continuous acceleration than is
special relativity.

Obviously, runners carrying poles do not really run fast
enough for relativistic effects to be significant! But the
electrons in the Stanford linac typically travel down the
linac in groups (“bunches”) that are about a centimeter
long as observed in the rest frame of the linac. For a
L orentz factor y = 10°, the proper length of abunch (that
is, thelength as observed in the rest frame of the bunch) is
therefore about a kilometer. As noted earlier, in the frame
of an electron with this value of y the linac is only about
three centimeters long, obviously much shorter than the
proper length of the bunch. Whether or not the bunch “fits”
inside the linac depends on your reference framel

V. RELATIVISTIC TREATMENT OF
ENERGY AND MOMENTUM

Two very fundamental lawsof mechanicsare conservation
of energy and momentum. These laws are extremely use-
ful in analyzing physical situations. They say that thetotal
amount of energy and thetotal amount of momentuminan
isolated physical system do not change with time. Since
they are so useful, we would hope to have similar conser-
vation lawsin special relativity. Wewill aso want the new
relativistic definitions of mass, energy, and momentum to
reduce to the old Newtonian ones in situations where the
velocities involved are much less than the speed of light.
All thiscan bedone, but some modificationsto our notions
of mass, energy, and momentum are required. To motivate
the new definitions, we will look at situations involving
collisions between two objects. Even in these simple situ-
ations the arguments are a little more complicated thanin



Relativity, Special

most of this article. However, following through the rea-
soning will yield some further insight into the analysis of
relativistic problems. The main results are summarized at
the end of this section. The usefulness and validity of the
new definitions have been borne out by all known relevant
experimental evidence.

A. Relativistic Momentum

Momentum conservation would not be preserved under
Lorentz transformations, if we used the Newtonian def-
inition of momentum p = mv, where m is the mass. Let
us try introducing a multiplicative function f (v) that isa
function of the speed v of the object (remembering that
speed v isjust themagnitudeof thevel ocity v, i.e., v = |v]).
We start by guessing that the momentum in aframewhere
the object moves with velocity v is given by

mf (v)v. (45)

Our first goal is to see if we can find a functional form
for the dependence of f (v) that satisfies both momentum
conservation and the principle of relativity (i.e., momen-
tum conservation holds in al inertial frames). For v <« ¢
we want the momentum to agree with the Newtonian def-
inition, thuswe require f (v) > 1asv — 0.

To find out what f (v) must be, we consider an elastic
collision between two objects of equal mass m. “Elastic”
means that the two objects bounce apart without dissipat-
ing any of their incoming kinetic energy as other forms
of energy. We will look at this collision from two differ-
ent inertial frames. Choose one frame to be the center of
mass (CM) frame, which is the frame in which the total
momentum is zero. In this frame the momenta of A and B
are equal in magnitude and opposite in direction. We can
choosethe spatial coordinate axesin thisframe, which we
will label the unprimed frame, so that the collision looks
asshowninFig. 9(a). [Notethisisnot adiagram in space-
time; it is simply a diagram of the paths of the objectsin
two space dimensions.] Since the masses are equal and
the collision is symmetric in this frame, A has an equal
and opposite vel ocity to B, both before and after the colli-
sion. Sincethecollisioniselastic, the speed of each object
before the collision is the same as its speed afterwards.

In this frame, we assume that A departs from the line
y=—D/2 a the same time B departs from the line
y =+D/2, and they haveequal speedsv. AtatimeTem /2
|ater, they collideat theorigin and each reversesitscompo-
nent of velocity along the y-axis. After an additional time
Tem/2, A returnsto the line y=—D/2 and B returnsto
the line y=+D/2. Since the total distance travelled by
each object along the y direction during the time Tcy is
D, the magnitude of the y velocity componentis D/ Tcew.
Since each object reverses the direction of its y velocity
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-~ y=+D/2

y=-D/2

y'=+D/2

y'=-D/2

FIGURE 9 Elastic collision of particles A and B. (a) As viewed
in center of mass frame (chosen to be unprimed frame). (b) As
viewed in frame moving with longitudinal velocity of particle A
(primed frame).

component during the callision, the y component of mo-
mentum change in the collision is —2mf (v)D/Tcy for
A and +2mf (v)D/ Tcm for B. From the symmetry of the
collision asviewed inthisframe, it isobviousthat thetotal
momentum is conserved—it is zero both before and after
the collision.

Now we impose the requirement that momentum con-
servation should hold for any other inertial frame aswell.
In particular, we consider a (primed) frame that is mov-
ing to the right at speed vy with respect to the unprimed
frame. We choose vy to be the velocity component of A
along the x-axis, as observed in the unprimed frame. Thus
in the primed frame A just moves straight up the y axis
and back down, while B followsalonger path, asshownin
Fig. 9(b), with velocity component v; 5 aong the x-axis.
[Notethat v; g is NOT the value —2vy that we would get
if the Galilean transformation, and hence straightforward
addition of velocities, werevalid.]

We know that Lorentz transformations along a given
direction do not change the observed distances transverse
to that direction, so the total distance in the y direction
travelled by each object is aso D in the primed frame.
We also know that events which are simultaneous in one
frame are not simultaneous in another, when the events
are separated along the direction of relative motion of the
two frames. By symmetry, the departure events were si-
multaneous in the unprimed frame and so were the return
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events, we implicitly assumed this when we said that the
total time of the trip for each object was the same value
Tewm. But thisis not true in the primed frame, contrary to
what nonrelativistic intuition would lead usto expect. The
departure and return events for A occur at the same place
in the primed frame. So, the time between these events as
measured in the primed frame is the proper time between
theevents, whichwewill call Tq. Therefore, asobservedin
the primed frame, the momentum change in the collision
for Ais

Ap, = —2mf (v/})D/ To, (46)

where v/, = D/ Ty is the total speed of A in the primed
frame.

Now let us cal cul ate the momentum change of B during
the collision, as observed in the primed frame. If we had
been in a frame in which B moved straight down and
then back up the y-axis, then by symmetry B’sround trip
time would have been Ty in that frame. But the primed
frame movesat velocity v g with respect to such aframe.
Therefore, from Lorentz time dilation, the time between
the departure and return of B in the primed frame is

T—__To (47)

1— (v) g/

So, as observed in the primed frame, the momentum
changein the collision for B is

Apg = 2mf(vg)D/T. (48)

where vy = /(v; 5)?>+ (D/T)? isthe total speed of B in
the primed frame.

The momentum changes in Egs. (46) and (48) must
sum to zero if conservation of momentum is to hold in
the primed frame. Using Eq.(47) to eiminate T/ Ty, this
requirement gives

mf (v)) = mf (vp) /1 — (v a/C2  (49)

Thefinal stepinthisargument isto takethelimit of thisex-
pression as D approaches zero, so that the y-components
of the velocities of both objects approach zero. In other
words, we consider the extreme case where A and B just
graze each other. In this limit, A is at rest in the primed
frame so that f(v),) = f(0)=1. Also, in this limit B’s
velocity is entirely along the x-axis, so that v} g = vy is
itstotal speed. Thus we obtain
m

V1= (g/0?
This example shows that our initial assumption [that mo-

mentumisgivenby mf (v)v] canonly holdif thefunctional
formfor f(v) is

mf (vg) = (50)
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1

J1=v?/c2
where v is the speed. Thus f (v) isjust the Lorentz fac-
tor y introduced previously. The resulting definition of
momentum is

p = ymv = ymdx/dt. (52)
This prescription gives consistent results in agreement
with experiment and is what is adopted in specia
relativity.

f(v) = (51)

B. Relativistic Energy and the
Momentum-Energy Four-Vector

Notethat therel ativistic definition of momentum, Eq. (52),
can also be expressed as
p = mdx/dz. (53
Here we simply differentiate with respect to proper time
along the world line of the object.
Given thisway of writing p, it isnatura to try adding a
fourth component
pt = md(ct)/dt = mcy (54

and see whether the resulting four-vector is a useful con-
cept. Consider the quantity analogous to the space-time
interval, but replacing t, X, y, by p;, px, Py, Pz

dt\? dx\?
2_ 2 n2_p2—m2e2 | — ) _m?f 22
pt pX py pZ m=c (dT) m <dT>
dy 2 dz?
" <d> " (d)
_ rnz[c2 dt? — dx? — dy? — dZ?%]
B dr2 '

(55)

Theexpressionin bracketsinthelast lineisjust the space-
time interval ds?. Assuming that this interval is timelike
(asit must beif the object istraveling at |essthan the speed
of light), we have ds? = c? dt? so we are left with

e — pi — po— p; = m*c” (56)

Like the space-time interval, this quantity is an invariant
since it depends only on the mass m and the speed of light
¢, both of which arethe samein all frames. But what isthe
real significanceof p;?Wehavealready concluded that the
momentum vector (py, Py, Pz) is conserved. It therefore
seemsnatural to guessthat p; might also be conserved and
related to the energy. Multiplying p; by another factor of
¢ to get energy in the usual units, we make the guess that
ymc? isthe energy of an object with mass m and speed v.

If we define the total energy in this way, we see that
there is a new contribution to the energy. Even when the
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speed of the object is zero, it still has an nonzero energy,
the rest energy given by

Ereg = MC?, (57)

where m is the object’s mass. As stated earlier, we define
the energy of a moving object to be

Ei = ymc?, (58)

where y =1/,/1 — v2/c? and v isthe object’s speed.

To seethat thisdefinition of the energy reducesto some-
thing reasonable in the nonrdativistic limit v « ¢, we ex-
pand it in a power seriesin v/c:

21-1/2 11)2
E=ymc2=mc?|1— > =me?|14+ >+ -
4 [ c? +202Jr

1
~ mc? + Emvz—i---- (59)

Thus in this limit the energy is the sum of the rest en-
ergy, the nonrelativistic kinetic energy %mvz, and higher
order terms in v2/c? that are much smaller than the first
two termswhen v « c.

Let us verify that energy defined in this way is con-
served in an indlastic collision, namely one in which two
objects collide head-on and stick together. Suppose the
two objects have equal masses m and we view the colli-
sioninaframe(call it the primed frame) where the objects
approach each other with equal speeds v along opposing
directions, say parallel to thex-axis[see Fig. 10(a)]. Since
the masses of the two incoming objects are equal, this
isthe center-of-mass (CM) frame, i.e., theframein which
the total momentum of the system is zero. From momen-
tum conservation, the objects will be at rest in this system
after they collide and stick together.

We have chosen A to be the object moving to the right
and B the onemovingto theleft. Now let usL orentz trans-
form to the rest frame of B; call this the unprimed frame.
The primed frame moves with speed v to the right with
respect to the unprimed frame. The collision as observed
in the unprimed frame is shown in Fig. 10(b). From the
velocity combination formula, the velocity of A in the
unprimed frameis

2v
A little algebra then gives
1 — v2/c2)2
1o vy = L2V (61)

(14 v%/cd)?
Therefore the energy of A in the unprimed frameis

2 1 2 /-2
EA — L — mczw (62)

JI-VZiez T (1—v?/c?)
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FIGURE 10 Inelastic collision of particles A and B. (a) As viewed
in center of mass frame (chosen to be primed frame). (b) As
viewed in rest frame of particle B (unprimed frame).

Object B is at rest in the unprimed frame, so the total
incoming energy as observed in thisframeis

(14 v%/c?) ) 2mc?
Ei,.=E Eg = mC2— mc- = ————.
in=EatEe 1—2) " 1— v2/c2
(63)

After the collision, the composite object C (formed when
A and B dtick together) is at rest in the primed frame
and moves with speed v in the unprimed frame. Thus the
energy of C in the unprimed frame (which is the total
energy going out from the collision as observed in this
frame) isrelated to thetotal outgoing energy inthe primed
frame by

E(/)ut
J1=v?2/c2 69
Applying momentum conservation in the unprimed frame
and denoting the mass of C by M, we have

Muv . mV
JI-we2 J1-v?/e?

Substituting for V and 1 — V2/c? from Egs. (60) and (61)
we find

Eout =

+m-.0. (65

M = __am (66)

J1—v2/c?
Clearly mass is not conserved in the callision, since the
total mass of theincoming objectswas 2m. The final mass
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isincreased—wewill discussthisfurther. For the moment
we simply note that unlike in Newtonian physics, in rela-
tivity, the total massis not a conserved quantity.

The outgoing energy in the unprimed frame is Eqy =

Mc?/,/1 — v2/c2. From Eq. (66), this may be written

2mc?
1—v2/c?’

Comparing Egs. (64) and (67) for Eq; we see that the
energy E;; of Cinthe primed frameis given by

Eout = (67)

. 2me?

Thus, at least for this example and in the primed frame,
we have shown that energy is conserved in the colli-
sion, since the energy of each of the incoming objectsis
mc?/,/1 — v2/c2. Furthermore, from Egs. (63) and (67),
it is obvious that conservation of energy holds in the un-
primed frame as well.

(68)

C. Summary
1. Definitions of Momentum and Energy

In summary the relativistic definitions of momentum and
energy of an object with mass m, in a frame where it is
moving with velocity v, are as follows:

p = ymv = ymdx/dt = mdx/dz. (69)
E = ymcz. (70)

Here y isthe Lorentz factor 1/,/1 — v2/c2.
Sometimes the quantity ym is called the relativistic

massand mitself called the rest mass. Modern convention
isto simply refer to m as the mass and to avoid the term
“relativistic mass.”

Energy and momentum are conserved in an isolated
system, that is, in a given frame the value of the total
energy (summed over all partsof the system) and thevalue
of the total momentum does not change with time. Mass,
however, is not conserved in general.

On the other hand, the mass of an object at any given
moment is an invariant, that is, it is the same as observed
in al frames. The values of the energy and momentum,
however, depend on the observer’s reference frame.

2. Relativistic Relationship Between
Energy, Momentum, and Mass

Equations (57) and (58) are two correct interpretations of
Einstein’s famous equation E = mc?. The general equa-
tion, however, is
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E? = p?c? + mc, (71)

Thisis simply a rewrite of Eq. (56) in terms of E =cp;
and p=/pZ+ pZ+ pZ. Eq. (71) isthe correct relativis-
tic relationship between the total energy, momentum, and
mass of an object.

3. Lorentz Transformation of Momentum-Energy
Four-Vector

We have shown that the component p, = E/c which we
introduced to make a four-vector is just the total energy
apart from the factor of ¢. Our discussion has shown that
the momentum-energy four-vector, defined as (E/c, px,
Py, P;) satisfies a relation reminiscent of the invariance
of the spacetimeinterval, i.e., the same combination of its
componentsis also an invariant.

Like the space-time components t, X, y, z, the com-
ponents of the momentum-energy four-vector transform
according to the Lorentz transformation. Assuming that
the primed frame moves with velocity v along the x-axis
with respect to the unprimed frame, we have:

P = v(px — BE/C)
Py = Py
P, = P

E'/c = y(E/c— Bpy).

(72)

4. Particles with Zero Mass

We noted that an object with nonzero masscan never reach
or exceed the speed of light. However, there are particles
with zero massthat travel with speed exactly c. Thegenera
relationship Eqg. (71) between mass, energy, and momen-
tum saysthat if m = 0 then

E = pc. (73)

The quantum theory asserts that light has a dual wave-
particle nature; the particles which make up light are par-
ticles with zero mass called photons. The relationship
E = pcisindeed consistent with all experiments and ob-
servationsinvolving photons, for exampl e, observations of
collisions of photonswith electrons (the Compton effect).

5. Conversion Between Different Forms of Energy

Note that even in nonrelativistic physics, if energy is to
be conserved in an indlastic collision, then the kinetic en-
ergy of theincoming objectsmust go into some other form
of energy—after al, in the center of mass frame, the ki-
netic energy is zero after the collision. For example, the
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initial kinetic energy of the incoming particles may be ab-
sorbed as an increase in the internal energy of motion of
the molecules comprising the composite body formed in
the collision (and perhaps its environment). This means
that the temperature is very dlightly increased. What is
different in relativity is that when the internal energy and
temperature change, so doesthemass. The changein mass
is extremely tiny in situations we are familiar with in ev-
eryday life, since the conversion factor ¢? between “mass”
and “energy” is so huge. Aswe have already noted, mass
(and thus rest energy) is not a conserved quantity in rela-
tivity.

Conversion of rest energy to other forms of energy oc-
curs on asignificant scale in nuclear reactions. These are
of two basic types, fission reactions and fusion reactions.
In afission reaction, a single atomic nucleus dissociates
into two or more pieces, where the sum of the masses of
the pieces is less than the mass of the original nucleus.
The difference in rest energy is transformed into kinetic
energy of thepieces. Inafusion reaction, two nuclei fuseto
form anucleus that has |ess mass than the sum of original
nuclei. The corresponding leftover rest energy is released
partly ashigh energy electromagnetic radiation (including
ordinary visible light). This is the mechanism by which
the sun and other stars shine.

On amuch smaller scale, the same type of thing hap-
penswhen energy isreleased or absorbed in normal chem-
ical reactions. The amount of energy involved is so small
however, that the fractional difference in mass between
theinitial and final constituentsis extremely tiny.

D. Force and Newton’s Second
Law in Relativity

Newton’s Second Law, which relates the change in mo-
mentum of an object to the force F acting upon it, may be
written in the form

F = dpy/dt. (74)

It turns out to be useful to define force such that this
equation may still be used in relativity. In non-relativistic
physics, Eg. (74) is equivaent to both F=ma and
F =mv/dt. Thisisnot thecaseinrelativity sincep = ymv
and y dependsonthevelocity. Infact, inrelativity theforce
and the acceleration are not necessarily even in the same
direction.

As v approaches c, the Lorentz factor y approaches
infinity and thus so do the momentum and the energy.
Thisis consistent with the observation that an object with
nonzero mass can never quite reach the speed of light, no
matter how much force is exerted on it.
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VI. SPECIAL RELATIVITY AND
ELECTROMAGNETISM

Maxwell’s equations are one exampl e of the postul ate that
fundamental laws of physics should be invariant with re-
spect to changes from one inertial frame to another via
a Lorentz transformation. Relativity shows that electric
and magnetic fields are aspects of the same entity—the
electromagnetic field. Indeed Einstein said,

What led me more or less directly to the special theory of rela-
tivity was the conviction that the electromotive force acting on
a body in motion in a magnetic field was nothing else but an
electric field.

More precisely, when a pure electric field in one frame
(e.g., the unprimed frame) is viewed from another frame
(the primed frame) in motion with respect to thefirst, there
can be a nonzero magnetic field in the second frame.

As usua we will assume the primed frame is moving
with speed v aong the x-axis, and that the x and x’axes
are in the same direction. In this case, the transformation
of the components of the electric field and the magnetic
field is given by

E)/( = Ex,
Ey =v[Ey—(v/Q)B,]. Bj=y[By+ (v/O)E] (75)
E,=v[Ez+(v/c)By], B;=y[B,—(v/C)Ey].

We shall not derive this result here. However, it follows
from the Lorentz transformation plus one additional as-
sumption.

Thisadditional ingredientisCoulomb’sL aw, whichwas
formulated in the 18th century. Coulomb’s Law gives the
force F exerted by one charge (with charge g;) upon an-
other charge (with charge ), assuming both charges are
at rest:

B, = B,

0102
Here r is the distance between the two charges, k is a
constant, and the force F acts along the line through the
two charges. If g; and g, have the same sign, the force
is repulsive; if they have the opposite sign, the force is

attractive. Coulomb’s Law may be rewritten as
F = quE, (77)
where E isthe magnitude of the electric field at gy:
Q1

The magnetic field is an effect that may arise simply be-
cause one has changed reference frames. Thisis apparent
from the above transformation. For example, suppose that
in the unprimed frame there is no magnetic field, that is,
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Bx = By = B, =0. From Eq. (75) weseethat in the primed
frame there are nonzero magnetic field components B;,
and B} transverse to the direction of motion of the primed
frameif Ey or E; isnon-zero. Furthermore the transverse
components of the electric field are different in the primed
and unprimed frames.

Consider, for example a single point charge at rest in
the unprimed frame. From Coulomb’s law, we know that
theelectric field isradially symmetric as shown on thel eft
hand side of Fig. 11. The field is stronger where the field
lines are closer together. Suppose the chargeisin motion
with velocity v as shown on theright hand side of Fig. 11.
Then the electric field is “flattened” along the direction
of motion as shown. The field strength is increased trans-
verse to the direction of motion and decreased parallel
to the the direction of motion. In this particular example,
v/c=./8/9, so that y = 3. For larger v (and thus larger
y), the field would be flattened even more.

This transformation of the electric and magnetic fields
isrelevant in high energy particle accelerators, such asthe
linac discussed earlier. A linac accelerates a large num-
ber of charged particles, for example electrons, inasingle
short bunch. The mutual electrical repulsion of the elec-
trons would be extremely strong if such a bunch were so
short when at rest. However when the speed of the bunch
is high enough, the forces between the electrons become
almost negligible. Thisis due to two effects, both arising
from the Lorentz transformation of the fields. One effect
is that the electric field is mostly transverse as shown, so
that it becomes small for electrons having different x co-
ordinates. The other effect isthat even for electronshaving
essentially the same x coordinate, the net force approaches
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zero as v approaches ¢, because the electric and magnetic
forces tend to cancel each other in this limit. The calcu-
lation of the magnetic force on a charge is sightly more
complicated than the cal cul ation of the el ectric force—the
magnetic force is perpendicular both to the direction of B
and the direction of the velocity of the charge, and it de-
pends on the magnitude of the velocity. However, the net
result isthat the el ectric and magnetic forces between two
electrons having essentially the same x coordinate nearly
cancel, if they are moving at sufficiently high speed along
the x-axis.

Anocther way to see that the electrons are not much
affected by each others’ electric and magnetic fields is
to take account of Lorentz contraction of the bunch. In
the frame where the compact bunch is moving at very
high speed, it is Lorentz contracted by a factor y com-
pared to its proper length. In the rest frame of the bunch,
the bunch length (its proper length) is much longer so
that the forces (given by Coulomb’s Law) are reduced due
to the increased distance between particles.

VII. SPECIAL RELATIVITY AND
QUANTUM MECHANICS

Other devel opmentsoccurringin parallel to Einstein’sfor-
mulation of special relativity eventualy led to an entirely
new picture of the behavior of matter at the subatomic
level, the realm of quantum phenomena. Quantum me-
chanics, abranch of physicsthat was motivated by studies
of atomic structure and radiating bodies, eventually led to
modifications of mechanics, in addition to those required

FIGURE 11 Electric field of a charged particle at rest (left), and of a charged particle moving with uniform velocity
v such that y =3 (right). [Reproduced with permission from Jackson, J. D. (1975). “Classical electrodynamics,’

2nd ed., p. 555, Wiley, New York.]
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in going from Newtonian mechanics to special relativ-
ity. According to quantum mechanics, light exhibits both
particle properties and wave properties, and so do other
“objects” (e.g., electrons).

Specia relativity retains in common with Newtonian
mechanics the assumptions that (1) light is a wave, and
(2) Newtonian determinism is valid (that is, there is
no limitation in principle on how precisely we can si-
multaneously measure positions and velocities in a sys-
tem, and we can use these measurements to predict the
state of the system at later times). Quantum mechanics,
ontheother hand, saysthat thereisan inherent uncertainty
in the measurement process. The minimum uncertainty in
the product of the position uncertainty Ax andthemomen-
tumuncertainty Ap isgiven by the Heisenberg uncertainty
principle

AXAp = h, (79

wherehisPlanck’sconstant. Planck’sconstant isanumber
so small that this uncertainty isirrelevant in everyday life
wherethe objectswe deal with aremuch larger than atoms.

The combination of special relativity and quantum me-
chanics has been very fruitful, leading to the formulation
of quantum field theory. This synthesis was achieved by
the middle of the 20th century, and is our current frame-
work for describing and understanding the behavior of
the most elementary particles observed in nature. As we
have seen, the main mativation driving the development
of special relativity wasthe desire to account correctly for
electromagnetic phenomena. When electrodynamics was
extended into the quantum domain, theresult was quantum
electrodynamics, the prototype quantum field theory. The
underlying principles were further generalized to alow
theincorporation of additional phenomena—inadditionto
electromagnetism, there exist other interactions between
certain particles. These include the “strong” and “weak”
forces, that are important, for example, in understanding
how the nuclei of atoms are constructed.

A. Antiparticles

One consequence of quantum field theory is the neces-
sity for the existence of antiparticles. This comes about
because it is possible for Lorentz transformations to re-
verse the time order of two events x; and X, that have a
space-like separation. “Space-like separation” means that
the spatial separation of the two events is greater than ¢
timestheir time separation. Thus, special relativity would
say that there is no way for a particle to propagate from
one event to the other, if quantum mechanics is ignored.
But due to the uncertainty principle in quantum mechan-
ics, thereisanonzero probability for aparticle originating
at x; to be absorbed at x, even when the two events have
space-like separation. If the separation is space-like, in
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some other frame it can look like a particle originated
a x, and was absorbed at x;. If the particle was electri-
cally charged, then from charge conservation its “time-
reversed” form must appear to have the opposite charge.
Themassisinvariant, the samein all frames. Each type of
charged subatomic particle is therefore required to have
acorresponding type of antiparticle with opposite charge
and identical mass.

A characteristicfeature of very high energy collisionsof
subatomic particlesis that new particle-antiparticle pairs
are sometimes created. In some experiments, an electron
may collide with its antiparticle (the positron) after both
particles have been accelerated to very high energy. The
electron and positron can annihilate each other—all of
their rest energy plustheir incoming kinetic energy isthen
available to produce other particles, so long as the sum
of the rest energies of the produced particlesis less than
the original total energy and all other conservation laws
(momentum, charge, etc.) are satisfied.

VIIl. GENERAL RELATIVITY

The term “specia” in specia relativity refers to the fact
that it is really only a restricted version of a more gen-
eral theory of relativity which was put forth by Einsteinin
1916. General relativity treats all reference frames—not
just al inertial reference frames—on an equal basis. Gen-
eral relativity can readily be used to anayze situations
in which observers are accelerating and/or gravitational
fields are present.
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